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A method is presented for direct determination of the frequency of ionization and of the coefficient of free 
diffusion for electrons in a microwave discharge, The method is based on determining the rate of growth of 
the electron density in a microwave cavity in which an electric field larger than that necessary for breakdown 
is applied. The ionization frequency and the coefficient of free diffusion for electrons in hydrogen were meas 
ured in a pressure range of 15 to 45 mm Hg. Comparison is made with existing theory 


INTRODUCTION 


ICROWAVE breakdown experiments, in which 

diffusion is the controlling loss mechanism, can 
yield the ratio v;/D_, where », is the ionization fre- 
quency and D_ is the coefficient of free diffusion for 
electrons.! This paper describes a method for a direct 
determination of v,/p and D_p as a function of E/p. A 
breakdown experiment deals with a plasma in which 
the gain in electron density caused by ionization is just 
balanced by the loss of electrons that results from 
diffusion. The proper experimental parameters? are 
E/p, pr, and pA, with E the electric-field strength, A 
the free-space wavelength of the microwave field, A the 
diffusion length, and p the pressure. The time required 
for the electron density to build up to some predeter- 
mined measurable value is long (theoretically it is 
infinite), and is not a parameter of the experiment. 
With field strengths greater by a few percent than the 
field that is required for breakdown, the time is of the 
order of a few microseconds. We shall show that by 
using an experimental parameter (¢p), where ¢ is the 
time, direct determination of the coefficients »;/p and 
D_p can be obtained, and breakdown fields can be 
predicted. 


* This work was supported in part by the U. S. Army (Signal 
Corps), the U. S. Air Force (Office of Scientific Research, Air 
Research and Development Command), and the U. S. Navy 
(Office of Naval Research) 

t On leave from the University of Lucknow, Lucknow, India. 

1S. C. Brown, Handbuch der Physik 22, 531 (1956). 

2S. C. Brown and A. D. MacDonald, Phys. Rev. 76, 1629 
(1949). 


THEORY 


The rate of growth of electron density, in the absence 
of space charge, is described by the diffusion equation’ 


On/dl=vn+-V°D_n. (1) 


Equation (1) is to be solved for a cylindrical cavity of 
radius R and length L, with v; and D_ independent of 
position. The solution is subject to the following con 
ditions. At time /=0, a single electron is present at 
r=(), 2=29; that is, n=6(z 0, where 
6 is a delta function. lor />0, the electron density must 
vanish at the walls of the cavity; that is, at r= R, and 
z=(0, and z=. Under these conditions, the solution 


to Eq. (1) is 


) mrZ 
n(r,z,t) m sin( ) 
Vi, ml 5 


— fmme\ J o(Bor R) 
xsin( ) CXP(Ymil), (2) 
L J * (Bor) 


20)6(r)/2nr at t 


where ¥mi=¥i— D_/An? = v.— D_[ (mm/L)*+ (Bor/R)? |; 


Bo, is the Ith root of Jo(x)=0; and V, is the volume of 
the cavity. The fundamental diffusion mode is given 
by m=1,l=1. 

In a flat cavity, with LR, the higher modes in the 
axial direction can be neglected, since they last only 
for times that are much shorter than those observed 
experimentally. The higher modes in the radial dire 


4M. A. Herlin and S, C. Brown, Phys. Rev. 74, 291 (1948) 
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tion are not negligible. It is, therefore, more convenient 
to express the solution to the diffusion equation in an 
alternative form, obtained with the aid of a Green’s 


function, 


n(r,2,t) = (2/L) sin(w2o/L) sin(rz/L) 
XK explvi— D_(9/L)* \t expl(—r/4D_1) ]/(4rD_1). (3) 


Equation (3) satisfies the conditions at /=0, At (>0 
the conditions are satisfied at z=0 and z= L, but they 
are not satisfied at r= R. However, the experimental 
conditions are such that R?/4D_1>(p in mm Hg)>15. 
As a result, the density, as given by Eq. (3), is suffi- 
ciently small at r=R (although it is not zero) to be 
negligible. 

The electron density is measured experimentally by 
observing the relative decrease of the microwave field 
in the cavity caused by the electron cloud. This de- 
crease is a function of the quantity 


1 
f n(r,2,t)hdv, 
EK? volume 


of cavity 


(4) 


where N is the total number of electrons in the cavity 
averaged over the square of the field. The experimental 
cavity oscillates in the 77M) mode, for which the 
electric field is given by E= EyJo(Bur/R), Eo being the 
field at the axis of the cavity. Using Eq. (4), we obtain 


L 12 NZ 
N If sin( ) sin( as 
+ iL L 


r/4D_1) 
1(Gur/R)2ardr| 


® exp/( 
xf 


4rD_1 


a 2 
xerp| vi—D ( ) | (5) 
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In evaluating the integral in Eq. (5), a negligible error 
is made in allowing R to go to infinity, since, for r> R, 
the exponential is less than e~'*. The result is 


N= (4/m) sin(w29/L) exp(— 26%o,D_1/R*) 
XK Jo( 72D t/ R*) exp vi— D (r /L_)? lt 
(4/m) (1— 26%,D t R’ f-+++) sin (92 /L) 


Xexplvi—D_(r/L)* \t. (6) 


Experimentally, we seek the minimum time, (,, to 
achieve a predetermined value, N,,. The time will be 
least if the electron appears at the center of the cavity 
| sin(wz/L)=1,r=0] because the field is greatest and 
diffusion least from that point. The rate of appearance 
of electrons from external sources was observed to be 
less than one per pulse length, but sufficient breakdown 
times were observed to assure that for the minimum 
time the initiating electron arrived within 10% of the 
breakdown time from the start of the pulse. Further- 
more, since the quantities of interest, D_ and »;, occur 


HSBAUM, AND BROWN 
in the exponential, the experimental N,, is of the order 
of 10°, and (26%,;D_t)/R*<4, an error in time of less 


than 1% is made by writing 


Nm=explvi— D_(4/L)* Mm. (7) 


Since the quantities v;/p and D_p are functions of only 
E/p, we finally write Eq. (7) in the form 


1/(np)= (1/InNm)[vi/p—(D_p)/(pA)*], (8) 


where A=(L/m). A plot of 1/(tnp) against 1/(pA)? at 
constant E/p should yield a straight line, from which 
the value of v;/p and D_p can be obtained. 

For hydrogen, Eq. (8) is valid only for p215 mm 
Hyg. For pressures of the order of 1 mm Hg, the elec- 
tron density distribution is sufficiently spread out in 
the radial direction, so that no simple expression 
analogous to Eq. (3) could be obtained. The exact form 
of the density distribution given in Eq. (2) has to be 
used. For very low pressures, at which only the first 
radial mode is appreciable, Eq. (8), except for a con- 
stant factor, is again correct. 

It should be noted that Eq. (8) was derived on the 
assumption that vy; and D_ were constant. Actually, this 
is not so because the microwave field, and hence the 
electron energy, is a function of the radial position in 
the cavity. This, and the fact that at high values of 
N,, the diffusion begins to be limited by space charge, 
will be discussed later. 


EXPERIMENT 


A 10-cm magnetron feeds power to a ]-inch coaxial 
line, which, in turn, is coupled by a loop to a TMo10 
mode cavity. For the determination of wavelength, a 
probe in the coaxial line is connected to a high-Q wave- 
meter. An ethylene-glycol attenuator’ provides a con- 
tinuously variable control over the power incident on 
the cavity. A known fraction of the incident power is 
coupled from the line, by a directional coupler, to a 
thermistor and a crystal. The output voltage of the 
crystal is displayed on a Tektronix oscilloscope. The 
signal is calibrated by an absolute measurement on the 
thermistor bridge, using cw power. A second loop is 
used to display on an A/R oscilloscope screen the 
strength of the electric field in the cavity as a function 
of time during a pulse. The time between microwave 
pulses was kept sufficiently long (approximately 1/30 
sec) to allow complete decay of the plasma created by 
the preceding pulse. The vacuum system could reach 
a pressure of 10-* mm Hg before hydrogen was let into 
the system. The hydrogen was supplied by uranium 
hydride contained in a quartz tube. 

The Q value of the cavity was sufficiently low 
(approximately 1000) to allow the field in the cavity to 
build up in time that was short compared with the 
breakdown time. The field measurements were accurate 
within 5%, pressure within 2%, and the time within 


*D, Alpert, Rev. Sci. Instr. 20, 779 (1949). 
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10%. ‘The variation in pA was effected by varying the 
pressure of hydrogen from 15 mm Hg to 45 mm Hg 
and by using two oxygen-free cing vacuum cavities 
with plate separations of } inch and #g inch. 

The quantity observed ‘eupdiineataiie was the time 
required to reach a density 'V,, at some constant pres- 
sure. The quantity V,, was taken as that number of 
electrons which causes a decrease of 5° in the electric 
field in the cavity. The electric field in the cavity was 
determined by measurement of the power that entered 
the cavity, using microwave techniques described by 
Brown et al.® 

Figure 1 shows a plot of ¢,, against the effective field 
E, [defined by E?2=E,’v2/(v2+w*) |] with po, the 
pressure at 0°C, as a parameter. ‘The use of the effective 
field E,, rather than of the actual field Eo, partly re- 
moves the dependence of the parameter (,p on pd. 
Here y, is the collision frequency for momentum trans- 
fer and w the radian frequency of the microwave field. 
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1. Minimum time as a function of the effective 
electric field. A=0.1 cm. 
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From these plots, a curve of 1/(4np) against 1/(pA)? 
for a constant E,/py) can be obtained. However, the 
experimental! wad te do not quite correspond to the 
ideal ones for which Eq. (8) was derived. 

Experimentally, ele he densities reach values suffi- 
ciently large, so that space charge limits the diffusion. 
Following Allis and Rose,® the effect of the space charge 
can be accounted for by the use of an effective diffusion 
coefficient, D,, which is a function of the electron 
density. With space charge present, the observed times, 
fone, are Shorter than those given by Eq. (8), and can be 
obtained from the equation 


dn /_ 
Kia f Jb D,(n)/A* | 
n 


5S. C. Brown and D. J. Rose, J. Appl. Phys. 23, 711 (1952); 
D. J. Rose and S. C. Brown, J. Appl. Phys. 23, 719 (1952); 23, 
1028 (1952); L. Gould and S. C. Brown, J. Appl. Phys. 24, 1053 
(1953). 

®W. P. Allis and D. J. Rose, 


(9) 


Phys. Rev. 93, 84 (1954). 
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. Fractional change in the microwave field as a function of 
the total number of electrons. A=0.1 em, 
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In the range of pressures that was used, v;/p=10D,p 
(pA)’; therefore, from Eqs. (9) and (8), the quantity 
Al= (tm- can be written to a good approximation as 


p dn 
fo -D,)—. 
(D_p)/ (pA)? P n 


The integral in Eq. (10) was evaluated by fitting an 
analytical expression to the curves of D, against n that 
were computed by Allis and Rose. The observed times 
were then corrected by the amount Af. The corrections 
ranged from approximately 59%, at high pressures to 
20% at low pressures. 

An additional complication arises from the fact that 
N,, is a function of »,/w. This can be seen by realizing 
that the decrease of the electric field in the cavity is 
the result of the shift of the resonant frequency of the 
cavity and the change in the 0 value caused by the 
electron cloud. These are given by 


hy. 1 -¢ 1 
frew/ [ Ha, 
w 2 mew" (1+ (v./w)? |] . 
e (v,/w) 
frszdo / [rd 
mews [1+ (v,/w)* ] 


lobs) 


(10) 
(pA)*L(vi/p) 


(11) 


Q Qo 


3. Plot of //(tnp) Uf as defined) against 1/(pA)?*. 
e@-,A=0.l cm; 0—, A=0.05 cm, 


hic, 
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Fic, 4, Plot of 1/(tnp) against 1/ (pA)? at low pressures. 


where Qo is the unloaded Q-value of the cavity in the 
absence of the plasma. From Eq. (11) and the results 
of Brown et al.,° a plot of the field in the cavity as a 
function of N, with (v,/w) as a parameter, is obtained 
for a constant input power. (See Fig. 2.) Since JN,, 
appears in a logarithm in Eq. (8), it is convenient to 
express the dependence of N,, on (v,/w) by writing 
Nan (Nm). The function f(v,/w) was deter- 
mined, from the plots of Fig. 2, to be a straight line. 
The constant Nmo was taken to be 510°. The values 
of f{(v-/w) range from 1.01 for high pressures to 0.95 
for low pressures. Thus, the dependence of N,, on 
pressure is accounted for by plotting f(v./w)/(tmp), 
rather than 1/t,p, against 1/(pA)*. The plots of f/(t,p) 
against 1/(pA)* are shown in Fig. 3, for a pressure 
range of 15-45 mm Hg. It is seen that the plots are 
straight lines, in agreement with Eq. (8). 

The experiments were repeated in the pressure range 
around 1 mm Hg. As previously mentioned, Eq. (8) is 
not expected to hold in this range of pressure, because 


= T 
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. Breakdown voltage as a function of (pA). —, theory; 0, 
present experiment; %, breakdown experiment. 


the electron loss in the radial direction is not negligible 
during the time required for the discharge to build up. 
As a result, the time required to reach a specified den- 
sity is greater than that predicted by Eq. (8). Figure 4 
shows the experimental points, together with a curve 
obtained from Eq. (8). 


DISCUSSION OF RESULTS 


From the slope of the plots in Fig. 3, the values of 
D_p are obtained as a function of Z,/p. The intercepts 
with the ordinate yield v;/p, while the intercepts with 
the abscissa, since they correspond to infinite times, 
give the values of (pA) as a function of £,/p for break- 


——_—— J 


»%/d, (sec mm Hg)” 








E/p,[ volts om’! (mm Hg) ‘| 


Fic, 6, Experimental and theoretical values of (D_p) and »/p 
as a function of £ A ©, experimental values of D_p; *, experi- 
mental values of D_p (Varnerin and Brown). 0, experimental 
values of »/p; @, experimental values of »;/p corrected for the 
variation of the field over the radius of the cavity. The solid line 
represents theoretical values in both cases. 


down. Breakdown fields that were predicted in this 
way are compared with experimental and theoretical 
results in Fig. 5. The agreement is seen to be good. 
In Fig. 6, the values of D_p are plotted against E,/p. 
For comparison, values of D_p, obtained from Varnerin 
and Brown’s’ measurements of D_/u and from Brad- 
bury and Nielson’s* measurements of the mobility y, 
are also plotted. In Fig. 6 the values of v;/p against 
E./p and the theoretical values of Allis and Brown® are 
also plotted. The theoretical values are subject to a 
20% variation as a result of the uncertainty in the 
experimentally obtained ionization cross section.” In 

™L. J. Varnerin and S. C. Brown, Phys. Rev. 79, 946 (1950). 

* N. W. Bradbury and R. A. Nielsen, Phys. Rev. 49, 388 (1936). 


*W. P. Allis and S. C. Brown, Phys. Rev. 87, 419 (1952). 
 H. Ramien, Z. Physik 70, 353 (1931). 
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addition, Fig. 6 exhibits values of »;/p corrected for the 
nonuniformity of the electric field. The correction is 
obtained as follows. 

In Eq. (7), the coefficient »; is interpreted as an 
effective ionization frequency »v which takes into ac- 
count the variation of the field with the radius of the 
cavity and the loss of electrons by radial diffusion. The 
value of v lies between the value of v; at the axis of the 
cavity where E,/p is determined, and the value of v 
associated only with the lowest radial diffusion mode. 
The value of v associated with the lowest diffusion 
mode is obtained by a variational calculation." The 
maximum correction is the difference between »; at the 
axis of the cavity and y for the lowest diffusion mode. 


P.M. Morse and H. Feshbach, Methods of Theoretical Physics 
(McGraw-Hill Book Company, Inc., New York, 1953), Chap. 6; 
S. J. Buchsbaum, Quarterly Progress Report, Research Labora- 
tory of Electronics, Massachusetts Institute of Technology, 
January 15, 1957 (unpublished), p. 10. 
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The corrected values are obtained by applying the 
maximum correction. 

The experimental values of »,/p do not agree with 
dc measurements of the ‘Townsend ionization coefficient 
a that was determined by Rose” when the two coefli- 
cients are compared by the use of the relation’ »,/p 
=ank/p. The values of mobility were obtained from 
reference 8. The discrepancy is greatest at small values 
of E/p. The values of v,/p that are plotted in Fig. 6 
are not affected by taking into account the fluctuations 
of the average electron energy with the time variation 
of the microwave field. 
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Statistical Mechanical Theory of Transport Phenomena in a Fully Ionized Gas 
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Nonequilibrium statistical mechanics, as developed by Kirkwood, Irving, and Zwanzig, is applied to a 
system of charged particles interacting via the electromagnetic field. Particles and field are treated statisti 
cally both from the classical and quantal points of view. It is shown that Maxwell's equations are valid for the 
quantum statistical ensemble-averaged fields. An exact form for the hydromagnetic equations is derived, 
and it is shown that these equations differ from those which are customarily considered to be exact 


I. CLASSICAL THEORY 


E consider a system composed of N charged 

particles subjected to external forces and inter- 
acting via the electromagnetic field. Let r: rm, ---ry 
be the position vectors of the particles and ¢,, 
their electric charges. It is assumed that apart from the 
masses m,, «*-my the particles have no further electrical 
or mechanical structure. The electric field E is decom- 
posed into a transverse internal part E”, an instan- 
taneous Coulomb part E®, and an external part E**: 


E=E7?+E°+E**, (1.1) 


oe ‘€Nn 


where 


(1.2) 


N 
E°=>° ex(r—r,)/|r—re|*, 
k 


and 
V-ET=0. (1.3) 


Similarly the magnetic field B is expressed as the sum 
of an internal and an external part: 


B . Bint Bt, 


* On leave from University of Colorado, Boulder, Colorado, 


(1.4) 


The system is enclosed in a large volume V = L’ so that 
the electromagnetic field may be described by a denu- 
merable set of coordinates. Following Heitler,! a set of 
real vector functions A,(r) is introduced, complete with 
respect to transverse vector fields and with the fol- 
lowing properties : 


[hae ted, 


VA, +h7A, =0, 
V-A,=0, 


(1.9) 


(1.6) 
(1.7) 


where k,?=w)?/c?, k,= 2an/L, and nis a vector having 
non-negative integral components. The fields E” and 
B'"' are expressed in terms of the field coordinates q) 
by the equations 
EK? (1/e)>°x GrAn, 
Bint >a gV XA. 


1W. Heitler, The Quantum Theory of Radiation (Oxford Univer 
sity Press, New York, 1954), p. 39. 


(1.8) 


(1.9) 





844 


The Hamiltonian for the system, particles and field, is 


- Ck 
H » Pe 


A 2m, c 


2 
As) +U+4 ¥(p2+0n%g2), (1.10) 
- 


where 


Au=Ar™'+> @As(1i) (1.11) 
A 


is the vector potential evaluated at the point r,, and 


U=U"'+> ee./|\—1| 


i<k 


(1.12) 


is the total potential energy. The Hamiltonian, (1.10), 
is nonrelativistic for the particles, but completely 
general for the electromagnetic field. The Hamiltonian 
equations of motion for the system are 


[ Pe . (ex/c)Ar \/mx, 
(e,/c)U,: (A, Vry) Vr, 


pr, 
= wr" Gr + > e(ex/c)uy: Ay (ty). 


Or,/ dl =U, (1.13) 


Ap, /at (1.14) 
(1.15) 


(1.16) 


Oy,/ At 
and 


0 pr / al 


The symbol V signifies the usual gradient operator 
acting on the quantity to the left. 

Let f= f(r,p,qr,pr)=f(q,p,t) be the distribution 
function (df.) in the phase space of the complete 
system. Then, the Hamiltonian form of the equations of 
motion implies that the d.f. satisfies Liouville’s equation 


(df/dt)+Af=0, (1.17) 


where the operator A is defined by 


Af > ux Vr ft >» pr(Of/dqr) 
A d 


+3 { (en/c)my- Au—U) Vea Vonf 


A 


+S (3 (ex/c)un- Ar(te)— or?) (0f/Op,), (1.18) 
A h 


- 
and where it is understood that Vr, does not act upon 
u,. A formal difficulty is that the d.f. is a function of an 
infinite number of variables. However, all results of 
practical interest will be expressed in terms of reduced 
d.f.’s; that is, in terms of functions obtained by inte- 
grating f over all but a small number of variables. 
Further, if any genuine progress is to be made along 
these lines, a method to obtain reasonable approxima- 
tions for the reduced d.f.’s must be found. 

If g(q,p,t) is a dynamical variable of the system, the 
statistical ensemble average (g) of g is expressed (using 
essentially the notation of Irving and Kirkwood’) by: 

(g)=(fyg) J totaae, (1.19) 


f S H. Irving and J. G. Kirkwood, J. Chem. Phys. 18, 817 
(1950). 
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f being normalized to unity (/,1)=1. The notation 
(f,g) expresses the fact that (/,g) is a symmetric scalar 
product of f and g defined over the entire phase space 
of the system. If the functions f and g are sufficiently 
well-behaved, the operator A is skew-symmetric: 


(Af,g)= —(f,Ag). 


Equation (1.20) may be used to obtain an expression 
for the rate of change of (g). In fact, 


A(g)/dt=(f,g/dt)+(0 f/dt,g) 
=(f,dg/dl)—(A f,g) 
=(f,ag/al)+(f,Ag). 


Equation (1.21) expresses the basic statistical mechan- 
ical law of transport. 

It is convenient to introduce a new d.f. {* which is 
a function of 7, u, gx, pr. Since the Jacobian of the 
transformation, 7, p, gr, Pr, U, Gr, Pr, iS a constant, 


1 (1,P,dr,Pr,) = const f* (7,4,9,,Pr,t). (1.22) 
The df. {* also satisfies a Liouville equation, 
af*/al+A* /*=0, 


with the operator A* defined by the equation 


A*f*#=> ue Vi f*+> pr(df*/dq) 
A rN 


(1.20) 


(1.21) 


(1.23) 


+3" (1/mz) {ex E, +- (e,/¢ ju, B,+X,)} ‘Vu f* 
k 

+E (¥ (ex /c)up: A(t) —wn2qn} (0 f*/Op,), (1.24) 
» k 


X, being the nonelectromagnetic part of the external 
force acting upon the &th particle. 

We now define a symmetric scalar product (/,g) by 
means of the following expression : 


(f,g) = J sedri II dgdpy, (1.25) 
» 


so that with /* normalized to unity, (/*,1)=1, the 
average value (g) of any function g of the particle coor- 
dinates, particle velocities, field coordinates, and field 
momenta is given by 


(g)= (f*,g). (1.26) 


The operator A* is skew-symmetric with respect to the 
scalar product (1.25), so — (A* f,g) = (/,A*g). Therefore, 
the basic law of change may be expressed by the relation 


O(g)/dt= (f*,Ag/dt)+ (f*,A*g). (1.27) 


The derivation of expressions for the law of change for 
specific dynamical variables may be accomplished by 
the use of Eq. (1.27). These derivations are postponed 
until the quantum mechanical theory is developed, 
since, for the class of dynamical variables of immediate 
interest, the quantal and classical expressions are 
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formally the same. The quantum expressions, however, 
make use of quantum (Wigner) d.f.’s fw, fw* which 
replace f, f* in Eqs. (1.2)~(1.27). 
Il. QUANTUM THEORY 
A pure state of the system is represented by a wave 
function which satisfies the Schrédinger equation 


thoy (q,t)/dt- Ky (q,t), (2.1) 


where 5, the Hamiltonian operator, is given by the 
expression 


1 h €k 3 
x=> (rn A.) +U 
k 2m\1i Cc 


a ie 
H2(- ) +ora*t. (2.2) 
d l Og 
A mixed state having probability a; for the pure state 
¥;(ql) may be represented by the density matrix 
p(q,q',t) defined by 
p(q; q',t): Li awi(qhi(q'), (2.3) 
in which denotes the complex conjugate of ¥. The 
equation of motion for the density matrix follows from 
(2.1) and is expressed by the equation 
(2.4) 


in which 3€(q) operates only upon the g variables of p. 
The quantum mechanical phase space d.f. which is the 
closest analog of the classical d.f. is the Wigner d.f. fw 
which is defined by*“ 


thdp(q; q’,t)/Al= {K(qg)—-K(q')}o(q; 9’), 


fw(q,pD= fermota- thy;q+mhy)dy, (2.5) 


where py= oa Paya and dy=[]adya. The equation of 
motion for fw is obtained by the use of Eqs. (2.4), 
(2.5), and the inverse, 


p(q—mhy; g+mhy) fe 2rivP’ f(g,p')dp’, (2.6) 


of Eq. (2.5). This equation of motion, which is the 
quantum analog of the Liouville equation (1.17), is 
expressed by 

Ofw al +Aw fw =(), (2.7) 
where Aw is an operator which may be represented 
several ways, one of which is by the differential form, 


))o 


ei 
A,?—U 


2m,c* 


1 Ck he 
Awfw= > —} pe——A, con( Va:'V 
2 


km, c 


é 
+Zaps(@fu/0n)+]¥ : Axe pi 


k M,C 


2 h. 
-}> wnt sin( VV») fv (2.8) 
A h 2 
3E. Wigner, Phys. Rev. 40, 749 (1932). 
‘J. H. Irving and R. W. Zwanzig, J. Chem. Phys. 19, 1173 
(1951). 
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The quantum mechanical ensemble average (g) of a 


function g is given by 
(g)=(fw,g), (2.9) 


1, and 


(fwg) fiw gdqdp. 


lor suitably well-behaved /, g the operator Aw is again 
skew-symmetric, (Aw/,g)= —(f,Awg), so the quantum 
law of change is given by the following equation 


with ( fw,1) 


(2.10) 


O(g)/dL=(fw,0g/dl)+<(fw,Ag). (2.11) 


Equation (2.11) expresses the general quantum law of 
change for any function g. 

A class of dynamical variables sufficiently general for 
many applications consists of functions g, of the form 


ge £o(q) { ts Lalq) Pa + ys > ay (U,Uy, (2.12) 
a kl 


with ay; independent of g, p. For such functions 


Awge= Age, (2.13) 


and the classical and quantal expressions, (1.21) and 
(2.11), are formally identical. For functions of the type 
Zc, it is again convenient to transform from the 7, p, qa, pr 
variables to the r, 4, gy, py variables, with the result that 

A(g.)/OL= (fw* Og. /OL)+ (fw*,A*g.). (2.14) 
which is formally identical with Eq, (1.27). 

The equation of motion for the various reduced d.f.’s 
may be derived with the aid of Eq. (2.11). For example, 
the 1-particle d.f. /,")(1,p,) for particles of type v is 
defined by 


fL=(Cw, 6(r—1,)5(p— p,)), (2.15) 


so the equation of motion is 


Of, /dl= (fw, Awb(r— £,)6(p— p,)). (2.16) 


Equation (2.16) may be expressed as 


af) p 2 sh 
mange Te a sin($,-,) 2,, (2. 


al mM, h 


17) 


where 


ey nh. 
Q), fw, —_ A, cos Vr, ° Vp, . Vr, 
C 2 
ey e,* é vey v4 
er. 
A,:pp—-——A—} . 
mA amc wey |ey—r,| 7h 


h. 
xsin( VV) face r,)O(p p»)). 
2 
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The quantity 0, may be expressed in terms of various 
particle-particle and particle-field pair d.f.’s. 
Ill. MAXWELL’S EQUATIONS 
The charge density at a point r is defined by 
£o= >. €O(F—ty). (3.1) 


If the average value of g, is designated by p,, then 
according to Eqs. (2.14), (1.24), 
(fw*, A* >-y e6(r—rx)) 

V-(fw*, Ds eu,0(8 
However, g-=) ox éu,b(r—m) is the electric 


density at r, and if J, denotes the average value of this 
electric current density, Eq. (3.2) may be written 


Op,/al 
r;)). (3.2) 


current 


Op. /A+V-J,=0, (3.3) 


which is the law of conservation of charge for the 
ensemble averaged charge and current densities. 
The magnetic field intensity is expressed by 


B(r,t)=>o. aVKA\(r) + Be", 
and we find that 


1 1 dBe' 
(fw*, >> PVXKA,)4 : 
c ol 
l . 
pi nds) Vx Et, 


€ 


The last expression follows because VX (E°)=0. 
Let g, be the transverse electric field E’, 


g. (1/c)>°y prAy 


Then it follows that 


[a % | 
(is a rly Ayu, Wr Gr An) 
Co nlek ¢ 


dar | 
(jw", 
( 4c? 


t+ (fw*, >. VXLVXA)(r) Ja) 


DD extn: Ay! n)A(n)) 
A A 


(4r/c)J.7+9X (Bi"'), (3.7) 
in which J,” designates the ensemble average of the 
transverse current density. 

If g. is the instantaneous Coulomb field, 


L Doe ee (8 r,)/|\t—ft;\", 


WESLEY E. 


BRITTIN 


it follows that 


10d 


1 1 
(E’) = (iw ie eu, VV ) 
3 |r—t 


c él 
Leia ! 
(iw Do ee) UV? 
i ie 


f-— i 


rex(ox."-)]) 


ss (sw .& €k 
k 


c 


u,o(r—r,) 


au 


— (49/c) J", 


1 

——VxX (vx 
4a 

(3.8) 


where J,” is the average value of the longitudinal 

current density. By combining Eqs. (3.7), (3.8), and 

the corresponding relation for the external fields, the 
second Maxwell equation 

4 10 

Vx (B)=—J.4 (E) 


c coal 


(3.9) 


is obtained. Similarly, we find 


V-(B)=0, V-(E)=4p,. (3.10) 


Therefore Maxwell’s equations are valid for the 
quantum mechanical ensemble-averaged fields (E), 
(B), and these equations have the form of the macro- 
scopic equations. However, as has been emphasized by 
Irving and Kirkwood,’ the true macroscopic equations 
must be expressed in terms of suitable space-time 
averages of the ensemble averaged quantities. The 
macroscopic quantities so obtained satisfy the same 
equations. 


IV. HYDROMAGNETIC EQUATIONS 


Let pm, be the average value of the mass density 
m, >) 6(r—t),° for particles of type v, and pm,u, the 
average value of m, >>.) ud(r—1,). Considerations of 
the same type as those which led to the law of con- 
servation of charge yield the equation of continuity for 
particles of type », 


7] 
pm +V- (pm,U,) 0. (4.1) 
al 
The exact form for the hydromagnetic equations is 


obtained by application of the law of change (2.14) to 
the momentum density, m, >>.) u.6(r—1%), for par- 


= : : 
® 2») fe represents the summation of /, over all k belonging to 
type v 





TRANSPORT PHENOMENA 


ticles of type v. The result is expressed by 
i) 


(pm,u,) = (iw m, >. Ux: Vu,d(r— rx) 
al (») 


ek 

+E fabs + wx Bs|0(r ad n)) 
(¥) Cc 

V-o,— pm,uu,+n,X, 

+ pe, E* + (Je,/c)X Be 

+ (fw*, e, 2 (Exi"*+u. X B,'"*}5(4r— 1), 


(4.2) 
in which the stress tensor o, is defined by 


o,= —m,(fw*, > (u.—u,)(u,—u,)d(r—m%)), (4.3) 


(v) 


and the number density , of particles of type v by 


n,= (fw*, > 6(r—1)) 


(*) 


N, f(r), (4.4) 


N, being the total number of particles of type v. Equa- 
tion (4.2) may be written in the form 


d’ 
pm,—w, = V-a,+n,X,+ pe, E*'t+ (Je,/c)X Be't+G, (4.5) 
dl 


where d’/dt= (0/dt)+-u,°V and 


G,=N,2,(fw*, (E,'"*4 (4.6) 


(u,/c) >< B,'"*}6(r—r,)), 


or 
S 
> PrAr( r) 


é3 


G, Nae fo" | 2. A wey 


r—r,|* 
.» ail , 
t XL mV XAd(r) (3(r -r)), (4.7) 
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If the following pair distribution functions are intro 
duced : 


eh: (4.8) 


pr)), 


fav? (fa, ts) = (fw*, 6(ta—7,,)5 (tr 


fx (1, pr’) = (fw*, 6(r— 1,)5( pr’ (4.9) 


and 


(fw*, 6(r—r,) 


«d(u 


fy? ( r,u,gy’) 


u,)d(qx’—qr)), (4.10) 


G, may be expressed by the relation 


r—t, 
\ vy pS \ peu ; 
7 r—f, |a 


ey 
N; > Air) f 2, lr (ry prddpy 
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(ryr,)dr, 


G, 


ey . 
N,— E[VXAy(r) J om 


( 


Xfn? (r,U,(r )\dudq) (4.11) 
[:quations (4.5) bear some resemblance to the equations 
which are customarily considered to be exact for a gas.* 
The Coulomb term in G, corresponds to the collision 
term in the usual formulas. However, even if the field 
and particles motions are uncorrelated, Eqs. (4.5) do 
not appear to reduce exactly to the usual expressions 

Equations for the transport of other quantities may 
be obtained, but until we have in our possession a 
reasonable approximate procedure for computing the 
various reduced d.f.’s, it hardly seems worthwhile to 
derive them. 


*L. Spitzer, Jr,, Physics of Fully lonized Gases (Interscience 


Publishers, Inc., New York, 1955), p. 18 
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The proton beam of the UCLA cyclotron, adjusted to 19.8 Mev, was used to measure the stopping power 
per electron relative to aluminum for 23 elements from Be to Th. An approximate straight-line relationship 
was found asa function of log Z with deviations noted from Ta to Th, and from Ca to Fe. The latter devi 
ation seems to be associated with the number of electrons in the 3d shell. 


INTRODUCTION 


N recent papers! deviations have been reported from 

a smooth variation of stopping power as a function 
of Z. The anomalies appear to be correlated in some way 
with the electronic shell structure of the elements. The 
experiment described herein achieves greater accuracy 
than the previous work in the vicinity of 20 Mev, so 
that deviations can be more precisely determined. 

The source of protons was the external beam of the 
cyclotron with an energy spread of approximately 150 
kev. Metallic elements which could be obtained in the 
form of thin foils were used as samples: Be, Ca, Ti, V, 
le, Ni, Cu, Zn, Nb, Mo, Rh, Pd, Ag, Cd, In, Sn, Ta, 
W, Ir, Pt, Au, Pb, and Th. About 1 sq in. of each of 
these elements, a few mils thick, was compared with a 
stack of Al foils of nearly equivalent stopping power. 
Small variations in effective thickness of either the Al 
stack or the sample material were achieved by rotating 
the foil to change the angle of incidence of the proton 
beam, and adjustment was made so that the energy of 
the protons emerging from either the sample or the Al 
stack was the same, as detected by a differential 
ionization chamber. Whenever possible, direct com- 
parisons were made between elements as a check on the 


comparisons with Al. 
EXPERIMENTAL 


‘To compare two materials it was necessary to move 
them successively into the path of the beam and adjust 
the angle of one of them so that the emerging protons 
had the same energy in each case. The cyclotron beam 
is subject to rapid variations in energy, both periodic 
and random, of the order of 0.1%. The apparatus was 
designed to permit accurate comparisons of foils in 
spite of these cy lotron variations. 


Foil Shuttle 


The two foils to be compared were placed in frames, 
one above the other, on the top of a shaft eccentrically 
connected to a motor-driven wheel. When in motion 


* Supported in part by a joint program of the Office of Naval 
Research and the U.S, Atomic Energy Commission. — — 
t Now with the Biophysics Department, University of Cali- 
ornia Los Angeles Medical Center. 
—_ r foes and K. R. MacKenzie, Phys. Rev. 100, 734 
(1955); Bader, Pixley, Mozer, and Whaling, Phys. Rev. 103, 32 
(1956); Green, Cooper, and Harris, Phys. Rev. 98, 466 (1955). 


this caused the foil holder to move up and down at a 
rate of 4 times a second with a length of travel such that 
the beam passed through points from the top of the 
upper foil to the bottom of the lower one. As the beam 
was collimated to }-inch diameter, a }-inch swath was 
scanned during the motion. Provision was made for 
moving the foil holder from left to right in 4-inch steps 
to permit scanning the entire area. One of the foil 
frames could be rotated +10° about a horizontal axis 
by advancing or retracting a micrometer screw. This 
permitted varying the apparent thickness by 1.5%. 
Stacks of Al foil were selected whose stopping power 
did not differ by more than this from the various 
test foils. 

Interposed between the test foils and the ionization 
chamber was a range-adjusting Al absorber which 
reduced the energy of the protons to a few Mev so that 
they would reach the sharply varying portion of the 
Bragg curve within the chamber and give maximum 
sensitivity to energy changes. A thickness of absorber 
appropriate to each sample was selected from a series 
of 1-mil steps and fine adjustments were made by 
rotation. 


Ionization Chamber 


The ionization chamber was a parallel plate type 
with two plates 3 inches long and 1 inch wide held 1 inch 
apart on Lucite supports. One of the plates was divided 
into two sections 1} inches long, insulated from each 
other, while the other plate was held at —900 volts. 
The assembly was placed inside a brass chamber which 
could be evacuated and filled with a mixture of argon 
and 5% COs. Protons entered the chamber 
through a copper window and a }-inch collimating 
hole, traversing the two sections in series. Since protons 
emerge from the cyclotron in bursts, pulses of ionization 
current were collected in the chamber. The relative 
size of the electron pulses from the two halves of the 
divided plate depended upon the position of the com- 
bined Bragg and straggling curve within the chamber. 
They could be made equal by varying the thickness of 
the range-adjusting absorber. These pulses were applied 
to the grids of a difference amplifier and the output was 


brass 


fed directly to the vertical plates of an oscilloscope. 
A de voltage, taken from a potentiometer which 
rotated with the motion of the foil holder, was fed to 
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the horizontal plates of the oscilloscope. This caused the 
electron beam to sweep back and forth across the 
screen as the foils moved up and down. The pattern 
therefore displayed, side by side, pulses from protons 
which passed through points from the top of the upper 
foil to the bottom of the lower one. This made it possible 
to observe differences of 0.1% in the stopping thick- 
ness of the two foils as well as to exhibit nonuniformities 
in the individual foils which could be partially overcome 
by visual averaging. Some foils were found to have as 
much as 2% taper. Accurate comparisons of the order 
of 0.1% could not, of course, be made in these cases. 


Measurement 


To make a comparison, the range-adjusting absorber 
was rotated to give minimum differential pulse height 
when the beam traversed the thicker foil. The thinner 
foil was then rotated to give the same pulse height. 
Measurements were made of the required angle of 
rotation on each side of the vertical and an average 
value used. Small periodic fluctuations in the energy of 
the beam could be seen to put an envelope on the pulse 
heights but did not invalidate comparisons. Large 
random fluctuations due to sparking were easily de- 
tected and measurements were made during periods of 
steady operation. 


Foil Preparation 


The samples were prepared by clamping pieces of the 
material between aligned steel blocks, which had been 
ground and polished as a pair. The excess foil was then 
shaved off with a razor blade. This technique was 
found to give smooth edges and the same area for every 
foil cut to within 0.1%. Each was measured with a 
Bausch and Lomb comparator to determine the width 
and length to 0.0002 inch, or the area to 0.04%. The 
foils were cleaned and weighed both before and after 


TABLE I, Results of aluminum comparisons. 


Relative 
mass 
stopping 
power 


Individual foil values for 
stopping power per electron 
relative to aluminum 


Average 
value 


1.073 40.005 
1,008 40.020 
0.888 40.006 
0,860 + 0,002 
0.456 40.002 
0.464 40,002 
0.421 40,002 
0.819 40,002 
0.746 40.002 
0.735 40,005 
0.726 40.007 
0.710 40,003 
0.715 40.003 
0.700 + 0.002 
0.693 40.002 
0.680 4+ 0,002 
0,597 40.005 
0.590 4 0.002 
0.581 40,002 
0.576 40.002 
0.576 40,003 
0.556 4 0.003 
0.556 +0.002 


1.166 +0,005 
0.970 40.020 
0,946 +0.006 
0.918 +0,002 
0.886 40.002 
0.472 40,002 
0.867 40,002 
0,866 40.002 
0.816 40.002 
0.807 0.8i1 0.809 4+ 0.005 
0.805 0.795 0,800 + 0.007 
79 0.790 0.793 40.004 
789 0,792 0.791 40,003 
789 0.789 40.002 
782 0.781 0.782 40.002 
782 0.782 0.782 +0,002 
719 0.718 0,710 0.716 40.005 
706 0.707 0.706 0.706 40.002 
702 0.704 0.704 0.703 4 0.002 
0.696 0.696 0.694 0.695 40,002 
0.691 0.694 0.692 40.004 
0.679 0.675 0.677 40.003 
0.691 0.692 0.691 40,002 


1.166 
0,983 
0.933 
0.918 
0.486 
0.872 
0.867 
0.467 
0.817 


Be 1.166 
0.982 
0.938 
0.918 
0.886 
0.871 
0.867 
0.866 
0.816 


0.941 
O.918 


0.932 
0.918 
0.884 
0.872 
0.868 
0.466 


SOME 


METALLIC ELEMENTS 


TABLE II. Results of cross checks. 


Ratio of element 1 
Direct experi to element 2 
mental ratio of calculated from 
stopping power \l comparison 


hlement Klement 
No. 1 No, 2 


Zn V 0.938 +4-0.002 6.943.4-0.003 
Fe 0.975+4-0.004 

(4 separate pairs 0.976-+0.003 
of foils) 0.972+0.005 
0.987 40.007 


0.979-+40.0038 


Ni 0.991 +0,002 
0.992 40.002 
0.994+40.002 
0.994+-0.002 
0.995 +0.002 
0.993+0.002 
0.992 40.002 


0.994 40,003 


(7 separate pairs 
of foils) 


0.983 4+0.005 
1.011 40.005 
0.994 4-0.002 
0.996 +0.005 
0.989 +4-0.005 
0.980-+-0.005 
1.017+0.002 
1.013 4+0.008 
0.792 4-0.002 


0.9804 0.005 


t 
1.005-40,003 
0.991-+-0,003 
0.991 40,008 
0.980-4-0.008 
0.972+40.005 
1.01740,003 
1.004-40.003 
0.7924-0.003 


the comparisons to 0.05 mg, corresponding to 0.03% for 
the lightest material and 0.01% for the heaviest. 


ERRORS 


The uncertainty in measurement of the surface 
density of each foil was +0.05%. The uncertainty in 
the surface density of the stacks of Al was +0.05%. 
The uncertainty in setting the angle @ of the rotated 
foil led to an uncertainty in cos@ of 0.15% for the 
uniform foils. Thus the total probable error is +0.19%, 
except for the most nonuniform foils, where the angular 
setting was much more in question and the probable 
error is estimated as 0.5%. ‘These values are based on 
repeated measurements of individual foils. The devia 
tions in results from various runs fall within the prob 
able error. 

Spectroscopic analysis showed the materials to be 
pure to within 0.25% and with impurities of similar Z, 
so that the error introduced was less than O.1Y 

In the case of Ca, which oxidized rapidly, the amount 
of oxygen present at the middle of the run was esti 
mated, on the basis of the weight gained during the 
measurement (about 2%) and a chemical determination 
of the amount of Ca in a fresh sample of the foil (about 
95%). The large error assigned to calcium is based on 
foil nonuniformities and also upon uncertainties in the 
amount of oxidation and absorption of water of crystal 
lization by CaO during the run 


RESULTS 
As different amounts of energy were lost in the variou 
foils, all relative stopping power values are corrected 
to 19.8 Mev. ‘Table I shows the results of comparison: 
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F1G. 1. Stopping power per electron relative to aluminum, R, as 
a function of logZ. The Be point is not shown on this graph but 
appears in Fig. 2. A smooth curve has been drawn through those 
points which appear to show a regular behavior of 1/Z 


of different samples of each material with Al. Average 
values of relative stopping power per electron and 
relative mass stopping power are given. 

Table Il shows the results of the cross checks in 
which direct comparisons were made between elements. 
Seven sets of selected foils from a plentiful stock were 
used in the Cu— Ni cross check and 4 sets in the Cu— Fe 
check. In general the foils were not quite as uniform as 
the selected samples used for the aluminum comparison. 
These runs served to indicate the accuracy of the 
method as well as to reduce the error for these points. 


INTERPRETATION AND CONCLUSIONS 


In Fig. 1, relative stopping power per electron is 
plotted as a function of logZ. Values of the mean ioniza- 
tion potential for a few selected elements have been 
calculated from the present data by David O. Caldwell 
of the Massachusetts Institute of Technology. The 
results are shown in Table III. Corrections for non- 
participating electrons were obtained from the papers 
of Walske.? In the heavier elements Caldwell made at 
least rough estimates of the corrections even up to the 
O shell. His calculations were based on an J value for 
aluminum of 166.4 ev from the 18-Mev total range 
data of Bichsel and Mozley.* With the exception of Be 
the general trend can be fitted by //Z approximately 


2M. C. Walske, Phys. Rev. 88, 1283 (1952) and 101, 940 
(1956). 

*H. Bichsel and R. F. Mozley, Phys. Rev. 94, 764(A) (1954), 
and private communication to D. O. Caldwell. 
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equal to 12.6. An estimate based on the direct energy 
loss measurement of Sachs and Richardson, with a 
corrected® J value of 163.1 ev for aluminum, implies a 
slightly lower value of about 12.4 for most of the 
elements. 

Some sort of estimate of [/Z can be made from the 
present relative measurements alone. If the values for 
Be and Pb are ignored (the value for Pb must be either 
anomalous or in error—see Fig. 1), the rest of the ele- 
ments in Table III, which might be called typical, can 
be fitted within 1% by an I/Z value of 12.0. However, 
very little weight can be put in this estimate, since the 
shell corrections in the heavy elements are hardly 
accurate enough to justify this procedure, and the 
assumption must be made that a constant value of [/Z 
exists, which appears to be very unlikely in view of the 
fluctuations reported in this paper. The extremes range 
from 11 for Ti to 13 for Pb. The low value of J/Z for 
Ca is not stressed as being significant, since the devia- 
tion is actually only a little greater than the large 
estimated uncertainty. The high value of 16 for Be 
(1=64 ev) agrees within experimental error with the 
value of 64 ev predicted by Bohr® on the basis of the 
polarization effect. It appears that 7/Z for most ele- 
ments is significantly higher than 11.5, which is the 
value that enters into the calculation of the current 
range-energy curves.? 

The points in Fig. 1 are shown again in Fig. 2 with 
ordinates and abscissa multiplied by functions of par- 
ticle velocity and other factors. This method of plotting, 
due to Lindhard and Scharff,* allows comparison of 
stopping-power data taken at different energies and with 
different particles. Some of the measurements, by other 
investigators, in the vicinity of 18 Mev were on an 
absolute basis, but the majority were made relative to 
aluminum and have been normalized to aluminum with 
an J value of 163 ev. A line through the present data, 
normalized on this basis, fits the absolute data of 
Brolley and Ribe® at 8.86-Mev deuteron energy and 
4.43-Mev proton energy. Almost all previous measure- 
ments in this intermediate energy range can be fitted 
within experimental error to this same line, which has 


TABLE III. Ionization potentials after application of shell cor- 
rections. All relative data have been normalized to an aluminum 
value of 166.4 ev. 


Al Fe Cu Ag W Au 
I (ev) 64.0 166.4 328.8 366.0 587.0 920.5 997 
1/Z 16.0 12.8 12.6 12.6 12.5 12.4 12.6 


Pb 


Be 


1070 
13.0 


*D. C. Sachs and J. R. Richardson, Phys. Rev. 83, 834 (1951) 
and 89, 1163 (1953). 

® D. O. Caldwell, Phys. Rev. 100, 291 (1955). 

*A. Bohr, Kgl. Danske Videnskab. Selskab, Mat.-fys. Medd. 
24, No. 19 (1948). 

7Aron, Hoffman, and Williams, Atomic Energy Commission 
Report AECU-663 (unpublished). 

§ J. Lindhard and M. Scharff, Kg]. Danske Videnskab. Selskab, 
Mat.-fys. Medd. 27, No. 15 (1953). 

» J. E. Brolley, Jr., and F. L. Ribe, Phys. Rev. 98, 1112 (1955). 
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Fic, 2. The stopping power per electron L(x) = (1/NZ) (dE/dx) 
X (mv*/4rze*) is plotted against x= (v*h?)/ (eZ). All relative data 
in the 12- to 32-Mev range have been normalized to / = 163 ev for 
aluminum. In order to display individually all points in this 
energy range, some of the previous data are shown displaced 
vertically. 


to allow separate 
10 


been displaced vertically in Fig. 2 
points to be seen. Shown are the relative data of Kelly 
(37-Mev a’s), Teasdale" (12-Mev protons, obtained in 
this laboratory), Sonnet! (20-Mev protons), and the 
absolute data of Sachs‘ (18-Mev protons), Only the 
values for six heavy elements, Rh through Au, obtained 
by Sachs, show an obvious deviation. These deviations, 
if real, would indicate that J/Z should be about 14 for 
heavy elements.’ Richardson'* has pointed out that a 
tedious and hardly worthwhile correction should be 
applied to these points, arising from angular multiple 
scattering for the heavier elements in the nonuniform 
magnetic field of the cyclotron which was used to 
determine the energy loss. The correction is not con- 
sidered to be significant for aluminum, and hence the 
aluminum / value of 163 ev was used in normalizing 
the data shown in Fig. 2. 

Disagreement is also noted for some elements, shown 
on the original Lindhard and Scharff plot, which overlap 
the 4.43-Mev data. These are chiefly measurements of 
Madsen" at energies of 2 Mev and below. However, 


0 FE. L. Kelly, Phys. Rev. 75, 1006 (1949). 

uJ. G. Teasdale, Office of Naval Research Report ONR-3 
(unpublished). 

2 J. R. Richardson (private communication). 

4 C. B. Madsen, Kgl. Danske Videnskab. Selskab, Mat.-fys. 
Medd. 27, No. 13 (1955). 
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recent data of Green, Cooper, and Harris! and Chilton, 
Cooper, and Harris, at energies up to 1 Mev, come 
much closer to an extrapolation of the line. Their points 
also make it appear that no single line can represent all 
data at low energy. The high-energy data of Mather 
and Segré'® from 340-Mev proton range data, as pointed 
out by Caldwell,’ also differs from the low-energy 
measurements. 

The variation of stopping power per electron with 
atomic number agrees in general with former measure- 
ments, but the accuracy is such that individual element 
variations are observed that seem to be well outside 
experimental error, Efforts were made to correlate these 
variations with physical properties such as density, 
conductivity, ete., without success, leaving the ele 
tronic shell structure as the most likely causative factor 
The most striking anomalies occur for Ca (3d°4s*), 
Ti (3d74s*), and V (3d*4s*), which have been hitherto 
unmeasured in this energy range. Calcium is unique in 
the periodic table, being the first element with a com 
pletely empty d shell followed by a full s shell 

Similar but smaller effects might be ex per ted as the 
4d shell is filled. Unfortunately, of the three foils that 
could have shown such an effect, Nb (4d45s), Mo (4d°5s), 
and Rh (4d*5s), the latter two were not very uniform, 
so no changes in slope could be determined. In the 
heavy elements, Ta through Pb, the slope of stopping 
power vs logZ appears to increase, with the exception 
of Th which is anomalously high. All previous workers 
have found a high value for Th (see Fig. 2). Th (6d?75s?) 
is followed by Pa (5/*6d7s*), showing that the outer 
electron configuration in this region of the periodic 
table is not normal and could be responsible for the 
high value of stopping power. 
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Crystals of simple and mixed silver halides are known to show a 
strong fluorescence but 
However, the slow buildup of luminescence under weak excitation 
the These 
processes have been studied in more detail on silver bromoiodide 


little afterglow at low temperatures 


indicates presence of effective trapping processes 
crystals. The lifetimes of the trapping states were estimated by 
observing the dependence of buildup rates on the dark interval 
between two exposures. The trapping states are also revealed by 
the effects of infrared radiation, If applied during excitation, it 
reduces the stationary brightness; 


between exposures, it reduces the rate of re-excitation. The pattern 


if it is applied in the interval 


of behavior of these phosphors is interpreted by a model of the 


1. INTRODUCTION 


T has been known for some time that silver halides of 

high purity show a strong fluorescence at low tem- 
peratures. Randall! observed fluorescence of pure silver 
chloride crystals, although he believed that residual 
impurities were probably responsible for the observed 
fluorescence. About the time, Meidinger?* 
observed low-temperature fluorescence of silver chloride, 


same 
bromide, iodide, and bromoiodide (several 
iodide) For the bromoiodide emulsions, 
Meidinger reported a bright green fluorescence at the 
temperature of liquid nitrogen, under excitation by 
blue or ultraviolet radiation, Farnell and Burton‘ have 
examined in some detail the low-temperature fluores- 


emulsions. 


cence of the silver halides. They reached the conclusion 
that, at sufficiently low temperatures, pure silver halide 
crystals show a strong fluorescence, but they found no 

For silver 
Farnell 


visible afterglow or phosphorescence. 


bromide-silver iodide mixed crystals, and 


Burton the 
luminescence of emulsions. This luminescence shows no 


confirmed Meidinger’s observations on 


afterglow, and has been interpreted by Farnell and 
Burton as an edge luminescence, that is, as a resonance 
fluorescence which becomes observable at wavelengths 
near the absorption edge of the crystal 

We have more recently made a limited study of the 
luminescence of silver halide crystals, particularly of 
silver bromide-silver iodide mixed crystals, in which 
we investigated the buildup of emission under exci 
tation, the effects of infrared radiation on the lumines 
cence, and cation-activated fluorescence. These obser 
vations reveal a pattern of behavior which places the 
silver halides clearly in the class of photoconducting 


*Communication No. 1880 from the Kodak Research 


Laboratories 

' J. T. Randall, Trans Faraday Soc. 35, 2 (1939) 

2W. Meidinger, Physik. Z. 40, 517 (1939 

3 W. Meidinger, Physik. Z. 41, 277 (1940) 

4G. C. Farnell and P. C. Burton, Fundamental Mechanisms of 
Photographic Sensitivity (Butterworths Scientific Publications 
Lid., London, 1951), pp. 61-73 


perc ent. 


type generally used in the description of zinc sulfide and similar 
photoconducting phosphors. If the absence of afterglow is taken 
into account, the model requires that the efficiency of the phosphor 
should increase with the square root of the exciting intensity. This 
has been confirmed experimentally over a range of 3 powers of 10. 
An afterglow can be produced in the silver bromoiodide by 
incorporating certain divalent cations (such as Cd** or Sr**) 
From an extension of the model to this more 


into the crystal 


complex system, a number of emission and stimulation effects 
can be deduced which have been found in a series of qualitative 


observations. 


phosphors.’ The simplest model for such a phosphor, 
with one type of electron trap and one type of hole 
trap, serves well to describe the observed behavior. 
Some connection between these traps and the consti- 
tution of the phosphor are evident but no detailed 
identification of the trapping levels has been attempted. 
The work described in this paper was carried out in 
1953 and 1954. A preliminary report was presented 
at a symposium on impurity phenomena held at the 
General Electric Research Laboratories in Schenectady, 
New York, in 1953, and detailed reports were given at 
meetings of the Optical Society of America® and of the 
American Physical Society.? We had hoped to expand 
our investigation by more extensive quantitative experi- 
ments. Since this work has had to be postponed in- 
definitely, we feel that our results should be published 
despite their incompleteness. 


2. MATERIALS AND EXPERIMENTAL PROCEDURE 


Most of the experiments which we shall describe 
have been carried out on mixed crystals of silver 
3 mole percent of silver 
iodide. The crystals were made from the purest avail- 
starting precipitate. The 
preparing such precipitates will be described elsewhere.* 
The molten precipitate was confined in a Pyrex ring 
of about 40-mm diameter, on a flat Pyrex plate. A 
sample disk was formed by slowly reducing the tem- 
perature in a nitrogen atmosphere. In this way, disks 


bromide containing about 


able procedure used in 


of acceptable optical quality were obtained, consisting 
millimeters 
Crystals of similar composition have also been made 


of crystals of a few linear dimension. 


by us, using the Bridgman* technique, and their optical 


® This conclusion has been reached independently by Dorfner 
in studying the luminescence of AgBr-AgyS. See Karl R. von 
Dorfner, Ann. Physik 16, 331 (1955) 

© F. Urbach and F. Moser, J Opt. Soc Am. 44, 345(A) (1954) 

7K. Moser and F. Urbach, Phys. Rev. 98, 1557(A) (1955) 

* Nail, Moser, Goddard, and Urbach, Rev. Sci. Instr. (to be 
published 
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absorption spectrum has been reported.® These crystals 
show much the same luminescent properties as the 
polycrystalline disks. 

Generally, the crystals were mounted inside a clear 
Dewar vessel filled with liquid nitrogen. With suitable 
insulation, the evaporation rate of the liquid nitrogen 
could be kept to a very low level. Excitation was 
achieved with a General Electric A100-H4 100-watt 
mercury lamp, in combination with a high-aperture 
optical system designed to excite the area of exposed 
crystal uniformly. The 365-my Hg line was the exci- 
tation generally used. This line was isolated by means 
of Corning Filters No. 7380 and No. 5860. Calibrated 
neutral densities were used to modify the incident 
intensity. 

A high-aperture optical system was used to collect the 
fluorescent emission and image it on the face of an 
end-on Type 931A photomultiplier tube. The exciting 
and collecting optical systems were on the same side of 
the sample, both beams having about a 30° angle of 
incidence on the sample under study. Appropriate 
filters were used to keep any exciting light or infrared 
radiation from reaching the photomultiplier, and stray 
luminescence from filters, containers, etc., was carefully 
eliminated. The photomultiplier current was amplified 
with a 


measured sensitive galvanometer. ‘The 


im 


and 
galvanometer period of several seconds made i 
possible to determine accurately the rapid buildup and 
decay of the fluorescence. A 500-watt tungsten lamp 
in conjunction with a quartz monochromator was used 
as the source of defined infrared radiation. No determi 
nation of the exciting intensity or emission in absolute 


units has been made. 
3. RESULTS AND DISCUSSION 


3.1. Volume Luminescence of Silver Bromide 
Silver Iodide 


Most observations on the low-temperature lumi 
nescence of silver bromoiodide, reported in the litera 
ture, have been made on photographic emulsion grains, 
fine powders, or polycrystalline materials. This raises 
the possibility that the luminescence is primarily a 
surface or near-surface effect. 

In order to decide this question, a qualitative experi 
ment was made on a large (2% 2X1 cm), well-polished 
bromoiodide crystal. The crystal was slowly cooled to 
77°K, and a narrow bundle of monochromatic light 
was allowed to enter the crystal parallel to one surface, 
through which the luminescence and its dependence 
on the exciting wavelength were observed. 

At wavelengths shorter than 460 my, the lumi 
nescence appeared entirely confined to the entrance 
surface. At a wavelength of about 480 my, the lumi- 
nescence extended distinctly about a millimeter into 


the crystal. Upon reaching 495 my, the entire 2-cm 


path appeared nearly uniformly luminescent. At 


9F, Moser and F. Urbach, Phys. Rev. 102, 1519 (1956) 


BROMOTODIDI 





10 


Cal 


Relative intensity 
> 





i 1 J | } 
100 10 120 130 140 150 


Temperature in °K 








50 160 


1. Variation of fluorescence intensity with te mperature in a 
AgBr-4 mole percent Agl emulsion, 


longer wavelengths, the uniformity was maintained, but 
the brightness of the luminescence decreased rapidly, 
Measurements of the optical absorption of a similar 
crystal at liquid-nitrogen temperature show that at 460 
my, the 1/e depth is considerably less than 0.1 mm, at 
$80 my it is about 1 mm, and at 495 my it is about 3com; 
beyond this the 
rapidly. The experiment appears to be a convincing 
that the of the 
bromoiodide is a volume effect, at least ina macroscopic 


wavelengt h absorpt ion decreases 


demonstration luminescence silver 


sense, 


3.2. Stationary Luminescence and Its Buildup 


Farnell and Burton have shown! that the luminescent 
efficiency of silver bromide, containing a few percent of 
silver iodide, drops rapidly with increasing temperature 
and is negligibly small at 160°K taken from 
the work of Farnell and Burton,‘ shows the tempera 


ligure 1, 


ture dependen e of this fluorescence. 

Phis temperature-dependence curve became particu 
larly interesting when Biltz!® observed, in 1950, that 
the ol 
emulsions drops rapidly at low temperatures and that 


photographic sensitivity silver bromoiodide 
this happens in the same temperature range in which 
the fluorescence efficiency increases. This suggested 
some kind of complementary relation between fluores 
At any fixed tem 


perature in this critical range, Biltz found that the 


cence and latent-image formation 


photographic efficiency decreases strongly with increas 


ing intensity (“high-intensity failure’) 


reciprocity 


'M 


Biltz (private communication 
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KG, 2. Relative emission intensity as a function of time of 
excitation for two excitation levels, in a AgBr-3 mole percent Agl 
crystal 


The complementary relation just mentioned would 
lead one to expect that the luminescence efficiency 
would increase with intensity. In other words, the 
brightness of luminescence should increase more than 
proportionally with the exciting intensity. 

A preliminary check of the intensity-dependence of 
the fluorescence of a bromoiodide emulsion, carried out 
by Biltz and one of us, confirmed this expectation of 
luminescence which increases more rapidly than 
proportionally with the exciting intensity. Such a 
behavior of the luminescence was first discovered by 
Riehl," and was studied in various aspects by others,.'*~'* 
These studies have shown that this phenomenon is 
intimately connected with the occurrence of efficient 
trapping processes. The most conspicuous effect of 
trapping on luminescence, a strong afterglow, is not 
observed in pure silver bromoiodide crystals. The 
existence of efficient trapping processes, however, 
manifests itself clearly in the behavior of the buildup 
of emission under constant excitation. This growth of 
the luminescence has been examined on silver bromo- 
iodide crystals at various intensity levels. Figure 2 
shows buildup curves at two different levels of exci 


UN. F. Riehl, Z. tech. Phys. 20, 152 (1939) 

Hf. A. Klasens, Nature 158, 306 (1946). 
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17M. Schoen, Z. Naturforsch. 6a, 251 (1951) 
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tation intensity, in crystals that have had no previous 
exposure to actinic light. It is seen that the lumi- 
nescence takes many minutes at low excitation levels 
to approach a stationary value. 

It is convenient to discuss this phenomenon with 
the aid of the usual band picture of an insulating 
crystal (see Fig. 3), including discrete trapping levels 
for both electrons and holes." 

For this discussion, we assume that excitation 
corresponds to the creation of free electrons and holes, 
and that the green emission observed takes place by the 
recombination of free electrons and trapped holes at A 
(Fig. 3). In an unexposed crystal, at the beginning of 
excitation, the traps will be empty. In the initial phase 
of excitation, most of the freed electrons and holes will 
be trapped, and little recombination (and therefore 
little emission) will occur. Upon continued excitation, 
however, both electron and hole traps are gradually 
filled, and free electrons will, with increasing proba- 
bility, recombine and emit until a stationary value of 
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Fic, 3. Energy band model of an insulating crystal, with discrete 
trapping levels for electrons and holes. 


emission brightness is obtained. Such a picture explains 
the slow buildup shown in Fig. 2. 

The lifetime of the trapped states may be tested 
experimentally by studying the modification in the 
buildup curve as the result of some pre-excitation of 
the crystal. Figure 4 shows the initial buildup curve of 
an unexposed crystal. At the indicated point, the 


‘We prefer this description of the imperfect crystal to the 
picture used by A. Rose [Phys. Rev. 97, 322 (1955)], who 
emphasizes the existence of a nearly continuous, more or less 
uniform, distribution of trapping levels. For photoconductance 
where the emphasis is on the free carriers and where the discrete 
levels remain, for many purposes, more or less anonymous re 
combination centers, Rose’s point of view appears very natural. 
For luminescence, where the recombination centers are more or less 
directly observed in the emission spectrum and in the kinetics of 
various emission bands, the more conventional description 
emphasizing a few well-defined imperfection levels is often more 
useful (particularly with respect to the relation of the discrete 
levels to the impurity content and the conditions of preparation 
of the crystal). If some spread in these levels is permitted and if, 
in Rose’s model, strong peaks are admitted in the level-distri- 
bution, the two pictures become identical. Their relation will 
be treated in detail in a forthcoming paper by C. A. Duboc, of 
these Laboratories. 
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ultraviolet excitation was interrupted for a short time, 
and the excitation then resumed. With the second 
excitation, the maximum brightness is approached very 
rapidly, showing that most of the traps have remained 
filled. By increasing the interval between the initial 
excitation and the re-excitation, an estimate of the 
trap lifetime can be obtained. Figure 5 shows a set of 
buildup curves obtained with increasing time intervals 
between the first and the excitation. For 
convenience of presentation, the curves have all been 
shifted to start at zero time. After 1 minute, some of the 
acceleration caused by pre-excitation is lost, but, even 
after a pause of 2 hours, the buildup rate is still appreci- 
ably faster than that of the unexposed sample, indi 
cating that many traps are still filled. 

No afterglow of more than a fraction of a second’s 
duration has been observed in these crystals. This 
indicates that only a very small fraction of the electrons 


second 





ff; 


JV 
| 
"iOsec \* 


dork interval 











Time 


Fic. 4. Relative emission intensity as a function of time of 
excitation for both an initial excitation and re-excitation after a 
short dark period. Data are taken on a AgBr-3 mole percent Agl 
crystal 


trapped at the end of excitation return to the ground 
state via the conduction band, since this would be 
accompanied by a distinct afterglow of the same color 
as that of the fluorescence. Therefore, most of the 
recombination must take place by release of trapped 
holes into the valence band and subsequent recombina- 
tion with trapped electrons, this recombination occur- 
ring without visible emission. In other words, theabsence 
of a visible afterglow means that the thermal release 
of the electrons from their traps into the conduction 
band has a very small probability. Figure 6 shows the 
band model of Fig. 4, omitting, however, the transition 
just mentioned, and identifying the radiative and non- 
radiative recombinations. Models very similar to these 
have been proposed previously in the discussion of non- 
linear zinc sulfide phosphors. More recently, Duboc'* 
has carried out a comprehensive analysis of the types of 
nonlinear behavior and the generality of their occur- 
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rence in two-center models. For the model proposed 
here, this analysis shows that the assumption of a 
negligible probability for the release of the trapped 
electrons into the conduction band has a definite and 
testable consequence: it requires that the fluorescent 
emission intensity increase with the 1.5th power of the 
exciting intensity over an appreciable intensity range 
(see Appendix). Thus, the model which serves to explain 
the general the observed luminescence 
predicts a specific dependence of emission intensity on 


features of 


excitation intensity. Measurements carried out on a 
silver bromoiodide crystal at 77°K with excitation by 
365-my radiation are shown in Fig. 7. Brightness and 
excitation intensity are plotted here on logarithmic 
scales. It is seen that over a range of 3 powers of ten of 
exciting intensity, the brightness increases with the 
1.5th power of this intensity. Since the 365-my radiation 
is strongly absorbed in the crystal, this nonlinear 
dependence must actually extend over an even larger 
range. 
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Fic. 6. Energy band model of silver halide phosphor. Note the 
deliberate omission of the transition corresponding to thermal 
release of electrons into the conduction band. 
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hic. 7. Relative emission intensity as a function of excitation 
intensity for a AgBr-3 mole percent Agl crystal 


3.3. Quenching by Infrared Radiation 


Irradiation of silver bromoiodide crystals with near 
infrared shortly after the termination of excitation 
reveals 4 effect. This 
stimulability, however, vanishes nearly entirely within 
1 minute after excitation, and is probably not related 
to the large majority of filled traps. 

If, however, the sample is irradiated with infrared 
during excitation, a very strong quenching effect. is 
observed, Figure & shows a typical curve obtained by 
first letting the crystal approach an equilibrium emission 
intensity under constant ultraviolet excitation, and 
then adding infrared radiation. A short burst of stimu 
lation is observed, followed by the fairly rapid establish 


weak and short stimulation 


ment of a much lower stationary brightness level. ‘This 
quenching of the fluorescence occurs over a_ large 





Quer hing 
radiation 


off 





Quenching 


radiation on 











1 4 
: 20 


Time in minutes 


Fic. 8. Simultaneous quenching effect in AgBr-3 mole percent 
Ag! crystal. The emission intensity is plotted as atunction of time 
Che exciting radiation is on at all times; the quenching radiation is 
turned on after 10 minutes and off after 14 minutes. 


AND F 


URBACH 


spectral range, with radiation near 0.8 uw being the most 
effective. 

The effect of infrared radiation on the fluorescence 
also manifests itself in its effect on the behavior of the 
buildup curves. Figure 9 shows the effect on the buildup 
curve of infrared radiation applied in the interval 
between the two excitations. The figure shows first an 
initial buildup curve on a previously unexposed crystal, 
then the subsequent accelerated rate after a 1-minute 
dark interval. After attaining the stationary level, the 
excitation is again terminated, but the sample is now 
irradiated with infrared. The subsequent third buildup 
curve now has the low-rate characteristic of an un- 
exposed crystal: the acceleration of the buildup rate by 
pre-excitation has been almost totally destroyed. 

These observations on the effects of long-wavelength 
radiation may again be simply interpreted on the basis 
of the model given in Fig. 6. The long-wavelength 
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Fic. 9. Effect of prior infrared radiation on the buildup of 
emission under constant excitation, in a AgBr-3 mole percent 
Agl crystal 


absorption may be attributed to a hole release at the 
hole trap (A). This process increases the probability of 
radiationless recombination of free holes with trapped 
electrons, and at the same time tends to block the 
Such a mechanism 


radiative electron capture at A. 
accounts qualitatively for the observed simultaneous 
quenching as well as for the loss of acceleration of 
buildup by previous exposure. The model used here is 
of the type usually employed to represent phosphors 
with a low concentration of luminescent centers. 
In the present case, it appears certain that at least one 
of the levels, A and B (most probably A), is produced 
by the presence of iodide ions (probably in some special 
arrangement; perhaps an iodide ion next to a silver 
vacancy). 


3.4. Impurity-Activated Crystals 


The general study of phosphorescence has gained 
much by the observation of stimulation and quenching 
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in sulfide phosphors containing two kinds of activating 


centers, each with an observable emission band. 
Something similar can also be achieved in the silver 
halide phosphors. In order to do so, one must introduce 
a second activating center with visible emission. This 
can be done on the basis of observations made on simple 
silver bromide and silver chloride crystals. 

We have found that it is possible to produce impurity- 
activated phosphors with the silver halide as a matrix, 
with impurity concentrations of the same order of 
magnitude as those used in sulfide phosphors.” Silver 
bromide, for example, which is nonluminescent at 
77 
or SrBr» is introduced into the melt in concentrations 
from 10-® to 107%” A very similar activation by 
strontium is obtained if it is added to silver bromo- 
iodide. Upon ultraviolet excitation, the green (iodide) 
the red (strontium) luminescence 
can be observed simultaneously. 


If the of 


°K, shows a strong orange-red luminescence if CdBry 
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Fic. 10. Energy band model of silver halide phosphor with an 
activator. The C-center with the introduction of 
strontium into the AgBr-3 mole percent Agl phosphor 


is associated 


bromoiodide crystals is observed after excitation, there 
appears, in addition to the red strontium emission, a 
quite distinct green iodide emission, which was almost 
entirely missing in the pure bromoiodide (see Sec. 3.2). 
This strongly suggests that strontium introduces cen- 
ters which are capable of effectively trapping elec- 
trons, but which, unlike the electron traps attributed 
to the iodide, release them at an appreciable rate into 
the conduction band, where they become available for 
the green emission. Incorporating such a center into 
our previous model leads to the model shown in Fig. 10. 
The centers introduced by strontium are labeled C. 
If the same strontium centers are responsible for the 
red emission, this emission must be assigned to the 
recombination of the trapped electrons with free holes, 
the to the radiationless 


transition corresponding 


2 A different result stated by Farnell and Burton* does not 
really contradict our findings; these authors apparently did not 
investigate the activators which we found most effective 

21 Other examples: a red emission is produced in AgCl by 
additions of Ba and Ca; an infrared emission is produced by 
monovalent copper 
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transition in the B centers. We have been led to this 
scheme by trying to represent, in the simplest possible 
way, the changes which the introduction of strontium 
causes in the fluorescence color and in the afterglow 
of the bromoiodide. This model has, however, several 
definite consequences which could be tested by experi 
ment. (1) The presence of electron release into the 
conduction band weakens, in this model, the reason for 
occurrence of the nonlinearity of the green emission, 
Thus, its intensity-dependence should become weaker 
than the observed 1.5th power. (2) The same electron 
release, if caused by absorption of radiation, should 
produce a stimulated emission of the green band. 
(3) The release of holes at the A centers, which pro 
duced radiation-quenching in the strontium-free phos 
the 
it should 


phor, should now increase the probability of 


radiative transition of the C centers, that is, 
stimulate the strontium emission. (4) The same ab 
sorption process which produces the stimulation of 
the green emission should reduce the probability of the 
red emission, 1.e., cause a simultaneous quenching 
effect of the latter. (This effect entirely 
analogous to the simultaneous quenching of the green 


would be 


emission in the strontium-free crystals.) A series of 
careful visual observations on the strontium-containing 
crystals showed that the various phenomena predicted 
by the model actually occur. Crude qualitative obser 
vations on the spectral distribution of the effect of the 
quenching and stimulating radiations were at least 
compatible with the predictions 

While the picture given here yields a simple descrip- 
tion for a large variety of qualitative observations, no 
attempt has been made to subject it to any quanti 
tative test. It can, however, serve as a guide for further 
investigation. Whatever the model, our results seem to 
establish that the silver halide phosphors belong to the 
large class of photoconducting phosphors capable of 
activation by small amounts of impurities, in which the 
trapping of electrons and holes, their release and 
their recombination determine the 


migration, and 


luminescence effects 


3.5. Fatigue Effects 


While the veneral character of the silver halides as 
photocondus ting phosphors appears established, some 
effects have been observed which seem to distinguish 
the 
silver bromoiodide crystals show a gradual decrease of 


silver halides. Like many other phosphors, the 


luminescent effidency if excitation at high-intensity 
levels is continued for long periods of time. The remark 
ol 
that the decrease of efficiency is greater if the lumi 
levels. Hf, 


example, one half of a silver bromoiodide sample is 


able feature of the “fatigue” silver bromoiodide is 


nescence is observed at low-intensity for 


exposed to strong ultraviolet irradiation at the tem 
perature of liquid nitrogen for some length of time, and 


the fluorescence is then observed at this low tempera 
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ture, the irradiated half appears darker than the un- 
exposed half, if the observation is made using low 
ultraviolet intensity. If high intensity is used, the two 
halves become practically indistinguishable. The ex- 
posure involved does not produce any visible darkening 
of the silver halide, and the effect cannot be ascribed 
to any shielding effect due to a printout process 
occurring at this low temperature. 

Although we have no clear interpretation of this 
effect, we feel that processes other than purely elec- 
tronic ones play a role. It appears likely that strong 
exposure produces some changes of the luminescence 
centers which involve ionic motion over small distances 
in the crystal. This might be the first phase of the 
process which, in its later stages, may lead to the 
separation of silver in the crystals. 
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discussions of 


APPENDIX 


Let the concentrations of the centers A and B be L 
and P, respectively, the concentrations of free electrons 
and holes, n and p. The electron- and hole-capturing 
processes are characterized by four rate constants 
01, %2, 73, and o4, and the hole and electron release by 
constants k and «x. Furthermore, let the fraction of P 
with trapped electrons be x and the fraction of L with 
trapped holes be y. At sufficiently low intensities, the 
model of Fig. 4 is then described in its steady state by 
the following set of equations (which are obtained from 
Eqs. (2), (13), and (17) in Duboc’s paper'® if « is made 
zero and if mand p are low enough) : 


xP=pt+yL, 
ky= pos, 


Xpoy= No}. 


AND F. 
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The intensities of excitation and emission are given by 
J=poxP, 
l=noyL. 

Solving for J, one obtains 


ook 04 
{= J\—_ —______ 
oiP [ kos(k+o4L) |! 

Thus, the intensity-dependence discussed in the text 
appears to be valid at all sufficiently low intensities of 
excitation. 

If the rate of electron release is not exactly zero, the 
proportionality of J with the 1.5th power of J will 
still occur over a finite range of intensities, provided 
that « is sufficiently small. More precisely, it is required 
that « fulfills the following set of conditions: 


kKko3P/(k+04L), 
k<koy/o4, 


o\03P | 
oo(k+o4L) 


<i 


KKoiP, 
KkK<koyo3P/ (ax04L.). 


If these conditions are met, the intensity-dependence 
will be linear at very low intensities, a transition to the 
power § taking place near 


K? k+o4L 
os 
0% k 


What happens at high intensities depends on the exact 
relation between the parameters. Our observations 
indicate that, at high intensities, a second linear region 
with an efficiency close to 1.0 is obtained. A more 
detailed analysis shows that this could be expected if 
the last of the five conditions for « is the most stringent 
one, and the square of the ratio between the right and 
left side of this inequality determines the range of J over 
which the power # is valid. 





PHYSICAL REVIEW VOLUME 


106, 


NUMBER 5 
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Measurements of energy distributions of 1.5 A neutrons diffusely scattered by a single crystal of mag 
netite in the region of the 111 reciprocal lattice point were carried out. Neutron groups were observed which 
satisfy momentum and energy conservation between the neutron and one wave-excitation quantum, and 
which are assigned a magnetic origin. The intensities of the neutron groups are consistent with spin wave 
theory within the limits of the analysis. The measurements are not sufficiently exact to enable the form of 
the frequency-wave number relation of the spin waves to be deduced, but assuming the quadratic relation 
of Kaplan a value for the A-B exchange integral of 2 10~* ev is obtained. 


INTRODUCTION 


T is generally believed that the thermal disordering 
at low temperatures of the spin arrays of ferro- 
magnetic or antiferromagnetic crystals can be de- 
scribed in terms of wave excitations called spin waves. 
The theory of the scattering of neutrons by spin waves'* 
suggests that it should be possible to determine the 
relation between the energy of the spin waves and their 
wave number by studying energy distributions of the 
neutrons magnetically scattered by a single crystal. 
The neutron scattering is controlled by conservation of 
energy and momentum between the neutron and one 
spin wave quantum. If #k and vk’ are the ingoing and 
outgoing neutron momenta, and E and EL’ are the 

ingoing and outgoing neutron energies, then 
k—k’ 


dre q+w, (la) 


E— E’= +h, (1b) 
where q is the propagation vector of the spin wave, 
hw is its energy, t is a vector of the reciprocal lattice 
and t+ w/2m is a reciprocal space vector for which 
magnetic Bragg scattering occurs. For monatomic 
ferromagnetic substances w=0. These relations were 
established by Moorhouse? for simple ferromagnetic 
materials and by Elliott and Lowde?® for several anti- 
ferromagnetic structures. It is likely that they are 
general. 

From the energy distributions the energy and mo- 
menta of the observed neutrons can be deduced, and 
hence by Eqs. (1) the energy and propagation vector q 
(or wave number q/27) of the spin wave quanta with 
which the neutrons interacted. By repeated observation 
the energy-wave number relation of the spin waves 
w(q) can be constructed. 

To carry out the experiments a large single crystal 
is required of a substance in which the magnetic scatter- 
ing is much larger than the nuclear scattering, and 
which has a Curie or Néel temperature high enough to 


1G. Avakyants, J. Exptl. Theoret. Phys. 18, 444 (1948). 

2 R. G. Moorhouse, Proc. Phys. Soc. (London) A64, 1097 (1951). 

*R. J. Elliott and R. D. Lowde, Proc. Roy. Soc. (London) 
A230, 73 (1955). 


make the neutron energy changes measurable with 
available resolution. It is also desirable that the nuclear 
capture and incoherent scattering be small. Magnetite 
(FesO,4) fulfils these conditions and was thought to be 
the best possibility in spite of its comparatively com 
plex ferrimagnetic structure.* Accordingly experiments 
have been performed in which energy distributions of 
neutrons scattered magnetically by a single crystal of 
magnetite at room temperature have been measured. 
The results are consistent with Eqs. (1) indicating 
that wave-like spin excitations are indeed present in 
magnetite at room temperature. The intensities of the 
scattered with an intuitive 
extension to magnetite of the spin wave scattering 
theory of Elliott and Lowde.* The w(q) relation is 
discussed in terms of the mutually contradictory theo- 


neutrons are consistent 


ries of spin waves in ferrites proposed by Kaplan® and 
by Vonsovski and Seidov.® For a simple ferromagnetic 
the energy of a spin wave is believed to be initially 
proportional to the square of the wave number’? while 
for a simple antiferromagnetic the relation is believed 
to be linear.* For ferrites Kaplan® finds a quadratic 
relation, Vonsovski and Seidov® an essentially linear 
one. ‘The uncertainties in our w(g) relation are such 
that we cannot distinguish between the two theories. 
However, fitting the experimental results to Kaplan’s 
theory results in a reasonable value for the A-B ex- 
change interaction integral of 210% ev, while the 
theory of Vonsovski and Seidov gives a value some five 
times greater. Thus these results favor Kaplan’s quad- 
ratic relation. 


‘The unit cell contains 32 oxygen atoms, 8 Fe** ions on “A” 
sites, 8 Fe’t and 8 Fe?* ions on “B”’ sites, arranged on inter 
penetrating F. C. C. lattices. The ions on the “A”’ sites are 
antiparalle] to the ions on the “B”’ sites, See L. Néel, Ann. phys. 
7, 710 (1948) and references 9 and 11 for details 

5H. Kaplan, Phys. Rev. 86, 121 (1952). 

6S. V. Vonsovski and Y. M. Seidov, Izvest. Akad. Nauk 
S.S.S.R. 18, 319 (1954). Translation available through Columbia 
Technical Translations (5 Vermont Avenue, White Plains, 
New York). 

7F. Bloch, Z. Physik 61, 206 (1930) 

®C. Herring and C. Kittel, Phys. Rev. $1, 869 (1051); J: M. 
Ziman, Proc. Phys. Soc. (London) A65, 540, 548 (1952); 66, 89 
(1953); P. W. Anderson, Phys. Rev. 86, 694 (1952). 
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EXPERIMENTAL 
Specimen and Its Contaminant Scattering 


The specimen was cut from a natural single crystal 
of magnetite in the form of a flat plate about 2} in. 
X14 in.X} in. thick containing about 4.0% 10" FeO, 
“molecules” /cm’, The edges were irregular due to 
cracking. Chemical analysis showed that the crystal 
contained 69.6% Fe by weight. Spectrographic analysis 
showed the presence of impurities as follows: 1.05% Ti, 
0.25% Mn, 0.14% Al, 0.14% Si and 0.04% minor im- 
purities. The formula of the crystal can be written as 
(ego. sTio 22M noasAlossSio wsHoles )Oss.5 if all impuri- 
ties and defects are assumed to be on the iron sites. 

The crystal scatters neutrons in several ways which 
are of no interest in this experiment, except that the 
contaminant scattering must be separated from the 
magnetic inelastic scattering of interest. The con- 
taminant scattering arises from main 
incoherent and thermal diffuse scattering and is con- 
siderably affected by multiple scattering. 

In addition to 1.4 barns/le sO, “molecule” of nuclear 
incoherent scattering by the components, and 0.4 
barn of magnetic incoherent scattering due to random 
distribution of Fe*?* and Fe** ions of the B sites in the 
crystal, there is incoherent scattering arising from 
random distribution of impurity atoms and holes in the 
crystal. Assuming the formula above, the nuclear part 
of this scattering amounts to 3.1 barns/FesO,4 “mole- 
cule.” The magnetic part of this impurity disorder 
scattering cannot be computed without knowledge of 
the ionic states, but should not be greater than 3 barns 
per “molecule,” the value if the impurities have zero 
moment, In the computation of magnetic scattering, 
the magnetic form factor of Hastings and Corliss* for 
the 111 reflection was used, The total incoherent scat- 
tering cross section is thus between 5 and 8 barns per 
“molecule.” Since the angle of scattering was small, 
this incoherent scattering should be almost entirely 
The single thermal diffuse scattering was esti- 
on the 


two sources, 


elastic, 
mated’ to be about 0.5 barn per 
“independent vibrations” approximation. 

The effect of multiple scattering was estimated from 
the following considerations. Multiple Bragg scattering 
can occur but rarely in a single crystal and then 
appears as sharp peaks in the angular and energy dis 
tribution, but after a neutron undergoes either an in- 
coherent or thermal inelastic scattering, Bragg scatter 
ing can occur and, if extinction is neglected, almost the 
full scattering cross section is operative for rescattering. 
In this case the multiple scattering was estimated’® to 
increase the incoherent scattering by about 20% of 
which half or more is expected to be elastic. By using 
the “independent vibrations approximation” for the 


“molecule” 


*J.M Corliss, Revs. Modern Phys, 25, 
114 (1953) 
” See Brockhouse, 


(1955). 


Hastings and L. M 


Corliss, and Hastings, Phys. Rev. 98, 172 
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inelastic scattering,” an estimate of (3 barns 49 
steradians) per FeO, “molecule” was obtained for the 
effective cross section for multiple thermal inelastic 
scattering in the forward direction. Since extinction was 
neglected, the figures of 20% and 3 barns are in the 
nature of upper limits. The total expected contaminant 
scattering is therefore roughly (10 barns 4m steradians) 
per FesO, “molecule” of which approximately 7 is 
elastic, the remainder constituting a continuous widely- 
spreading inelastic spectrum. 


Experimental Method 


The experimental arrangement is shown in Fig. 1. 
Monoenergetic neutrons of mean wavelength 1.52; A 
were selected from the NRX reactor spectrum by 
Bragg reflection from the 111 plane of an aluminum 
single crystal not shown in Fig. 1. These monoenergetic 
neutrons impinged on the single crystal of magnetite 
which was oriented with its (011) direction vertical 
(normal to the plane of the spectrometers). Neutrons 
scattered at an angle of 18.,° were observed through a 
set of collimating slits C). 

At an angle of scattering of 18.,°, Bragg reflection of 
1.52; A neutrons by the 111 plane of magnetite occurs. 
By rotating the magnetite crystal the 111 Bragg peak 
is located. This peak consists" of about 97% magnetic 
scattering and only 3.5% nuclear scattering. By using 
C2 in line with C,, the number of neutrons scattered 
was observed as a function of the angle ¥ by which 
the crystal deviated from the 111 Bragg scattering 
position. By comparison with the scattering by a 
standard specimen of vanadium metal, the differential 
cross section was obtained and is shown in Fig. 2. The 
dashed line shows the expected incoherent and multiple 
scattering as estimated in the preceding section. The 
strong scattering in the neighborhood of the Bragg 
position was observed previously by McReynolds and 
Riste” and is ascribed to magnetic inelastic scattering. 

The energy distributions of these scattered neutrons 
were measured by means of a crystal spectrometer. 
‘The scattered neutrons pass through C, and impinge on 
an aluminum single crystal. Another set of collimating 
slits Cy is set so that its angle with the 111 face of the 
aluminum crystal (analyzer) is always equal to the 
angle of incidence (64) of the neutrons through C;. The 


NEUTRON 
‘o> COUNTER 


MAGNETITE CRYSTAL C) 


a pre CRYSTAL 
It PLANE 


Fic. 1. Schematic drawing of the apparatus. The 011 axis of the 


magnetite crystal is normal to the plane of the spectrometers. 


4 Shull, Wollan, and Koehler, Phys. Rev. 84, 912 (1951). 
2 A.W. McReynolds and T. Riste, Phys. Rev. 95, 1161 (1954). 
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counter and collimator C; rotate at an angular speed of 
one degree per hour, the analyzing crystal following at 
one half this angular speed. The counting rate was 
recorded as a function of the counter angle (204) and 
the wavelength and energy of the scattered neutrons 
computed by the Bragg law. Background was deter- 
mined by turning the analyzing crystal so that Bragg 
reflection into collimator Cz could not occur. Counts 
were recorded over 7.5 minute intervals with the analyz- 
ing crystal alternately in “signal” and “background” 
positions, corrected for pile power fluctuations, and 
each background point subtracted from the adjacent 
signal point. The resulting record with the magnetite 
crystal in various orientations is shown in Fig. 3. With 
this method of taking background the experiment is 
sensitive to very weak neutron groups, and it has been 
our experience that any nonstatistical fluctuations in 
the corrected counting rates are real. 

The zero of the analyzing spectrometer angular scale 
and the wavelength of the incoming neutrons were 
determined by measuring the elastic scattering from 
vanadium metal'® in the first and second order of the 
analyzing crystal. The first order curve is used as a 
resolution function for the instrument. 

The relative sensitivity function for the instrument 
has been obtained'* by comparing the energy distribu- 
tion of the scattering from the interior of a large clock 
of paraffin with a theoretical Maxwellian distribution. 
Over the range of interest in this experiment, the rela- 
tive sensitivity function in a given order can be ex- 
pressed as 


0.15004—1. (2) 


Results 


Energy distributions were obtained with the magne- 
tite crystal at orientations of V=-+20°, 415°, +10°, 


2 
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Fic. 2. Differential cross section per FegO, “molecule,” at the 


angle of scattering for which Bragg scattering by the 111 plane 
of the crystal can occur, as a function of the deviation of the 
crystal from the Bragg position. 


8B. N. Brockhouse, Can. J. Phys. 33, 889 (1955). 
4B. N. Brockhouse (to be published). 
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Fic. 3. Reduced counting rates with background subtracted, 
as a function of the angle of the counter of the analyzing spec- 
trometer (26,4) for various magnetite crystal orientations, Atten- 
tion is drawn to the different ordinate scales. The dashed vertical 
line is at the incoming energy 


25° 35°, and 


5°, —5°, —10°, —15”, ; 40° from 
the Bragg position. The results for a number of these 
orientations are shown in Fig. 3. The differences be- 
tween signal and background counts, corrected for pile 
power fluctuations, are plotted as a function of the 
angle of the counter of the analyzing spectrometer (264). 
Auxiliary wavelength and energy scales are shown. 
Attention is called to the different ordinate scales for 
different orientations. For some of the curves, oddly 
shaped neutron groups were observed which were resolved 
into groups the 
function shape. 


two with characteristic resolution 

At all the larger angles a neutron group of approxi- 
mately constant intensity was observed at the incoming 
energy (elastic scattering). Comparison with the elastic 
scattering by the vanadium standard indicated a cross 
section 6.9 barns per Fe;O,4 “molec ule” for this elastic 
scattering. This value is in agreement with the inco 
herent elastic scattering expected from the calculations 
of the specimen section. 

The remainder of the pattern consists of inelastic 
neutron groups which are believed to be magnetic in 
origin. Their intensities decrease rapidly and the energy 
changes increase with increasing deviation from the 
Bragg angle. The energies and momenta of the observed 
neutron groups were analyzed in terms of Eqs. (1). 
In Fig. 4 the reciprocal lattice diagram corresponding 
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Fic. 4. The reciprocal lattice diagram of the 011 plane. k and 
k’ represent the incoming and outgoing neutron propagation 
vectors, the small circles represent the positions of the 111 re 
ciprocal lattice points with the magnetite crystal in its various 
orientations. The crosses represent the termini of the k’ vectors; 
the heavy lines represent the spin wave q vectors following Eq. (1) 
The component gp of q in the direction of k’ is indicated for one 
orientation, The resolution is indicated by the square insert 


to Eq. (1a) is shown. The incident neutron wave vector 
is k, the outgoing wave vectors k’ corresponding to the 
various neutron groups are indicated by crosses. The 
111 reciprocal lattice point with the crystal at the 
Bragg orientation is indicated by the circle labelled 
(111)o. The 111 reciprocal lattice point for other orienta 
tions ranges from the positions indicated by the circle 
labelled (111)99 to that labelled (111).4. The propaga- 
tion vectors q are indicated by the heavy bars between 
the termini of k’ (crosses) and the appropriate re 
ciprocal lattice point. 

The energies AE= E— E’ 
neutron group and are plotted in Fig. 5 as a function 
of the magnitude of the wave number |q|/2r. The 
errors shown are rough estimates of the uncertainties in 
qg and AE arising from the uncertainty in the positions 
of the neutron groups, and are intended to correspond 
to standard deviations. Errors in angles have not been 
considered but should be less than } degree and are 
therefore smaller than the errors considered above. 

Resolution effects are very complicated. The resolu- 
tion function in reciprocal space is indicated in Fig. 4, 
crudely estimated from the elements of the apparatus. 
The shaded area represents the }-intensity mark, the 
heavy line the limits of the resolution function. The 
observed neutron groups are, in addition, broadened 


were computed for each 
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by the energy resolution of the analyzing spectrometer. 
In the estimate no account was taken of an effect 
analogous to the parallel antiparallel crystal effect'* well 
known in x-ray and neutron diffraction. This effect, 
which comes about because in Bragg scattering the 
angle of scattering and the wavelength are not inde- 
pendent variables, improves the resolution over that 
shown in Fig. 4. Some errors in q will be produced be- 
cause different resolution elements have different scat- 
tering probabilities thus shifting the position of the 
mean. In particular it may be possible to satisfy the 
conservation laws only over part of the resolution func- 
tion, i.e., only for some of the bundle of rays which 
represent the different incoming and outgoing neutron 
directions. The values of AE thus can belong to con- 
siderably different g’s than would be found simply by 
taking the q’s corresponding to the nominal positions 
in the reciprocal space. This effect also reduces the in- 
tensity of the observed groups. It is thought to be im- 
portant for the group at Y= 20° as indicated by the 
dotted q in Fig. 4 and the point with arrows in Fig. 5. 

Additional measurements were made with the angle 
of scattering (@) increased by 1 degree. The results are 
not shown in detail but are included in Fig. 5. 


DISCUSSION 


The results described show that magnetic scattering 
of neutrons excites quantized wave excitations of some 
kind in magnetite at room temperature. The excitations 
seem to be of “acoustic” type for which w—0 as q—0. 

First it may be said that the excitations are probably 


not phonons!® excited by way of the magnetic cross 
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Fic. 5. The energy transfer AE as a function of | q|/27, 
the “spin wave” wave number. 


'* Note added in proof.—The specimen crystal was in the 
parallel position to the monochromating crystal (not shown in 
Fig. 1). The position of the analyzing crystal is not so important, 
and, as a matter of fact, the analyzing crystal was in the anti 
parallel position. Fig. 1 is in error in this respect 

'® See R. Weinstock, Phys. Rev. 65, 1 (1944); G. Placzek and 
L.. Van Hove, Phys. Rev. 93, 1207 (1954); B. N. Brockhouse and 
A. T. Stewart, Phys. Rev. 100, 756 (1955); (to be published). 





SCATTERING OF NEUT 
section of the atoms—the so-called magneto-vibrational 
scattering.’ The straight line of Fig. 5 corresponds to a 
velocity of 2 10° cm/sec considerably greater than the 
mean velocity expected for sound waves in magnetite!® 
from the specific heat.!’ Furthermore the observed in 
tensities are over an order of magnitude larger than 
estimates of magnetovibrational scattering.'!* The ex- 
citations are thus apparently in the spin system itself. 

The results are now examined to see to what extent 
the observed excitations correspond to the spin waves 
of the theory. The w(q) relation of Fig. 5 is compared 
with the spin wave theories of Kaplan and of Vonsovski 
and Seidov, to see if the values obtained for the exchange 
integrals are reasonable, and the intensities of the 
neutron groups of Fig. 3 are compared with calculations 
based on spin wave theory. 


w(q) Relation 


Using the semiclassical theory of spin waves, Kaplan® 
and Kouvel'® have found that the spectrum of spin 
waves in a ferrite consists of six branches” the lowest 
of which has an energy proportional to q’ and the higher 
of which have fairly large finite energies at g= 0. Fitting 
Kaplan’s equation (6) for the “acoustical” branch to the 
parabola of Fig. 5, using Sa=2.5 and Spg=—2.25 for 
the spins of the ions on A and B sites, respectively, and 
assuming the exchange integrals between ions on A 
sites on the one hand (J,4,4) and B sites on the other 
(Jpn) are zero, the exchange integral J 4” between ions 
on A and B sites is found to be 2.0 10™ ev. Use of this 
value in a molecular field formula!’ for the Curie tem- 
perature leads to a value of 1050°K in good agreement 
with the experimental 850°K. 

On the other hand, in the limit J44=Jn2=0, the 
equation of Vonsovski and Seidov’® give J 44= 10.5% 10 * 
ev when fitted to the straight line of Fig. 5, leading to 
a Curie temperature larger by a factor of six then the 
experimental value. 

In general Eqs. (1) can be satisfied only over a limited 
range of settings of the magnetite crystal. For the 
quadratic law of Fig. 5, Eqs. (1) can be satisfied only 
within the angular range indicated by the arrows in 


©The connection between the specific heat and the mean 
velocity of sound depends on the specific structure of the vibration 
spectrum. For example the assumption that there is one acoustic 
branch of each polarization for each FeeO, unit leads to a value 
c™5&« 108 cm/sec 

17 R. W. Millar, J. Am. Chem, Soc 
ence 19, 

16 Using the elastic magnetic structure factor in an equation 
of I. Waller and P. O. Froman, Arkiv Fysik 4, 183 (1952) 

# J. S. Kouvel, Technical Report 210, Cruft Laboratory, Har 
vard University, 1955 (unpublished); and Phys. Rev. 102, 1489 
(1956). 

® Kaplan looked only for solutions in which the phases of the 
spin waves were the same for all A sites on the one hand and for 
all B sites on the other except for the trivial q- R phase factors 
This restricted the number of branches found to two, whereas 
Kouvel found six, the number to be expected since the iron atoms 
in magnetite lie on six interpenetrating face-centered cubic lattices 
The branch of interest here is the lowest energy ‘“acoustical”’ 
branch for which the two authors agree 


51, 215 (1929), and refer 
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Fig. 2. The cross section is observed to fall off at about 
these positions, roughly as expected when resolution 


effects are included. 


Intensities 


If exchange interactions only are considered, the scat- 
tering cross sections for spin wave scattering in simple 
ferromagnetic structures and in three different simple 


antiferromagnetic structures’ with random orientation 


of the magnetic domains can be put in the common 


form 
"( 
, 


per 4m steradians per unit cell, where e and m are the 


ey 2 gy 
fexp(—2W) 
\J 


ial, Vy 
oi(k >k’) 


9 
mec 


3 |N\+1 


charge and mass of the electron, y is the magnetic 
moment of the neutron in nuclear magnetrons, f is the 
magnetic form factor of the ion, and exp(—2W) is the 
Debye-Waller factor. The factor g’ is a structure factor 
which takes account of the reduction in the scattering 
by the relative phases of the magnetic atoms in the 
unit cell. For the cases treated by Elliott and Lowde, 
the ions scatter in phase and 


> Sy; exp(2rie-R;) |? =n 


cell 


’ 


mS unit 
where S is the spin of the ion and m is the number of 
ions per unit cell. For quantum absorption (neutron 
[ exp (hw knT)—1 |" is used; for 
quantum emission (neutron loss of energy), Nyx-+1 is 


gain of energy), Ny 


used. Equation (3) is the cross section for particular 
energy and momentum transfers which satisfy the 
conservation relations (1) for the ith spin wave branch, 
1.e., for one neutron group. The factor 


eh 
J=14 [k’ -yradw(q) |, 
Dp! 


where ¢« has the value +1 for neutron energy loss and 

1 for neutron energy gain, sums over the number of 
events satisfying Eq. (1). For a parabolic law, hw 

ah? 2M and J 1 { 
ponent of q in the direction of the outgoing neutrons 
k’, and M is the mass of the neutron. For a linear law, 
hw = qh ?/2M and J= 1+ 3q,/qk’. 

For magnetite Eq. (3) has not been shown to hold 
will of the 
equations of motion of Kaplan® shows that, in the 
limits Jaa=Jup A and B 
sites precess in phase at equal angles to the z axis and 
Thus, for g 
of spin have the same arrangement over 


eag,/k', where ¢ , is the com 
i ’ 1; 


but be assumed to do so. Examination 


0 and q 0, the spins on 


with a phase angle of 180°. Q, the x and y 
component 
cell as the z Hence interference 


the unit component 


effects should be the same as for elastic scattering and, 
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Tasie I. Experimental and theoretical cross sections for the neu 
tron groups in units of (10% cm*/4m steradians) per Fe atom 


a (theoretical) 
kg. Ga 
Quad 
o ratic Linear 
(expt.) law law 


0.0106 
0.0134 


0.140 10° 
0.160% 108 


+0,08%10® OA, 1.2 
O.113K108 0.5 0.8 


0.006% 
0.0105 


0.145% 108 
0.119% 108 


+0.131K10* O8 1.3 
O11SK10® 08 1.1 


5.6 


0.0031 
0.0075 


0.065% 108 


+ 0.060% 108 2 
0.132% 10" ] 


3 
0.130% 108 25 


guided by the work of Elliott and Lowde, we take? 
1 


nal Sal +ng| Su 


* |S Sy exp(2rie- Raj) +-Sypexp(2rie- Ray) ||*, (3a) 
yk 


where the summation is over the unit cell and n4=8 
and ny= 16 are the number of A sites and B sites per 
unit cell. 

The intensities of some of the neutron groups labelled 
a and 6 in Fig. 3 have been corrected by Eq. (2), con 
verted to cross sections by comparison with the elastic 
scattering by a vanadium standard, and are given in 
Table I. The equation for the theoretical cross section 
is sensitive to the value of g, so that it is possible to 
make comparison between experiment and Eq. (3) 
only for neutron groups for which g, is comparable with 
or larger than the resolution function. The neutron 
groups of ‘Table I are the only ones which at all satisfy 
this criterion as may be seen from Fig. 4. 

Cross sections computed from Eqs. (3) by using the 
a determined from Fig. 5 and values for g, determined 
from Fig. 4 are shown in ‘Table I. The agreement with 
the experimental cross sections is probably within the 
theoretical and experimental uncertainties, It has not 
been possible to obtain a basis for a structure factor 
from the work of Vonsovski and Seidov. Assumption 


%™* Note added in proof.—Dr. R. J. Elliott informs me that he 
has shown that, within the limits of validity of spin wave theory, 
Eqs. (3) and (3a) describe correctly the neutron scattering by 
the acoustic spin wave modes 


BROCKHOUSE 


that Eq. (3a) holds leads to the intensities shown in 
Table I for the linear law. 


GENERAL DISCUSSION 


As has been seen, the neutron results agree with ex- 
pectations from the Curie temperature and on the 
whole favor the quadratic energy wave number relation 
of Kaplan rather than the linear relation of Vonsovski 
and Seidov. The specific heat of magnetite has been 
measured by Kouvel' and found to obey a 7? law as 
required by the quadratic relation but the value of Jaz 
deduced is only 0.45X10~* ev, much lower than the 
value 2 10~* ev obtained from the neutron measure- 
ments. The quadratic relation leads to a T! law for the 
magnetization and the linear relation to a 7? law. 

’authenet has found a 7? law to hold for the low- 
temperature magnetization of magnetite as well as of 
nickel and cobalt ferrite.” 

lor manganese ferrite, on the other hand, Pauthenet 
finds a 7° law to hold, and if the coefficient is fitted to 
an expression given by Kaplan® a value of 0.35 10~* ev 
is found for J4g, not in serious disagreement with the 
value deduced from the specific heat of magnetite when 
the lower Curie temperature of manganese ferrite 
(600°K vs 850°K for magnetite) is taken into account, 
but again much lower than estimated from the neutron 
scattering results and the Curie temperature. 

In order to proceed further with the study of spin 
waves in ferrites, clarification of the theoretical situation 
is urgently needed, It is intended to continue the neu- 
tron scattering experiments to study the dependence of 
the scattering on the temperature and on the applied 
magnetic field. It is also hoped to return to the problem 
outlined herein with better resolution and accuracy. 

The author wishes to thank the Analytical Develop- 
ment Chemistry group at Chalk River for the chemical 
, Mr. V. A. McCourt of the Department of 
Mines and Technical Surveys, Ottawa, for cutting the 
crystal, and Dr. R. J. Elliott for helpful correspondence. 


analyses 


21. Pauthenet, Ann. phys. 7, 710 (1952). The 7? fit for mag- 
netite leans heavily on two measurements below the anomaly [see 
S. C. Abrahams and B. A. Calhoun, Acta Cryst. 8, 257 (1955) ] 
at 119°K and is therefore of doubtful significance since all the 
other measurements are at room temperature and above. For the 
other materials, the temperatures at which the measurements 
were made were perhaps too high for comparison with theory to 
be significant, 
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It is shown that the value of the magnetic moment of manganese ferrite measured recently by Hastings 
and Corliss can be explained on the basis of their observations of cation distribution if the Mn in A and B 


sites is assumed to be Mn** and Mn‘*, respectively 


This possibility is discussed in relation to the ionic 


composition found for a single crystal of manganese ferrite grown by the flame fusion method 


ASTINGS and Corliss! have recently carried out 

a neutron diffraction investigation of polycrystal 

line manganese ferrite in which they find 81% of the 

manganese to be in A Irom measurements of 

magnetic scattering, and also by a ballistic method, 

they find the magnetic moment per formula unit to 
be 4.60u pz. 

These results can be interpreted by assuming that 


sites. 


the manganese present in A sites is divalent while that 
in B sites is trivalent. Goodenough and Loeb? have 
suggested that Mn?* will show a preference for A sites 
as a result of its tendency to form partially covalent 
tetrahedral bonds, while Mn** will prefer the B sites 
because of square bond formation. 

From the chemical composition given by Hastings 
and Corliss, namely 23.36% Mn, 48.65% Fe, and 
assuming the remainder to be oxygen, the molecular 
formula is Mno 972F€1.99204.000. If no Fe** is present, 
8.2% of the manganese is required to be Mn**. If, on 
the other hand, it is assumed that 19° of the manga- 
nese is Mn*+, some of the iron must be Fe?*+ and the 
ionic formula is then (Mn?*)o.797(Mn**)o 155(Fe?*)o. 106- 
(Fe**), gx¢Q4 000. Since there are less than 3 cations to 
4 oxygen atoms, the spinel structure will contain cation 
vacancies which most probably occur in the B sites 
(see y-Fe.O;, Braun’). Fe** ions prefer the A_ sites 
more strongly than Fe? (e.g., magnetite), though less 
strongly than Mn?*+ (Goodenough*; Nathans, Pickart, 
Harrison, and Kriessman®), so that the A sites will be 
filled by all the Mn** with some Fe**. This leads to the 


cation distribution 


0.787 Mn* 


0.213 Fe* 


A sites: 


0.106 Ke?! 
0.185 Mn** 


1.673 Fe** 


B sites: 


0.036 vacancies. 


1 J. M. Hastings and L. M. Corliss, Phys. Rev. 104, 329 (1956) 


2 J. B. Goodenough and A. L. Loeb, Phys. Rev. 98, 391 (1955) 

’P. B. Braun, Nature 170, 1123 (1952). 

‘J. B. Goodenough, Proc, Inst. Elec. 
published, 1957) 

5’ Nathans, Pickart, Harrison, and Kriessman, Proc. 
Engrs. 104B (to be published, 1957). 


Engrs 104B (to be 


Inst. Elec 


By allotting a magnetic moment of 5u,” to Mn?** and 
Ke*®*, and 4upn to Mn*t and Fe*t, the magnetic moment 
for a formula containing 4 oxygen atoms becomes 
4.53un, or 4.584, for a formula containing 3 cations, 
in good agreement with the observed value 

It would be of interest to measure the resistivity of 
samples of manganese ferrite with a magnetic moment 
less than Su, to check the presence of Fe?! required in 
the above argument. 

Concerning the chemical composition of manganese 
ferrite, we have made the following experiment. A sample 
of single-crystal manganese ferrite grown by the flame 
fusion method was heated for 140 hours at 1000°C in 
argon containing a small amount of oxygen as impurity 
The sample was in two portions, one a thin wafer, the 
other in powdered form. The 
treatment was of the order of tens of ohm cm and the 
lattice constant 8.515+40.001 A. After treatment there 


was a gain in weight, the spinel structure was main 


resistivity before 


tained with a reduced lattice constant of 8.487 A, and 
the resistivity had risen to the order of 10° ohm cm 
indicating that Fe?* present originally had been oxidized 
to ke* 
for Fe, Mn, and excess oxygen were carried out by 
Ki. J. Millett of these laboratories. The analysis after 
the Fe?! 
the resistivity measurement, resulted in the formula 
(Mn?*)o.767(Mn4*)o, 163 (Fe**) 1 9944000. 

Resistivity measurements lead us to believe that 
heating of the material at 1000°C in the absence of any 


. Chemical analyses before and after treatment 


treatment and absence of indicated by 


oxygen does not produce oxidation of Fe** by Mn*?, 
The Mn** content above is therefore an upper limit 
of the amount contained in the original sample. ‘This 
the 
treatment, gives the formula 
(Fe?*)o :99(Fe**), geeOe oo 


of the manganese is divalent and 


chemical analysis before 
(Mn?*)o.780(Mn**)o. 17) 


It is worth noting that 82% 


value, combined with 


that a calculation of 
magnetic moment for this formula, using the assump 
tions of cation distribution previously mentioned, gives 
a value of 4.56u% per 4 oxygens or 4.6044 per 3 cation 
A measurement of saturation magnetization on this 
sample has not yet been carried out 

While it would be a presumption to suggest that the 
three samples referred to by Hastings and Corliss 
between 1200°C and 1400°( 
as a single crystal grown from 


prepared at temperatures 
contained as much Fe’? 
the melt at 1550°C, the lattice constant of the material 
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used by Hastings and Corliss for detailed study, and 
prepared at 1400°C, was 8.517 A, close to the value of 


OSMOND, 


AND TEALE 


metric oxygen content had a lattice constant of 8.5074 
+0.0002 A and a higher magnetic moment of 4.852. 


We are indebted to the management of the Mullard 


8.515 A found for our material. In comparison, manga- 
Research Laboratories for permission to publish this 


nese ferrite prepared by Gorter® to ensure stoichio- 


* fk. W. Gorter, Philips Research Repts. 9, 441 (1954). note. 
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The concept of molecular field fluctuations is utilized to discuss the thermal variation of the magnetic 
moment and the heat capacity of some mixed nickel-zinc ferrites. Experimental data on the magnetic moment 
are shown. It is concluded that for material with large molecular field fluctuations the concept of a single 
Curie temperature becomes meaningless. For the same reason, the absence of heat capacity evidence of 


triangular configuration transitions does not necessarily invalidate the theory for nickel-zinc ferrites 


B' YTH nickel and zinc ferrites have spinel structures ; 
the lattice constants are not greatly different and 
the two ferrites are completely soluble in each other. 
Kach zinc cation in zine ferrite (ZnFeO,) carries zero 
net electronic spin and is situated at the center of a 
tetrahedron of oxygen ions. The array of all such sites 
occupied in the perfect lattice is called the A sublattice. 
The iron cations occupy sites surrounded by an octa- 
hedron of oxygen ions. The array of octahedral sites 
occupied in the perfect lattice forms the B sublattice. 
For nickel ferrite (NikesO,4), the nickel carries two net 
spins and occupies the B sites while the iron occupies all 
the A sites and one-half of the B sites. For simplicity, 
in the case of mixed zinc ferrites it is presumed that 
the nickel goes always on the B sites and the zinc 


always on the A sites. The questions of the distribution 
of the nickel on the B sublattice and, in the case of 
mixed ferrites, of the distribution of the zinc on the A 
sublattice have been discussed by Néel' and Smart,’ 
and it is concluded that the nickel probably is randomly 
oriented on the B sublattice? and that the zinc on the A 
sublattice is also randomly oriented for the mixed 


ferrites. However, electrical charge considerations 


would tend to establish some correlation on the atomic 
scale between local A and B sublattice populations. 

The magnetic properties of the ferrimagnetic ferrites 
(e.g., mixed nickel zinc ferrites) are usually explained 
interactions can be 


by stating that the exchange 


* This work was performed at the University of Michigan 
through the Engineering Research Institute under the sponsor 
ship of the U. S. Army Signal Corps and at the Ames Laboratory 
of the U. S. Atomic Energy Commission at the Towa State College. 

'L. Néel, Ann. inst. Fourier 1, 163 (1950). 

2 ].S. Smart, Phys. Rev. 94, 847 (1954), 


described in terms of effective molecular fields which 
have their origin in the net spins of the constituent 
atoms. Each sublattice is treated as a homogeneous 
unit and the problem is considered solved when the 
constant molecular field coefficient corresponding to 
the A-A, B-B, and A-B interactions are known. 

For a small concentration, (1—«), of NiFesO, in 
Znke.O4, there will be (1—) iron ions on the A sites 
among the nonmagnetic zinc ions. This can be con- 
sidered as a basically nonmagnetic lattice with inter- 
spersed regions of high magnetic intensity. For such a 
model the concept of only three applicable molecular 
field coefficients is no longer valid and the portion 
which can be retained will depend upon the smallest 
definable unit of a particular ferrite. When (1—x) is 
zero the material will be zinc ferrite, but as (1—.x) 
increases the regions surrounding the A-site iron will 
be a mixed ferrite, the rest a mesh of zinc ferrite. The 
magnitude of (1—«x) for which this heterogeneous model 
is valid will depend upon the smallest definable unit of 
zinc ferrite. Such regions rich in iron will be ferri- 
magnetic while other regions poorer in iron will not, 
ferrimagnetic regions immersed in a paramagnetic 
mesh will result. As the temperature is lowered the 
fraction of the material classed as ferrimagnetic will 
gradually increase, so the concept of a single Curie 
temperature becomes meaningless. The magnitude of 
the smallest units of volume which can be considered 
to be zinc ferrite, or a given mixed ferrite, cannot be 
unambiguously resolved. However, if a smallest unit 
involving only nearest neighbor interactions is assumed, 
and if the moment vs temperature for those mixed 
ferrites rich in nickel is known, then an estimate of the 





MOLECULAR FIELD F 


moment vs temperature can be made. The results of 
this simple model are in accord with the temperature 
dependence of the magnetic moment of the zinc rich 
ferrites. Figure 1 shows data taken on material of the 
composition Zn,Ni;-,Fe2O4, where x has the values of 
0.9, 0.8, 0.7, and 0.6. Note that as the temperature 
increases the magnetic moment decreases gradually for 
the larger values of x. The experimental technique for 
obtaining the magnetic data has been described.’ 

A complementary effect can be seen in the heat 
capacity of the same materials. Zinc ferrite undergoes 
a transition for a paramagnetic state to a form of an 
antiferromagnetic state just below 10°K.4 Thus for the 
case of the mixed ferrites, if some smallest unit of zinc 
ferrite can be considered, then any larger units of zinc 
ferrite will contribute to the anomalous heat capacity 
but material in the neighborhood of A-site iron ions 
will not undergo this transition. The variation in the 
heat capacity as a function of temperature for several 
values of the variable x has been presented.° 

It was shown by Yafet and Kittel® that the two 
sublattice model for describing the magnetic properties 
of the ferrimagnetic ferrite, under certain conditions, 
violates the so-called third law of thermodynamics. 
They showed that this violation would no longer occur 
if each of the sublattices were further subdivided into 
two sub-sublattices. They also pointed out, from extra- 
polation of existing data’ for the molecular field inter- 
action coefficients of mixed nickel zinc ferrites of high 
nickel content, that the four sublattices model should 
give rise to magnetic transitions, for about the com- 
position Nip.Zno.sFex0, not predicted by the two 
sublattice model. Although they should be observable 
by modern cryogenic techniques, existing heat-capacity 
data® show no such transitions. It must be expected, 
however, that even if such transitions did take place 
the molecular fluctuations would result in transition 
temperatures which vary throughout the material. 
Hence the heat-capacity effect would be spread over a 


3 Elliott, Legvold, and Spedding, Phys. Rev. 91, 28 (1953). 


4K. F. Westrum, Jr., 
(to be published) 

5E. F. Westrum, Jr., 
be published). 

*Y. Yafet and C. Kittel, Phys. Rev. 87, 290 (1952) 

7™L. Néel and P. Brochet, Compt. rend. 230, 280 (1950) 


and D. M. Grimes, J. Phys. Chem. Solids 


and D. M. Grimes, J. Phys. Chem. (to 
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Magnetic moment vs temperature 


temperature and, as such, probably not 


observable. 


range 


It must be expected that the distribution of effective 
molecular fields would affect other structure insensitive 
magnetic properties such as the effective anisotropy. 
This would in turn affect the relaxation frequency of 
the material, which is proportional to the effective 
anisotropy field in many cases, and give rise to a 
relaxation frequency varying from spot to spot in the 
material. Such are, observed.® 
However, many other factors such as magnetic inter- 
actions among grains also produce differing relaxa 


effects of course, 


tion frequencies so the experimental measurement of 
this relaxation spread is not considered to be necessarily 
a verification of fluctuations in the molecular fields 
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An approximate potential is constructed to represent the effect of polarization of the atomic core on the 
energy of the valence electron in an atom with one valence electron. The potential is proportional to 1/R* 
at large distances from the nucleus, but vanishes at the origin. The potential is treated in first-order pertur 


bation theory to determine its contribution to the cohesive energies of the alkali metals. Numerical calcu 
lations have been made for lithium, sodium, and potassium. In the latter element, it represents about 4 


of the observed cohesive energy 


I. INTRODUCTION 
Ro" the alkali metals, it is a good approximation to 


consider the valence electron to be moving at a 
relatively large distance from a reasonably compact 
ionic core. In first approximation, the core can be 
assumed to be spherically symmetric so that the 
electric field external to it is the Coulomb field of the 
positive ion, characterized by the potential energy 

e’/r. This is not strictly accurate since the external 
electron distorts the core, inducing in it a dipole 
moment proportional to the polarizability of the ion. 
The field of the distorted core then reacts back on the 
valence electron, adding to its potential energy a term 
additional 


proportional to e*/2r’. The effect is an 


binding. Higher moments are also induced. Because 
the valence electron in the solid is, on the average, 
closer to the nucleus than in the free atom, there will be 
a contribution to the cohesive energy of the solid from 
the polarization effect. 

The simple form of the effective polarization potential 
given above is valid only when the valence electron 
stays at a large distance from the core. Actually, the 
orbit of the valence electron penetrates the core. For 
an S§ state, the wave function of the valence electron is 
finite at the nucleus. The expectation value of the 
polarization potential, J”}W|?V,d7, is infinite for such 
a state because of the 1/r' dependen e of the potential. 
The object of this work is to give a more adequate 
treatment of the polarization effect by finding an 
effective polarization potential whose expectation value 
is finite for any state of the valence electron. 


Il. THE APPROXIMATE POTENTIAL 


Phe development of a polarization potential in this 
section is based upon some work by Bethe! for a two 
electron system. Suppose that a self-consistent  tield 
has been found for the positive ion of an alkali metal 
atom. We consider in perturbation theory the interac: 
tion of this atom and the valence electron. Under the 
influence of this perturbation, the Hartree-Fock one 
electron functions for the core electrons come to depend 
parametrically on the coordinates of the valence elec 


'H. A. Bethe, in Handbuch der Physik (Edwards Brothers, 


Ann Arbor, 1943), Vol. 24, Part 1, pp $49 ff 


tron. The Hartree-Fock energy of the core also depends 
on the position of the valence electron. The equations 
for the core electrons are as follows (atomic units are 
used throughout the remainder of this paper): 


9 
V?4+V(r1,r,)—A (01,8) + Jour) 
Ti, 
e:(r,)ui("1,%,), (1) 


where 
9 


-27 Al + Xf ln(eas.)[2—des, (2) 
] r 


12 


V (ry,r,) 


and 


A (ryr,) f(t1,t) 


) 
E( fu teon) s(t ins u(t). (3) 
‘ r\2 


The quantities r; and r, are coordinate for core elec- 
trons; r, is the coordinate of the valence electron. The 
approximation involved in Eq. (1) are discussed in the 
Appendix. ‘The energy of the core is computed from 
these equations in the usual way. Exact solution of 
these equations will not be attempted. The quantity 
2/r,, will be treated as a perturbation according to the 
procedures of Allen? and Sternheimer.’ Perturbation 
theory for the Hartree-Fock equations is quite compli- 
cated because of terms arising from altered Coulomb 
and exchange integrals. Allen has shown,’ however, 
that the total energy £ of the determinantal wave 
function can be written in perturbation theory as 


Eo= Kot E\(t,)+F2{t,), (4) 


where £y is the energy of the unperturbed determinantal 
function and #, and £, are given by: 


) 
Ey (t,) | u, (r,)|?—dry, (5) 
. Lat 


) 
ko(r,) E fuerte) vu," (ry,r,)dry. (6) 


Ti» 


*L. C. Allen, Bull. Am. Phys. Soc. Ser. II, 1, 26 (1956). See 
also the Quarterly Progress Report of the Solid State and Molec 
ular Theory Group, Massachusetts Institute of Technology, 
October 15, 1955 (unpublished). 

§R.M. Sternheimer, Phys. Rev. 96, 951 (1954). 
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The unperturbed functions 4,“ satisfy 


[-Ve+V(n) u(r), (7) 


A (ry) Jug (11) 


where V(r,) and A(r;) are constructed analogously to 
(2) and (3). The first-order perturbed 
u,'"(r,r,) satisfy? 


functions 


[—Vl+V (1) —A (11) — € Jue (r1,1,) 


(€(9 — 2/ryp)ui (1) 


) 
. a may j 

uj) (f2)u;'" (fe,%,)—dTe 
] T\2 
a 

4 foe eronimeed dry pu," 
T\9 


) 


{ E| fu *(ro,¥,)ui? (2) drew, (14) 
? | Ti2 
uj; 


) 
drou;'? (11,8) f, 


(0)* 


(2)u;'" (Te) 
T\2 


where 


) 
€;" (ry) fino 2__dy, 
Lar 


uj (ry )u, (re)drjdro 


) 
{ z| fuori 16 * (79) 
] r 


12 


) 


} fu * (ry), * (ro) — 0; (41,8) (re)de drs 
T\2 


) 
fers) 
12 
2 
(u)* )* 
fu (r,)1,;* (re) 
r 


12 


uj (ro)us (ry )dridry 


uw; (ror, ui (ri)dridre}. (9) 


These equations are too complicated to solve. We drop 
all the perturbed Coulomb and exchange integrals from 
Eqs. (8) and (9) so that they reduce to the ordinary 
forms of perturbation theory : 


[—V24+ V(r) —A (11) — 6 Jus (14,9,) 


2/1 uO (ry), (10) 


) 
e,/ (r,) fino . 
Yr 


Ir 


where 


dr}. (11) 


The error involved in eliminating the offending terms 
is discussed in Sec. VI where it is shown to be reasonably 
small. Equation (10) is still too difficult to solve, since 
it contains all multipole orders. We expand 1/r,, in 


CORE POLARIZATION 869 


spherical harmonics in the standard way and obtain: 


Te" 


cosé-+ 3 cos*é—1)+4 for r1>TPp, 


(12) 


3 cos*é—1)4 for r, >"). 


In (12), 6 is the angle between r, and ry. 

The term in (12) proportional to cosé yields the 
ordinary dipole polarization ; the term proportional to 
(3 cos*@—1) gives a quadrupole term, and so on. We 
terminate the series after the second term, The order 
of magnitude of the quadrupole effect will be considered 
in Se 


If we substitute (12) in (5), we see that the expe 


V for a simple case. 


tation values of all the terms except the spherically 
symmetric one vanish. We obtain 


) ry 
> «/ >| f juin) ‘dry 
° ' ry“ 6 
s ) 
{ f My (T,) . 
’ Tr; 


v 


ky 


in (13) 


In finding the second-order perturbation according to 
(6) and (10), we may neglect the contribution from the 
spherically symmetric part and from 
known from self-consistent field studies of neutral atoms 


, since it 1s 
of the alkali metals‘ that the spherically symmetric part 
of the potential of the valence electron produces little 
change in the wave functions of the core electrons. 

To obtain the change in the wave functions of the 
core electrons, we now have to solve the pair of differ 
ential equations: 

[—V2+V (01) —A (0) — € Ju, (r1,4,) 
ary 


cosbu’ (ry) for r>r; 


’ 


VitV(r,)—A (ry) — 6: Jui (81,r,) 
ye 
cosbu;'” (4;) for 


r;" 


17°75. 


The solutions must then be joined on the boundary 
r,=r,. This is a very difficult task unless fast electroni 
computing equipment is available. The assumption 
now is made that the fraction of time the core electron 
is outside the valence electron can be neglected: in 
other words, we consider only the region r,>9; and 
neglect the region r,;>r7,. This assumption is plausible 
on physical grounds. It will be examined further in Se 
II1, where a comparison is made with the work of 


and of K 
Phil. Soc. 34, 


of neutral K 
Cambridge 


the treatment 
Hartree, Pro 


4See, for instance 
DD. Rk. Hartree and W 
550 (1938) 
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Bethe! in which both regions are considered for a 
simple case. The equation which actually is used is: 
A(r) 


[—V2+V(r;) 6 Ju (11,8,) 


2r; 
cosbu, (r;). 
fg 


(15) 


Reasonable approximations to solutions of this equation 
have been found for a number of cases by Sternheimer.® 
They are used in this work. 

The perturbed wave functions are then used to 
calculate the Hartree-Fock energy of the perturbed 
core according to (4), (6), and (13). This energy is a 
function of r,. It can be used as a potential energy 
function for the valence electron. The valence electron 
wave function P(r,) satisfies the equation: 


[—V,?—2Z/r,+Ec(r,) W(r,) = ef(r,), 


where /e¢(r,) is the energy of the core and e is the total 
energy of the system: core plus valence electron. A 
derivation of this equation is given in the Appendix. 
It is seen from (13) that the first-order perturbation of 
the core gives the screening of the nuclear charge by 
the core electrons. Core valence exchange has been 
neglected in obtaining (16). The term £,(r,) is the 
polarization potential that is desired. It will be 
called V,(r,) from now on, and according to (6) in 
the approximation of neglecting the region r,;>r, is 


(16) 


given by 


2 rs 
V(t) (xf 4, (ry)r1 cosbu, (ry, Jd. (17) 
v s 0 


The potential must represent an additional binding 
since the inclusion of the valence electron coordinates 
in the core wave functions is an improvement of the 
total wave function of the system. In applying (16) to 
the cases of interest, we use perturbation theory and 
treat V, as a perturbation on self-consistent-field wave 
functions for the atoms and solids studied. 


Ill. COMPARISON WITH BETHE’S SOLUTION 


In order to test the validity of the approximation 
which neglects the region r,;>r1,, the polarization poten- 
tial obtained according to (17) was compared, in a simple 
case, with the result of Bethe’s treatment! in which the 
region 7;>r, is not discarded. We consider the case of 
polarization of the 1s electron shell in a situation where 
the unperturbed wave function of these electrons is 
proportional to « #". This is true only when the 
potential of the core electrons is —2Z/r, but fair 
accuracy can be obtained for helium and lithium 
(in the latter case, variational wave functions can be 
used*®), When the core function is so simple, the per- 

*T am indebted to Dr. Sternheimer for furnishing me with 


tables of his perturbed wave functions. 
* Morse, Young, and Haurwitz, Phys. Rev. 48, 948 (1935). 
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turbed wave function can easily be found analytically.’ 
The approximate polarization potential computed ac- 
cording to (17) is, when one considers two 1s electrons: 


— J 
V (x) =- [ier (1+ar¢20 
x 
4 2 4 
+4 e+ w+ “)} (18) 
5 8 


where x 
Bethe! is: 


Zr,. For comparison, the result obtained by 
1 20 «4 
i—-¢ (1 + 2x%+-62?+-—2*+ “) 
3S 3 3 


2 
— “y ‘(1 +] (19) 


These potentials are shown in Fig. 1 for Z= 2.69, the 
variational parameter for lithium.® The result of the 
simple approximation of the introduction would be 
just V,(x)=9/x*. Near the nucleus, the potentials 
(18) and (19) can be expanded in power series. The 
potential of Eq. (18) begins like —(16/15)x, whereas 
Bethe’s potential begins like — (8/3). 

To compare the two approximations further, the 
expectation values of (18) and (19) were found using 
an approximate wave function for the 2s state of the 
lithium atom. The approximation proposed here, Eq. 
(18) gave an average polarization energy of 0.00621 
rydberg, while the more accurate expression, (19) gave 
0.00651 rydberg. The difference amounts to 4.6% of 
the latter value. We may conclude from this comparison 
that the proposed approximation is satisfactory. 


IV. APPLICATIONS TO THE ALKALI METALS 


Sternheimer has obtained solutions to Eq. (15) for 
some states of electrons in lithium, sodium, and po- 
tassium. These functions were used to compute the 
approximate polarization potential according to (17). 
Self-consistent-field functions were used for the unper- 
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Fic. 1. Comparison of approximate polarization potentials, for 
lithium. Ve is the approximate potential computed according to 
(17); Vg is that computed by Bethe (Eq. 19); and Va is the 
asymptotic potential 9/2‘, where x= Zr. (z= 2.69) 
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turbed core functions.’ The polarization potentials so 
obtained are given in Table I. 

To determine the effect of V,(r) on the cohesive 
energies of the alkali metals, we have recourse again to 
perturbation theory. First-order perturbation theory 
was used, and expectation values of V, were found for 
the valence electron in the free atom as well as in the 
solid. The average value in the solid will tend to be 
larger in magnitude than in the free atom since the 
valence electron in the solid is confined to the atomic 
polyhedron. Self-consistent-field wave functions were 
used for the ground state of the valence electron in the 


TABLE I. Polarization potentials for lithium, sodium, and 
potassium. The potentials all are negative (binding) for large r, 
and are given in atomic units. (1 atomic unit=2 rydbergs.) The 
repulsive part of the potassium potential is presumably due to 
neglect of the region r;>r,. It does not make a large contribution 
to the average polarization energy because the valence electron 
wave function is small in the interior of the core. The radius r is 
given in units of the Bohr radius ay. 

Radius (r) Vp(Li Vp(Na) Vp(K) 
0.0000 
0.10 
0.28 
0.56 
0.99 
1.18 
1.331 
1.349 
1.344 
1.321 
1.286 


0.0000 
0.69 
1.14 
1.39 
1.49 
1.38 
1.17 
0.861 
0.636 
0.414 
0.220 


0.00 
0.01 
0.02 
0.03 
0.04 
0.05 
0.06 
0.07 
0.08 
0.09 
0.10 


0.0000 
0.0567 
0.1144 
0.1538 
0.1856 
0.2151 

0.4707 
0.7283 
0.6893 
0.5463 


0.3908 
0.2471 


0.9037 
0.5631 
0.3831 
0.2360 
0.1161 
0.0700 


0.15 
0.20 
0.25 
0.30 
0.35 
0.40 


0.2693 
0.2999 
0.3132 
0.3134 
0.30608 
0.2942 


0.0517 
0.0871 
0.1307 
0.1610 
0.1755 
0.1771 
0.1698 
0.1573 


0.0162 
0.1534 
0.2789 
0.3770 
0.4464 
0.4913 
0.5133 
0.5175 


0.2593 
0.2207 
0.1835 
0.1505 
0.1222 
0.0987 
0.0798 
0.0690 


0.50 
0.60 
0.70 
0.80 
0.90 
1.00 
1.10 
1.20 


0.4875 
0.4292 
0.3621 
().2968 


0.1257 
0.0958 
0.0709 
0.0520 


1.40 
1.00 
1.80 
2.00 


0.0417 
0.0274 
0.0184 
0.0126 


0.0243 
0.0122 
0.0066 
0.0039 
0.0024 
0.0016 
0.0011 
0.0008 
0.0006 
0.0004 


0.1686 
0.0947 
().0547 
0.0330 
0.0208 
0.0137 
0.0094 
0.0066 
0.0048 
0.0036 


0.0054 

0.0026 

0.0014 

0.0008 

0.0005 

0.0003 

; 0.0002 
6.0 0.0002 
6.5 0.0001 
7.0 0.0001 


7 For sodium and lithium, the wave functions of P. O. Léwdin, 
Phys. Rev. 90, 120 (1953), were used; for potassium, the wave 
functions were taken from D. R. Hartree and W. Hartree, Proc. 
Roy. Soc. (London) A166, 450 (1936). 
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TABLE IT, Effect of the polarization potential. Average values 
of the polarization potential are given in rydbergs for lithium, 
sodium, and potassium. The change in the effective mass and the 
cohesive energy is also given. The effect always is to increase the 
cohesive energy 


Lithium Sodium Potassium 


Average value (free atom) 0.0075 0.0130 0.0353 

Average value (lowest valence 
state in solid) 

Change in effective-mass ratio 
(m/m*) 

Change in the cohesive energy 


(kcal/mole) 


0.0170 0.0194 0.0595 


0.0094 0.0055 0.0372 


2.34 2.24 8.06 


free atom.’ For the solid, the expectation values must 
be found to order k?, and to do this, wave functions 
correct to order k* must be used. The functions for 
lithium were obtained from Kohn,’ the ones for sodium 
were computed by us from the empirical Prokofjew 
potential given by Wigner and Seitz," and those for 
potassium were obtained from our previous work on 
It is 


interesting to see that the large contribution of &.7 


this element." The results are given in ‘Table I 


kcal/mole in potassium amounts to 37°; of the observed 
cohesive energy. This large value is required to offset 
the effect of the k* terms on the Fermi energy,” so that 
the cohesive energy is approximately given by the 
standard procedure. Similar large values of the polar 


ization effect may be expected for rubidium and 


cesium. ‘The compensation with the &* terms may also 


occur for these. 

An estimate of the error introduced by using first 
order perturbation theory to determine the effect of V, 
on the valence electron energy Was made by integrating 
the appropriate equation to determine the first-order 
perturbation of the wave function, and thus the second 
order perturbation of the energy for the lowest state, 
I',, of the valence electron in potassium. ‘The energy 
We 


may conclude that first-order perturbation theory 1s 


of that state decreased in second order by 5.6% 


satisfactory. 

In the case when the cohesive energy of the solid is 
calculated on the basis of a self-consistent field, as for 
potassium,! it is clear that the effect of polarization 
must be added to the result previously reported. For 
lithium and sodium, calculations have been based on 
empirical potentials which reproduce the spectroscopt 
term values. In these cases, the effect of polarization 
is presumably contained in the empirical potentials. In 


the quantum defect method, a correction for polar 


* Lithium: V. Fock and M. J. Petrashen, Physik Z. Sowjetunion, 
8, 547 (1935). Sodium: D. R. Hartree and W. Hartree, Proe 
Roy. Soe A193, 299 (1948). For potassium, see refer 
ence 4 

*W. Kohn (private communication) 

0 f). Wigner and F. Seitz, Phys. Rev. 43, 804 (1933), 

1 Berman, Callaway, and Woods, Phys. Rev. 101, 1467 (1956) 

2 J, Callaway, Phys. Rev. 103, 1219 (1956) 
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ization must also be applied,” but its magnitude has 
not been calculated. It need not be the same as that 
obtained here. 


V. QUADRUPOLE POLARIZATION 


The same approximation introduced in the study of 
dipole polarization can be applied to the quadrupole 
polarization, which results from the terms in (12) 
proportional to (3 cos’*@—1). Again, we consider only 
the region r,>1r;. We add a term to the wave function 
of the core to represent the quadrupole distortion. 
This term, u,;°’(r,,r,), satisfies, by analogy 


[ —V\?+-V(0,)— A (4) — €? |e (r1,7,) 


r;’ 
en) (3 cos’?@—1) Ju,(r,). (20) 
r3 


9* 


F 
2 -(3 cos’é 1 dry. (21) 


yr, 


The quantity ¢;” vanishes for an S state, but not for 
P and D states, etc. At first sight, this would seem to 
lead to a term in the potential energy proportional to 
1/r,*®, which would be of greater magnitude than the 
dipole term. It is easy to show, however, that if €;) is 
summed over all the levels characterized by different 
values of the magnetic quantum number m belonging 
toa closed shell of definite /, the sum vanishes. We can 
proceed to calculate the quadrupole polarization po- 
tential in a manner similar to (17). 


1 es 
V (t,) ef u,*(r,)r°(3 cos*d—1) 
r,* 0 


x u; (ry,r, dry. 


(22) 


At large ,, the potential is proportional to 1/r,°. For 
the situation of Sec, III, V, has the form 


30 
V »(x) i-e »(1 + Qa 2x2 
6 


x 
4 4 
-— x84 ) | (23) 
45 225 7. 


where x=Zr. For small x, V, begins as (8/35)x. 
In spite of the (1/x*) term, the function V,, is linear in 
x at the origin. It follows that a representation of the 
quadrupole potential as just —a,/r,°, where a, is the 
quadrupole polarizability, may give a considerable 
overestimate of the polarization energy even for states 
for which the expectation value of r~* is finite. 

The quadrupole polarization potential, V,, has been 
evaluated for lithium using the variational wave func- 


S. Ham, in Solid State Physics, edited by F. Seitz and 
Press, Inc., New York, 1955), Vol. 1, 
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tions mentioned in Sec. III. The expectation value of 
this potential has been found for both the free lithium 
atom and the metal. It lowers the energy of the valence 
electron in the free atom by about 0.001 rydberg and 
increases the cohesive energy by about 0.4 kcal/mole. 
This is about 20% of the contribution from the dipole 
polarization. It would appear from this that the sum 
of the effects of the several terms of the series (12) does 
not converge with great rapidity. 

There are, however, other effects proportional to r~® 
for large r. Such terms would come, for instance, from 
a third-order calculation of dipole polarization and 
from the kinetic energy correction to be discussed in 
the Appendix. The existence of these effects, whose 
magnitudes are not well known at present, limits the 
accuracy possible in a calculation of cohesive energies 
from self-consistent fields. 

All of the effects discussed in this paper pertain to 
the so-called correlation between valence and core 
electrons. It appears that much of this correlation 
energy can be developed in a series of terms forming an 
effective potential; the terms in this series are propor- 
tional to r,-*" at large r,, where n is an integer greater 
than 2. The major part of the r,~* term is the dipole 
polarization, which can be approximately evaluated; 
the other terms remain obscure. It is probably impos- 
sible, however, to expand the entire correlation energy 
in this way, since the derivation of Eq. (1) as given in 
the Appendix involves certain approximations. 


VI. EFFECT OF NEGLECT OF PERTURBED COU- 
LOMB AND EXCHANGE INTEGRALS IN 
PERTURBATION THEORY 


We consider now the effect on the energy of the 
inclusion of the perturbed Coulomb and exchange 
integrals into the equation of first-order perturbation 
theory. To estimate this, we evaluate the integral 
occurring in Eq. (8) which we call AV,: 


2 
aV.=E fuse) —uj%( rnd. (28 
j r 


12 


We use for u; the perturbed wave function calculated 


2.5 


R? Xk POTENTIAL ENERGY 
( RYOBERGS } 
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Fic. 2. Comparison of ten times the perturbed Coulomb 
integral, (25), with the perturbation of the valence electron. 
Both functions are multiplied by r,? sec# to obtain a function of 
r,=R only. 
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previously by Sternheimer neglecting such terms. The 
calculation is performed for lithium using the analytic, 
approximate, wave functions of Sec. III. We find 

9 cos | 


AV .= 1—e°?4"1) 14+-2Z77r,4+-2(Zr,)? 


2 
(ar ( 
9 


In order to obtain an estimate of the influence of this 
term, it should be compared with the perturbation 
previously considered: (2r,/r,”) cosé. This comparison 
is shown in Fig. 2..We see that AV, has only a small 
influence except at the origin. If greater accuracy is 
desired, it would seem possible to treat Eq. (8) by 
iteration: by solving it without the perturbed Coulomb 
and exchange integrals, and then treating such integrals 
as additional perturbations. 


rir, 2Z4| 
34 
(Z11)?+ 


al 


25) 


VII. ACKNOWLEDGMENTS 


I am indebted to Dr. Morre] H. Cohen for valuable 
discussions. D, E. Jack, E. L. Haase, and B. Rothman 
assisted with the computations. 


APPENDIX. DERIVATION OF EQS. (1) AND (16) 


We consider a single free atom of the substance of 
interest, and separate the valence and core electrons 
by writing the total wave function of the system as 


V(r.,%¥,) =P(r,,%, W (Pe), (26) 


where r, stands for the coordinates of the core electrons 
and r, for those of the valence electron. W is the wave 
function of the valence electron and ® that of the core 
electrons. By using an approximation of the form (26) 
which is not antisymmetric between valence and core 
electrons, we neglect valence core exchange. The polar 
ization potential derived from the equations below is 
regarded as approximating that derived from an anti 
symmetric function. ® is considered to depend para- 
metrically on the valence electron coordinates. y and ® 
are normalized individually; the latter for all values 
of fy. 
The Hamiltonian for the system is: 


H=H,.(r.)+H,(r,) +H: (88s), 


where //, is the Hamiltonian for the core electrons 
unperturbed by the valence electrons, 7, is the Hamil 
tonian for the valence electron, and H; gives the 
interaction between the valence and core electrons 


(27) 


H .(¥.) 


C 
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The equation satisfied by the function (26) is: 


(HAH, +H We= ef. 


We multiply (29) by © and integrate over coordinates 
Pei 


| for. +H ,)dr, be t fon (W(r,)P(r.,r,))dr, 


ev (r,). 


(29) 


(30) 


Suppose now that ® satisfies the following equation: 


(7. (r.)+H,(r,,0,) P= E,(ry)®. (31) 


Substitute (31) into (30) and make use of the normal 
ization of ® for all r,. The equation satisfied by p is 
then obtained. 


| fermcevyae, [e—F.(t,) ly. (32) 


We now introduce the explicit valence electron Hamil 
tonian. Observe that 


f #11, (dp)dr, ( v,? 


} | *(—V,*b)dr, bv. 


We have made use of the Hermitian properties of the 
operator (1/1)V. Then (32) becomes: 


2Z 
v,? } |: E., (ty) for a (33) 
’, 


The function /,(r,) obtained as the eigenvalue of (31) 
is seen to play the role of an additional potential. It 
contains the desired polarization potential. 

We now make the determinantal approximation for 
’. We write 
|. (34) 


b= det! u,(r;,4, 


Standard procedures then lead us to the Hartree-Fock 
equations to determine the functions u;(r;,r,) in such a 
way that the energy of the core is minimized for all r,. 
The function £, can now be interpreted as the Hartree 
Fock energy of the system. The Hartree-Fock equations 
obtained in this way are Eqs, (1). 

Equation (16) is obtained from (33) by dropping the 
kinetic energy S 0° (—V,*@)dr,. This cor- 
rection has the effect of an additional potential since 
it is a function of r,. Because the kinetic energy is an 
inherently positive quantity, the correction has opposite 


correction 


sign to the polarization potential. We investigate it 
further by making the determinantal approximation 
for &. Its elements u,(r;,r,) in fact 


according to the equation of perturbation theory (15). 


are constructed 
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The kinetic energy correction is investigated within 
perturbation theory. We observe that —V,? is of the 
order 1/r,’; i.e., it is of the same size as the perturbing 
Hamiltonian in (25). If we expand the determinanta! 
function ®, we find that 


V,"u,"? (11,8,) dry 


for V,")dr, Ef woreny 


+O(1/r,8). (35) 
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The first term is of the order 1/1,‘ since u,;? is propor- 
tional to 1/r,”. Terms of the order 1/r,* and higher are 
neglected here, but would have to be included in an 
evaluation of quadrupole terms. The 1/1, term in (35) 
appears to be of the same order as V ,. Upon substitution 
of the perturbed wave functions u;) into (35), it is 
found that the integral vanishes upon integration over 
solid angle. Consequently there is no contribution from 
the kinetic energy correction of the same order in 7, as 
the dipole polarization potential. 
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The angle-energy distribution of a fast electron losing energy to the conduction electrons in a thick 


metallic foil has been derived assuming that the conduction electrons constitute a Fermi-Dirac gas and 


that the fast electron undergoes only small fractional energy and momentum changes. This distribution 


exhibits both collective interaction characteristics and individual interaction characteristics, and is more 


general than the result obtained by other workers 
dynamical equations of Bloch, it has been shown that for very thin idealized foils energy loss may occur at a 


Describing the conduction electrons by the hydro 


value which is less than the plasma energy, while as the foil thickness decreases below ~v/w, the loss at the 
plasma energy becomes less than that predicted by more conventional theories. The net result is an increase 


in the energy loss per unit thickness as the foil thickness is decreased. It is suggested that the predicted loss 


at subplasma energies may correspond to some of the low-lying energy losses which have been observed by 


experimenters using thin foils 


I, INTRODUCTION 


“THERE has been recently a rather extraordinary 

amount of experimental and theoretical work on 
the origin and implications of characteristic energy 
losses experienced by fast electrons in passing through 
foils. ‘This effort has received great impetus from the 
suggestion by Pines and Bohm! that some of these 
energy losses are due to the excitation of plasma oscilla- 
tions or ‘‘plasmons” in the sea of conduction electrons 
and from their work on the theory of these oscillations.’ 
An alternate explanation, which has been advanced 
many times by various workers, is that these losses 
are due to interband transitions of individual conduction 
electrons. Evidence in support of this has been pre 
sented’ showing correlation between the fine structure 
of x-ray absorption edges and the characteristic loss 
lines. The plasma interpretation has been strengthened 
by Watanabe’s‘ experimental verification of the Pines 
Bohm plasma dispersion relation [ Eq. (12) below ] in 


* This paper represents a portion of a dissertation submitted 
by the author to the University of Tennessee in partial fulfillment 
of the requirements for the Ph.D. degree 

!]). Pines and D. Bohm, Phys. Rev. 85, 338 (1952) 

21). Pines and D. Bohm, Phys. Rev. 82, 625 (1951); 85, 338 
(1952) : 92, 609, 626 | 1953). 

5 Leder, Mendlowitz, and Marton, Phys. Rev. 101, 1460 (1956). 

*H. Watanabe, J. Phys. Soc. Japan 11, 112 (1956). 


Be, Al, Mg, and Ge. A critical review of the present 
status of the theory and experiment in this field has 
been given by Pines.® 

It is the purpose of this paper to examine theo- 
retically the energy and angular distribution of a fast 
electron which has lost energy to plasma oscillations in 
an infinite foil and to consider the effect of the finite- 
ness of the foil. Ferrell® has investigated the angular 
dependence of the characteristic energy losses of fast 
electrons to an infinite plasma using the theory of Pines 
and Bohm. He obtains one formula which involves the 
collective interaction of conduction electrons with the 
incident electrons and another which includes only the 
effect of individual interactions between conduction 
electrons and the incident electrons. A single formula 
will be derived which includes both collective and 
individual interactions and which depends upon the 
momentum distribution of the undisturbed plasma. 

Gabor’ has considered the interaction of a fast elec- 
tron with a small metallic crystal containing free 
electrons. He assumes that the electric field is always 
zero at the surface of the crystal and examines the 

6]. Pines, in Solid State Physics (Academic Press, Inc., New 
pad 1955). See also D. Pines, Revs. Modern Phys. 28, 184 


*R. A. Ferrell, Phys. Rev. 101, 554 (1956). 
7D. Gabor, Phil. Mag. 1, 1 (1956). 
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probability of interaction in the crystal as it becomes 
very thin in the direction of the electron beam. It will 
be shown that his boundary condition leads to un- 
realistic results. Applying a more realistic boundary 
condition, the interaction probability in very thin 
films is derived and the consequences of the results 
are discussed. 


II. DIELECTRIC TREATMENT OF AN 
ELECTRON GAS 


In the following the interaction between an incident 
fast electron and metal electrons will be considered. 
The view will be taken that the ensemble of conduction 
electrons in a metal may be characterized by a di- 
electric constant which is a function both of the fre 
quency and wave vector of the electromagnetic dis- 
turbance in the metal. As long as one considers inter- 
electronic action over distances large compared with 
the interelectronic spacing, the metal may be treated 
as though it is a continuous homogeneous medium and 
can hence be described in terms of its dielectric 
properties. 

The dielectric approach seems to have been first 
used by Fermi® to calculate the stopping power of 
matter for fast charged particles. Kramers® used a similar 
consideration to calculate specifically the stopping 
power due to conduction electrons. Both of these 
authors considered that the dielectric is a 
function of frequency only. A classical theory of the 
dielectric constant of an assembly of free electrons has 
been given”! which includes the motion of the un- 
disturbed electrons and results in a dependence of the 
dielectric constant «(K,w) on the wave vector k of the 
disturbance. Lindhard” and Hubbard” have derived 
the dielectric constant of conduction electrons by 
means of quantum perturbation theory. In_ these 
treatments it is assumed that there exists a common 
electric field’ y(r,f) in space and time in which the 
separate electrons move and to which they give rise. 
The development of the wave functions of the electrons 
is calculated by time-dependent perturbation theory, 
taking into account that they do not develop inde 


constant 


pendently in time because each electron moves in a 


field determined by all others. 

Hubbard” has extended the dielectric treatment to 
the calculation of the energy-angle distribution of fast 
electrons in passing through and losing energy to solids, 
using a method similar to the Weizsiicker-Williams 
treatment of scattering. The fast electron is repre 


* FE. Fermi, Phys. Rev. 57, 485 (1940). 

9H. A. Kramers, Physica 13, 401 (1947). See also A. Bohr, 
Kgl. Danske Videnskab. Selskab, Mat.-fys. Medd. 24, No. 19 
(1948). ; 

0 J. Lindhard, Kgl. Danske Videnskab. Selskab, Mat.-fys. 
Medd. 28, No. 8 (1954). 

4 J. Neufeld and R. H. Ritchie, Phys. Rev. 98, 1632 (1955) 

2 J. Hubbard, Proc. Phys. Soc. (London) 68, 976 (1955). 

3 In the following it will be assumed that the gauge is chosen 
so that the vector potential is zero. Also, all velocities are assumed 
to be nonrelativistic. 
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sented as an appropriate charge distribution p(r,/) 
—e5(r—vt). It is well known" that a fast electron 
which interacts with matter may be considered to be a 
point charge with a well-defined path as long as one is 
concerned with processes in which the fractional changes 
of energy and momentum of the electron are small. The 
field which is generated is then given by Poisson's 
equation, 
(1) 


e(kw) V?y(8,0) 4irp(4,t), 


so that in Fourier space 


(kw) 4arp (kw) /Re( kw), (2) 


where g(kw) and p(kw) are the four-dimensional 
Fourier transforms of ¢(r,/) and p(r,t). The field y is 
regarded as a perturbation acting on the electrons of 
the metal. This perturbation causes transitions from 
occupied to unoccupied levels. An electron making 
such a transition will acquire fw and momentum hk 
and the fast electron must suffer a corresponding loss 
The probability for absorption of energy tw and mo 
mentum #k per unit path length is 


1 
WW (kw), 


hw 


P(kw) 


where W(k,w) is the energy absorbed per unit volume 
in k space per unit frequency interval and per unit 
path length of the fast electron. Now if one is able to 
express the energy loss dW/dx per unit path length by 
the fast electron to the medium as an integral over k, w 
space, then the integrand is identically W(kK,w) and the 
interaction probability P (kw) is known, 

Hubbard considered the energy-angle distribution of 
fast but 
Ferrell’s® result since he used a simplified form of the 
dielectric constant. In the present work the approach 
of Lindhard and Hubbard will be extended to yield a 
more detailed description of the angle-energy distribu 
tion of fast electrons losing energy to plasma. 


electrons in plasma obtained essentially 


III. DISTRIBUTION IN ENERGY AND ANGLE OF 
FAST ELECTRONS IN AN INFINITE PLASMA 


The equation for the electric potential due to a point 
charge, (—e), moving with uniform velocity v in a 


uniform infinite plasma, is given by 


e( kw) V2 ¢(1,0) bred (r— vi) (.$) 


so that in Fourier space 
6(k-v-4 Ww) 


¢g( kw) , 
e( kw) k? 


Sar’e 
(4) 


where 


1 
g(r,t) fu fae expli(k-r+wl) ]g(kw). (5) 
(29)' . 


Danske Videnskab. Selskab, Mat.-fys 


ME. J. Williams, Kgl 
Medd. 13, No. 4 (1935). 
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Then the energy loss per unit path in the medium is 
given by 

dW ¢ 


eh, \r=vi=-v-E|r=ve, (6) 
dx v 


where £, is the x component of the electric field due to 
the medium alone. Expressing ¢ in terms of its Fourier 


representation 
dw é . 1 \d(k-v+w) 
fax daw im( ) ey ti, 
dx mvs 0 e( Kw) k’ 
we may write immediately for the transition probability 


per unit path length 
é 1\6(k-v+w) 
Im( ) , (8) 


who é k? 


P(k,w) 


Now divide k into k, and k,,, which are perpendicular 
and parallel, respectively, to v. We may integrate over 
ky, immediately, obtaining 


é 1 1 

P (ki) Im 
whe —€ (ka? +-w"*/v") 

We have now to obtain an approximate expression for 

(kw). Lindhard"” gives for the dielectric constant of a 


sea of free electrons 


SCE a) 
e(kw) 1 w,? > 


—_ 


\ 


| h : 
x ( w—y-+ k-k .) 
| m 


where y is essentially the damping constant of the ex 


hh? ks | l 
(9) 
4m?) 


cited states, w, is the plasma frequency, N is the density 
of electrons and /(£,) is the density of states having 
energy /, in the undisturbed plasma 

First, we may expand the denominator of Eq. (9) 
assuming that w is large compared with the other terms 
in the denominator. Then, assuming that the density of 
states is so great that the sum may be replaced by an 
integral, we finally obtain 


-( 


2yw pw 
: (10) 
wp? (1 + 5)}? : 4y*”" 


1 -(— 3k ki? 
as 
w? m’?\4 5 


and ky is the maximum wave vector of the undisturbed 
plasma. We now substitute this into Eq. (8) and employ 
the approximation, good for J small, that ky=@m0/h 
where @ is the angular deviation of the fast electron 


where 
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and mv is its momentum. Then 


w,e’w 


; 2y[ {w? —w,?(1+4)}?+4y7'%? 
whv* 
dQ 


[+ (hiw/mo*)? } 


P(0,x)dQ 
11) 


where dQ is the element of solid angle around @. The 
term in the square brackets has the character of a 6 
function if the damping constant y is assumed to be 
vanishingly small. The resonance occurs when 


w= wp"(1+4). 
Solving this equation by iteration, 


2 


w= wy? +—(k*/4+- 3k? k?/5). (12) 
m* 


This is just the plasma dispersion relation obtained 
by Pines.? Equation (11) contains the major features 
of the angle-energy losses of fast electrons to free 
electron plasma. The resonance term yields explicitly 
the parabolic connection between energy loss and angu- 
lar distribution found experimentally by Watanabe.‘ 
The factor in brackets contains the coulomb scattering 
loss form given by Ferrell. Now to obtain the angular 
distribution of the fast electrons after losing energy to 
the plasma, we integrate over all energy losses, 
obtaining 


P(@)dQ 


2rhv* m?* 


Cw» h? , 
wp +— (k4/4-+ sai /5)| 


dQ 
x ’ 


he h? hk ake 4,2 
4 («, + | + ) 
(2h)? m’L4 5 


where k?=w,?/v’+- (mv0/h)*. Now, collecting terms and 
neglecting higher powers of hw, and h’k,?/2m compared 
with E, the energy of the incident electron, we find 


(13) 


Cw, . 
- [w,? + (6 5 wow pf? + wp 4 
2rhv* 


P(0)dQ 
dQ 


- , (14) 
P+ (w»/2wp)* 


where wo=hko?/2m and we= E/h. 

Now, if one lets wy 0 and neglects the @ term in this 
expression, one finds Ferrell’s* Eq. (8) and Hubbard’s” 
Eq. (29) for the angular distribution. Further, one sees 
that instead of e(kw) for the free electron gas, one 
could used the formula for the 
dielectric constant, 


have semiclassical 


4daNe?* fi 
e(w)=1+4 > ’ 


m « witigw—w 


(15) 
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where N is the atomic density of the medium, and f;, 
w;, and g; are the oscillator strength, transition fre- 
quency and damping constant of the ith interband 
transition, respectively. Assuming that in the neighbor- 
hood of the jth transition only the jth term in this series 
is important, substituting this « in Eq. (8) and inte- 
grating over k,, and w, one finds, for the probability 
of scattering through the angle @, after losing energy to 
the jth transition, 


é ay dQ 
P;(0)dQ (16) 


’ 


Qrhv? [a? { w;” }} [e { (w;* + aj’) wR } 


where a?=4rNe*/;/m. This again has the same form 
as Ferrell’s Eq. (8) except that in place of the plasma 
frequency, there appears the one-electron transition 
frequency w;, shifted due to mutual interaction between 
electrons in the medium. If the frequency w;“a; cor- 
responding to the case of free electrons, then a; 
Thus if the k dependence of the dielectric constant of 
the conduction electrons is neglected, one obtains the 
same form for the angular distribution, whether the 
fast electron has excited interband transitions in the 
solid or whether it has lost energy to plasma oscilla- 
tions. However, the k dependence introduces a factor 
which, although slowly varying, may be verified 
experimentally. 

To examine the origin of the # term in the expression 
for P(@), suppose that », the density of conduction 
electrons, is low so that w, and wo are very small. Then 


2 
Wp’. 


4ne dQ 
P(0)dQ—> : (17) 
m*v* 64 


which is just the small angle approximation to the 
Rutherford scattering of electrons on free electrons. 
Thus, the formula (14) displays both collective and 
individual interaction characteristics. It that 
when the scattering angles are very small the collective 
behavior of the ensemble of electrons determines the 
angular distribution. For larger angles or for very low 
electron densities, individual interaction between the 
fast electron and the electrons in the medium becomes 
the determining effect. Even though the quantum di 

electric formulation is valid for values of the wave 
vector which are not too large, it seems somewhat more 
general than the procedure of Ferrell who used first 

order perturbation theory and the cut-off wave vector 
approach of Pines and Bohm. Thus, he obtains separate 
formulas valid in the ranges k<k, and k>k, where k, 
is the cutoff wave vector. The collective treatment was 
used when k<k, and individual interaction was assumed 
for k>k,. The dielectric 
which bridges the gap to a certain extent, even though 


shows 


treatment yields a result 


it can be shown that it is also equivalent to first-order 


perturbation theory.! ” 
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IV. DISTRIBUTION OF FAST ELECTRONS PASSING 
THROUGH THIN FOILS 


To treat a finite foil, we shall proceed in much the 
same way as above. The potential throughout space 
due to a point charge —e moving with velocity v will 
be calculated, including the modifying effect of the 
foil. The energy loss in the foil will be expressed in 
terms of this potential and as an integral over k and w. 
The integrand again will be interpreted as fw times the 
probability that the electron will lose energy Aw and 
momentum ’#k in passing through the foil. 

Gabor’ has treated the thin foil problem by making 
the assumption that the electric field intensity is zero 
at the boundaries of the foil. This is not in accord with 
experimental work on the optics of thin films, since it 
results in the prediction that a metal grain does not 
interact with electromagnetic radiation originating 
outside of the grain. His conclusion that the probability 
for plasma loss should decrease strongly with decreasing 
foil thickness is a direct consequence of this assumption 
The difference which he finds between 
“incoherent” illumination is due to the same assumption. 


“coherent” and 


To compare with Gabor’s treatment, one may ex 
pand the field given by Eq. (3) in terms of a Fourier 
integral in y, z, and ¢ and as a Fourier series involving 
only cosine functions of the x coordinate, thereby 
assuming that the electric field intensity is zero both 
at the boundaries and everywhere outside the foil. 
Then, using the method described above to calculate 
the interaction probability ?(k,w) in the foil, one finds 
a factor which shows the same limitation obtained by 
Gabor on «-momentum transfer to the foil. In reality 
the field is not zero at the surfaces of the foil nor zero 
outside so that such restrictions on x-momentum trans 
fer do not occur for this reason.'® More realistic bound- 
ary conditions will be used in the treatment given below. 

A quantum-mechanical derivation of the dielectric 
constant of a finite metal seems rather difficult. One 
might assume that the metal electrons experience a 
uniform potential inside the foil and that their wave 
functions vanish at the foil boundaries, rather than 
taking free electron momentum eigenfunctions appro 
priate to an infinite medium. One finds in this case 
that the Fourier components of the field are not pro 
portional to the same Fourier components of the sources 


'® Gabor’s unconventional application of first-order time de 
pendent perturbation theory leads to a result which disagrees 
with the Pines-Bohm formula for the mean free path for plasma 
loss in thick films. He assumes that the wave function of the 
incident electron is a plane wave with duration r1/w,, where 
hw, is the energy loss of the incident electron. He finds that the 
total probability of plasma excitation is proportional to the dura 
tion + which leads to an unrealistic result for an infinitely long 
wavetrain. The more conventional perturbation theory LL. I 
Schiff, Quantum Mechanics, McGraw-Hill Book Company, Inc., 
New York, 1949), second edition, p. 200] shows that instead of r, 
one should use a/v, the electron “transit time” in the foil. Experi 
mental evidence on the energy variation of mean free path for 
plasma loss [ Blackstock, Ritchie, and Birkhoff, Phys. Rev. 100, 
1078 (1955) | shows good agreement with the Pines- Bohm formula 
and does not agree as well with Gabor’s Eq. (34) 
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of the field. Hence the dielectric constant as it isusually 
defined does not exist for the finite foil. However, 
quantum corrections to the classical expression for the 
dielectric constant of a free electron gas are not im 
portant as long as one considers only small deflections 
of incident electrons with energies much greater than 
the plasma energy hw,. ‘To show this, we consider the 
angular distribution for the infinite medium, Eq. (14). 


W pe” Ow rp 
P(6)dQ 1+ f+ 


Qnhv’l = Sw,” 


K [P+ (w,/2wn)? dQ. (18) 


Now wy and w, are usually not greatly different, so that 
the square-root term may be written approximately 


WK we \?T! 
) } #4 ( ) | ; 


) 


The term in @ represents the plasma dispersion property 
which may be obtained classically while the quantum 
correction is given by the term in #*. Now if we take the 
case of 1.5-kev electrons incident on Al, for which 


hw y~14.7 ev, then we/w,y~10? and we have 


W pe 
P(0)~ [14+10°+-10 | LP+3 «10 4)". 
2rhv* 


The Coulomb factor (the last one) begins to vary 
appreciably at @~5 milliradians, while at this angle the 
dispersion term represents a correction of only 0.25% 
and the quantum correction only 10“). Furthermore, 
both of these corrections become Jess important for 
higher incident energies. ‘Thus we may assume that a 
semiclassical treatment of the finite foil case will give 
a good approximation to the correct energy-angle 
distribution. 

Pines'® has pointed out that quantum effects show 
up in finite foils in another way. On the basis of the 
uncertainty principle one may say that when a fast 
electron interacts with plasma confined to a foil of 
thickness a, there must be restrictions on the x-momen 
tum transfer to the plasma, viz., it must take place in 
multiples of h/a. Again, because of the fact that ¢ is a 
slowly varying function of k, this quantum effect 
should introduce only small errors in the semiclassical 
treatment given below. 

We shall now employ the linearized hydrodynamical 
equations of Bloch'’"* to describe the behavior of the 
perturbed conduction electrons. One may show” that 
the dielectric constant of an infinite free-electron gas 
derived from the Bloch model is a good approximation 
to the correct one in the case which we are considering. 


1). Pines (private communication). 

17 F, Bloch, Z. Physik 81, 363 (1933); Helv. Phys. Acta I, 385 
(1934), 

4H. Jensen, Z. Physik 106, 620 (1937). 

See reference 10, p. 23. 
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The angular distribution of fast electrons which one 
obtains is essentially the same as Eq. (14) above except 
for the quantum correction term. 

If one assumes irrotational motion, the linearized 
Bloch equations may be written 


0 e Pp 
t+—-F= -—9T—, 


Jal m mMpo 


(19a) 


Op/dt= poV*Y, (19b) 


V? p= 4rep+-4rred (x— vt) 5(y)4(z). (19¢) 
Here yy is the velocity potential, ¢ the electric potential, 
and p is the electronic density in the foil, all considered 
as perturbations around the undisturbed state of the 
plasma. The three equations (19) are, respectively, the 
first integral of the equation of motion, the equation of 
continuity, and Poisson’s equation; po is the electronic 
density in the undisturbed state, P?/po is the pressure 
change per unit number density in the undisturbed gas, 
and P= (3h*/8m)'po'/3m. The term gy in Eq. (19a) is 
intended to represent a schematic damping of the 
electronic motion. The exact value of g is unimportant 
since we shall assume it to be small. This damping term 
is quite similar to the damping introduced in the classical 
derivation of the dielectric constant for free electrons. 

We are now in a position to solve for the electric 
potential everywhere in space. The foil will be assumed 
infinite in the y and z directions and the boundaries of 
the foil will be taken at x=0 and «=a. 

Outside the foil it is assumed that the electric poten- 
tial is the solution of 


V? p= 4are5 (x— vt)5(y)5(2). (19d) 


Let 


[e + w <x <O 


¢ i“ O<x<a (20) 


$3, a<x<i@, 


The boundary conditions are that the electric potential 
and field intensity must be continuous, and the normal 
component of velocity must vanish at the foil surfaces. 
The set of Eqs. (19) subject to the given boundary 
conditions may be solved by expanding the y, 2, and ¢ 
dependence of yg, y, and p in Fourier integrals as 
follows: 


1 
ytx,y,2,t) =— fat, fake f drel shy hos) 
(2r)*- 


Kexpli(yky+z2k.etot) ]. (21) 
Equations (19) are then reduced to linear differential 
equations and may be solved in a straightforward 
manner. ‘To be consistent with the assumption that the 
incident electron velocity is large compared with the 
Fermi velocity in the plasma, we shall assume that the 
term involving P in Eq. (19a) is small. This term repre- 


sents the propagation of disturbances in the hydro- 
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dynamical gas. Retaining only first-order terms in 
P/poym one may readily solve for ¢. This is also equiva- 
lent to neglecting the dispersion term in Eq. (18) for 
the angular distribution in the infinite metal. This 
neglect has been shown above to introduce little error 
for fast incident electrons. 
The total energy loss of the electron is given by 
2% 3 


W= -e| Gm(9,t) | 2mvt, pono X 
wa OS 


é 
=— fae facta, tw/v) ¢(kw), 
(2r)* 
) 


(22) 


re 


a 
(k,?-+-w?/v") 


2k, 
t 
(hk? +a)? 


where e=[1—w,?/(w*— igw) |. 

One sees that the first term is just a times the transi- 
tion probability per unit path length in an infinite 
medium. ‘The other terms represent the boundary cor- 
rection. One may examine first the boundary correction 
term in the limit of large a. Then 

ea 
P(ki,w)— 
hv" \ (ky? +-w?/0*) 


2k, 


a(k,y?+w*/v?)? 


Im(1/e) 


(1—e)? 


(24) 


im( 


{aP,' (ki) + Pi(kiw)}, 


)i 


e(1+e) 
Now let us define 
P(Ryw) 


where P,’ is the transition probability per unit foil 
thickness in an infinite foil and /y is the term introduced 
by the boundary effect. Then one may write, inserting 
the expression for e, 


é 2k 1 gw af 


Phe? (ket+ut/2)? wo 
Lin 8 
| 4” p 


l (w bw )P+p2w* (Ww 


One notes that the effect of the boundary is to cause a 
decrease in loss at the plasma frequency and an addi- 
tional loss at w=w,/V2. Call the probabilities for these 
processes Py; and Py, respectively. Then integrating 
over w, 

ew," 1 ky 
Py - (26) 
the” wy (ki?+-w,"/0")* 
Cw yp” v2 k, 


Py. , 
) 


the? wy (ky? +-w,?/20")? 
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where ¢,,(1,/) represents the field in the medium minus 
the vacuum field of the incident particle and ¢,(k,w) 
is its Fourier transform. One notes that just as in the 
case of an infinite medium there is a restriction on the 
x component of momentum loss of the fast electron. 
rhis is just an expression of the fact that if the fast 
electron undergoes momentum change wk, in the a 
direction and is deflected through a small angle then 
from of energy and hk, 

—AKE/v where AF is its energy loss. 

Carrying out the integration over k, and collecting 


conservation momentum 


terms, one finds eventually for the total transition 
probability 


cos(wa/v)+ (e— 1) exp(— kia) + (1— &) exp(hia) 


|), (23) 


mod/h, one sees that the angular 


(e—1)* exp(—k,a) — (e+ 1)? exp(kya) 

Again setting k, 
dependence in these terms is very different from that 
occurring in the angular term for the infinite medium. 


Carrying out the integrations over ky, we find 
Pry 
P, 


bar (e*/hv), (28) 


w(e*/hv). (29) 


The P»; term subtracts from the aP,’ term, showing 
that the loss at the plasma frequency should decrease 
as the foil thickness decreases, while the loss at w,/V2 
is negligible for thick foils but increases as the thickness 
decreases. 

This shift in the resonance frequency is due to the 
depolarizing efect of the surfaces of the foil.” Jensen" 
has shown that the resonance frequency of plasma 
contained in a small sphere is less than the value 
appropriate to an infinite plasma by a factor of 1/v3 
and that this shift is due to the depolarizing effect of 
surface charge on the sphere. An analogous effect occurs 
for the plane foil. It may easily be verified using a 
simple classical analysis that the resonance frequency is 
indeed w,/V2 for electrons in a plane foil so thin that 
the sucface charge determines the field within the foil. 

To examine the trend of Py; for small a, one may 
return to Eq. (20), integrate over w taking account of 
only the resonance at w 
One finds 


w, and then integrate over ky. 


coshe— cosl 


sinha 


where (== dw,/. 


Now substituting the rational fraction expansion of 
cothx and cschx into this equation and assuming ¢ to 


*” The writer is indebted to Dr. David Pines 


this fact to him 


for pointing out 
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Fic. 1, Interaction probability in thin foil vs foil thickness. 
Curve A is Py, the decrease in interaction probability at plasma 
frequency due to finiteness of foil. Curve B is Py2, the probability 
for loss at “lowered” plasma frequency; a is the foil thickness; 
v is the electron velocity; and w, is the plasma frequency 


be small, one finds 


e 
Pry t n( 
ca : 


Now one may also write! 


(om 1 
| n( ) | nak 
hi t 


where k, is the cut-off wave vector introduced by Pines 
and Bohm. Then the total transition probability for 
loss at the plasma energy in very thin films (¢<1) 


should be 
e ak, 
l in ) 
hi 4.82... 


This formula is obviously wrong when ak, <4.82. How- 
ever, the theory used here will surely break down 
before the foil thickness becomes this small, since &, is 
approximately the reciprocal of the mean interelectronic 
spacing.’ Figure 1 shows a plot of P(t) as a function 
of t. 

The /’y. term is interesting in that it shows a coupling 
between # and w as a becomes small. This is shown by 
considering the behavior of the denominator. It is 
found that resonances occur at 


aP, (32) 


aP ys’ +Pr 


Wp 5 
w=—[1+ exp(—ak,) }} (33) 
v2 


Then 


Poolks)2wk dk, 


ew ay! 1—cos(la,4/v2) 
=—- Dk stdh, | ai ‘ : 
hv v la (ky+w,*a,/2v*)? 


a 1+cos(ta_'/v2) 
7 —=§, (35) 
a, (k,2+w,2a_/20*)? 


The first term in this equation comes from the resonance 
at w=wye,4/V2 and the second from w=w,a_!/v2. To 
find the total interaction probability one may now 
integrate over k,. The result is shown in Fig. 1. The 
distribution of losses in the Py: term is peaked about 
the energy loss hw,/V2 even for t~~1. This may be 
easily shown by converting P(k,) to the probability 
distribution in w, using the relation [ Eq. (33) ] between 
k, and w. 

The net boundary effect is an increase in total energy 
loss to the conduction electrons above the value which 
would exist in its absence. The total energy loss to the 
conduction electrons per unit thickness increases loga- 
rithmically as the foil thickness decreases. 

The possibility occurs to one that these sub-plasma 
frequency losses may be identified with the low-lying 
losses observed by some experimenters using thin foils.’ 
It does not seem that the observed values of the losses 
are 1/v2 times the “characteristic” losses observed in 
the same metals. However, it should be noted that thin 
metallic films may have a strongly granular structure. 
The strong variation of the grain structure with sub- 
strate composition, rate and amount of condensation, 
etc., of thin evaporated metallic films has been dis- 
cussed by Heavens.” In this reference are given electron 
micrographs which clearly show the transition from 
small grain size to a state in which the grains merge to 
form a nearly uniform film as the amount of material 
deposited is increased in a series of films. The surface 
depolarization effect will certainly be larger for a small 
grain of average dimension a than for the semi-infinite 
plane foil of thickness a which was treated above. Thus 
one would expect the “lowered” losses in an actual foil 
to lie closer to the value hw,/V3, appropriate to a 
spherical grain, than to the value hw,/V2. This seems to 
be true for the low-lying losses which have been 
observed. 

The two most puzzling features about the experi- 
mental result on low-lying losses are (a) that such loss 
lines seem to be narrower and to occur with higher 
probability than one would expect if they were due to 
interband transitions of individual electrons,” and (b) 
that some experimenters observe these losses while 
others do not. The depolarization effect seems to offer 
a possible explanation of these features. 

"©. S. Heavens, Optical Properties of Thin Solid Films (Aca- 


demic Press, Inc., New York, 1955). 
”]). Pines, Revs. Modern Phys. 28, 198 (1956). 
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One expects losses at the “lowered” plasma energy to 
occur whenever the film or grain dimensions approach 
values ~v/w, and that in this event the probability 
of such losses would be comparable with losses at the 
plasma energy. Since grain size as well as film thickness 
may vary greatly from one experiment to another, one 
might expect that the “lowered” plasma losses would 
not be seen by all experimenters. 

Existing experimental evidence from the study of 
solids by means of fast electron bombardment does not 
seem to be detailed enough as yet to judge whether or 
not these “lowered” losses really occur. However, the 
depolarization effect has been observed in optical in- 
vestigation of thin solid films. To account for the ob- 
served variation in the optical constants of metallic 
films with film thickness it has been necessary to take 
into account the depolarization effect of grain bound- 
aries and the depolarizing effect of the grains upon each 
other. This effect has been calculated classically by 
David™ and others.” The close relation between the 
response of a solid to electromagnetic radiation and to 
bombardment by electrons is well known. Hence one 
expects that a similar depolarization effect may occur 
in experiments with fast electrons. 

The present observations serve to strengthen the 
recommendation of Pines® that a careful investigation 
of electron losses in a single metal for various foil thick- 
nesses and bombarding energies should be made. 

The detailed mathematical treatment given above 
applies to a rather idealized model of a metal foil. 
However, qualitative considerations based upon this 
treatment should enable one to interpret experimental 
evidence on the variation of mean free path with foil 
thickness. If the probability of a low-lying loss is found 
to decrease linearly as the foil thickness decreases and 
if it occurs with constant probability relative to the 
plasma loss probability, then one would conclude that 


*% FE. David, Z. Physik 114, 389 (1939), 
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it is due to one-electron interband transitions. On the 
other hand, if the probability of a low-lying loss is 
found to increase relative to the probability for plasma 
loss as the grain size and foil thickness decrease, then 
the depolarization effect is the more likely explanation. 

As noted above, the depolarization effect is expected 
to have little influence upon the one-electron levels in 
a solid metallic foil, while this effect may make a large 
difference in the energy required to produce a plasmon 
in the foil. If one could determine that the “lowered” 
losses do exist in certain solids, then the collective 
nature of the characteristic losses in those solids would 
be firmly established. 
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Note added in proof. 
quantum generalization of the dielectric approach of 
Lindhard and Hubbard which makes unnecessary the 
concept of the classically prescribed field, g(1,t), which 
is present in the theory of Lindhard and Hubbard. In 
a subsequent paper it will be shown that the dielectric 
approach is capable of describing simultaneously the 
individual and collective aspects of electronic motion 
in plasma and is valid for all values of the wave vector 
in the region of validity of first-order perturbation 
theory. A formula will be given which is identical with 


The author has developed a 


Kq. (11) above for small momentum transfers by fast 
electrons to plasma and which reduces to the Born scat 
tering formula for large momentum transfers. The 
correlation energy in metals, excitations in the general 
dielectric medium including both long short 
range interactions, and the relativistic generalization 
of the dielectric theory will also be considered, 


and 
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Determination of Optical Constants and Carrier Effective Mass of Semiconductors* 
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Ky using reflectivity and absorption measurements in the region 5 to 35 micron, the effect of free carriers 
on the optical constants has been determined for n- and p-type germanium, silicon, and indium antimonide, 
and for n-type indium arsenide, The contribution of the free carriers to the electric susceptibility is obtained 
from the optical constants. A carrier effective mass, m,, is defined in terms of the susceptibility, and the 
significance of m, is considered for four different types of energy band structure. The experimental values 
of m, are compared with those calculated by using data from other experiments. Good agreement was 
found for n- and p-type silicon, n-type germanium, and p-type indium antimonide. In p-type germanium, 
the susceptibility due to transitions between the overlapping bands in the valence band was taken into 
account, However, the resulting m,, for a sample of ~10 cm™ impurity concentration, is larger by a factor 
of 1.8 than that calculated by using cyclotron resonance data. In n type indium antimonide m, increases 
with carrier concentration. If one assumes m, to be energy-dependent, the shape of the conduction band 
calculated is consistent with previously reported measurements of the shift of the intrinsic absorption 
edge with electron concentrations. In the case of n-type indium arsenide, m, differs from the effective mass 
reported from thermoelectric measurements but gives good agreement with the values determined from the 
shift of the intrinsic absorption edge for an impure specimen. 


I. INTRODUCTION bility, which characterizes the energy band. ‘The 
measurements can be made with ease, and the interpre- 
tation is straight forward and does not involve uncer- 
tain assumptions. A number of semiconductors have 
been investigated this way, including n- and p-type 
materials of germanium, silicon, and indium anti- 
monide as well as n-type arsenide. The results will be 
reported and compared with data which are available 
for the semiconductors from other experiments. For 
indium arsenide, the shift of the intrinsic absorption 
edge with carrier concentration has also been measured. 
Such data, which are compared with the results of 
optical constants measurements, have not been re- 


HE reflectivity of semiconductors is usually con- 

stant over a large spectral region on the long- 
wavelength side of the intrinsic absorption edge. The 
value of the reflectivity is close to that which is pre- 
dicted by the refractive index of the bulk material. 
However, measurements on semiconductor samples of 
large carrier concentrations showed variations of re- 
flectivity at long wavelengths.’ The effect has been 
interpreted as due to the contributions of free carriers 
to the electrical susceptibility and conductivity,’ and 
is to be distinguished from the residual ray reflectivity 


bands seen recently in many ILI-V intermetallic semi 


; ported previously. 


conductors 
Both optical constants, the refractive index and the Il. THEORY 

extinction coefficient, can be determined if reflectivity aes ste ; 

(A) Susceptibility, Conductivity, and Effective 


and transmission measurements are made on the same 
Mass of Free Carriers 


material. From the optical constants obtained for 


samples of different carrier concentrations, the con If the applied electric field varies with time accord- 
ductivity and the electrical susceptibility of free carriers 


on mgeee : : ing to 

can be evaluated. The susceptibility is appre¢ iable &, = Ee", 

where the reflectivity shows variations. If the radiation 

frequency is large compared to the collision frequency, then it can be shown that the solution of the Boltz- 
1/r, of the carriers, the susceptibility should be inde- mann equation for the current density in the x direction 


> c av > Tl ayy4 
pendent of 7 and depends solely on the structure of the may be written 
energy band, aside from the carrier concentration. An 


effective mass can be defined in terms of the suscepti . i Tt, fo ’ 
: &, dQ, 
2r)* h 1+ (wr)? dk, 


* This work was supported by an Office of Naval Research 


contract a: O&, TVs Ofo 
t Based in part on a Ph.D. thesis submitted to Purdue Uni : dS, |, 


versity ‘ \2 5 

1K. Lark-Horovitz and K, W. Meissner, Phys. Rev. 76, 1530 of 1+ (wr)? dk, 
(1949) 

2H. Y. Fan and M. Becker, “The Infrared Optical Properties 
of Silicon and Germanium,” Symposium Volume of the Reading — vector, k, space, r is the carrier relaxation time, fo is 
Conference (Butterworth Publishing Company, London, 1951) : 

§W. Spitzer and H. Y. Fan, Phys. Rev 99, 1893 (1955); also *H. Y. Fan, Solid State Physics, edited by F. Seitz and D. Turn 
Picus, Burstein, and Hennis, Bull. Am. Phys. Soc. Ser. II, 2, 66 — bull (Academic Press, Inc., New York, 1955), Vol. 1, p. 352, 
(1951) Eq. (19.3). 
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where 2/(27)* is the density of states in wave number 
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the occupation probability, dQ, =dk,dk,dk, is the volume 
element in wave number vector space, and », is the 
electron velocity in the direction x. We shall consider 
crystals of cubic symmetry. Writing 

4s o&, + x08, Ol, 
the conductivity, o, and the electric susceptibility, xe, 
given by 
Ifo 2 


TV; 


1+ (wr)? dk, (2r)' 


e’ Tv, Ofo 2 
Xe - f dy, 
h 1+ (wr)? dk, (2m) 


should be independent of the direction, x, of the electric 
>1, giving 


(2) 


field. For the cases of interest, (w7r)?> 


e Ofo 2 
f vs dQ, 
hus” Ok, (23) 


which is independent of 7. Integrating by parts, the 


(3) 


integral in (3) becomes 


Wy kp= +o 
J fod, +f [vsfo dk dk,. 
Ok, mee 


The second term is zero. Using v,= (1/h)0//0k,, where 
FE; is the energy of the carrier, we have 


e 
= f 
wh? 


where x is an arbitrary direction in the crystal. We 
note that the same result can be deduced from the 
quantum-mechanical treatment.° 
While the conductivity depends essentially on 7, the 
susceptibility in the range of (wr)?>>1 does not involve r 
and depends only on the structure of the energy band. 
We shall define an effective mass in terms of x¢, 


CE 2 
fd, (4) 


Ok,? (2e)® 


Xe Ve?/w?m,, (5) 


where N is the carrier concentration, and consider the 
significance of m, for four different types of band 
structure. 
(a) The surfaces of constant energy are spherical ; 
k= h*k?/2m*. 
It follows from (4) and (5) that 


m,=m*, (6) 


(b) Each surface of constant consists of 
several ellipsoids, as in the conduction bands of ger 


manium and silicon. Near any one of the minima in 


energy 


6H. Wilson, Theory of Metals (Cambridge University Press, 
Cambridge, 1936), p. 131. 
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the band, the energy can be expressed by 
h 2 5 ? k A k , 2 
{ t . 
2\m, me ms 
where kj), ky, and ky are along the principal axes of the 
ellipsoid. In this case 07/:/0k,* is independent of | ky], 


k»|, and |ks|, and the suse eptibility of carriers in the 
one valley is, according to (4), 


en OE e? —— cos?(k,,k») 
n { 


w* h? dk,? w? my ms 


cos*(k,, ks) 
t 


My 


where # is the concentration of carriers in the valley 
x- for the crystal is obtained by summing the contribu 
tions from all the valleys in the energy band. Because 
of the cubic symmetry, x. is independent of the orienta 
tion of the crystal with respect to k,, and is identical 
to the value averaged over all possible directions of ky. 
We can also take the average of (7) over the directions 
of k, and multiply the result by the number of valleys. 
The result is 


e*N ( 1 I ) 
w? 3\m, ms ms j 


Comparing with (5), we get 


( 1 1 ) 
m, 3\m, mse mM, 


As is seen, fo enters only into the determination of NV 


(9) 


and the result (9) does not depend upon the distri 
bution function 

(c) In germanium and silicon the valence band is 
composed of 3 overlapping bands. ‘The maxima of two 
bands meet at k=O and the maximum of the third band 
is also at k 
conditions the carriers are concentrated in 


Under normal 
the 
higher bands, and the susceptibility will be taken as the 


0 but lies at a lower energy 
two 


sum of that of carriers in each band, Approximating the 
surfaces of constant energy by spheres, we have 
N je? \ ve? 


’ 


wm w*mMs 


where N,, No, 


and effective masses in the two bands, respectively 


m,, and m, are the carrier concentrations 


Using the additional relations, 


m\3 
Vi/No ( ) and V; | Ny V, 
my 
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we obtain by comparison to (5) 


1 m,'+mz! 
: (10) 
m, m,'+mz! 


(d) It has been assumed in the above cases that the 
mass parameters in the (/:,k) relationship are constant, 
independent of energy. Because of some experimental re 
sults to be pointed out, it is of interest to consider the 
case of spherical constant-energy surfaces, 


= h*k?/2m*(k), 


where m*(k) is a function of the magnitude of k. Using 
(1/h)(0E/0k,) and replacing v,? by 40° 


2 € Ofo 
Xe f 1 , Mh. 
(2r)* 3w* Ok 


The quantity dQ can be written as 


LS, ( hk) yradyl \di:, 


hig (3) with v, 
we have 


where S,(/) is the surface in k space corresponding to 
the energy /¢. Integrating first over S,(/:), then over £, 
we obtain 
e 2 |i 
HSY(E), 
w? (2r)* 3h 


where ¢ is the Fermi energy and #! is the velocity 
averaged over the Fermi surface. For spherical constant 
energy-surfaces ; 


Ankh; 1) dF] 
4nkt?, N , ; 


and of 


Su) | 
h\ ok it 


Comparing the expressing of x. with (5), we see that 


1 1 lok 


(11) 


mM, h Re | Ok t 


It should be noted that this value is not the same as 
m* (ky) = hPk,?/f. 
(B) Electric Susceptibility Due to Interband 
Transitions 


Thus far our attention has been restricted to what 
might be called the conductive effect of carriers. When 
an energy band is composed of overlapping bands, 
carrier transitions between the bands may contribute 
to the susceptibility as well as the absorption of radia 
tion. Such absorption has been observed in p-type ger 
manium.® The susceptibility associated with electron 
transitions from a band v to a band 7 is given by’ 

e f jo 
= 


X: he ” 


An?m & Vion? —v? 


® Kaiser, Collins, and Fan, Phys. Rev. 91, 1380 (1953) 
7See H. Y. Fan, Repts. Progr. in Physics XIX, 107 (1956 
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where k is the wave number vector, hv,,, is the energy 
difference between the state at k in the band v and the 


state in the band j at the same k, and [;,, is the oscil- 
lator strength for the transition. Expression (12) may 


be written as 
1 Ty(Vjvk) 
Xe AV jx, 
2 2 2 
Tv Vink — V 


(e*/4m) f jo(v) nov) 


(13) 


where ' 

d,(v) (14) 
is the conductivity which characterizes the absorption 
associated with the transitions. ny(vjx)dvjx gives the 
number of states of the band » per unit volume, for 
which the transition frequency lies in the range between 
Vik ANd Vy +dvjx. If the absorption coefficient, a, 
associated with such transitions and refractive index, n, 
of the crystal are known, then o, can be obtained, 
according to 


o,= (cn/4m)a, (15) 


and the susceptibility x, can be calculated by using (13). 


Ill. EXPERIMENTAL METHOD 


All optical measurements were made at room tem- 
perature (297°K) and the specimens used were all 
single crystals with the exception of the indium arsenide. 
The reflectivity of the material] of refractive index n and 
extinction coefficient « is given by 


(n—1)*+-x? 


, (16) 
(n+1)?+x? 
‘The transmission, in the absence of interference fringes, 
is given by? 
(1—K)*e-* 
: (17) 
1— R%e~ 202 


where @ is the linear absorption coefficient and x is the 
sample thickness. @ is related to « by 


a=4k/X. (18) 


By using these relations, nm and « can be determined 
from measurements of RK and 7. The susceptibility can 
be calculated according to 


€= €9+ 41x, =n? — kK’, (19) 


where ¢o is the dielectric constant in the absence of any 
contribution from free carriers. €) may be obtained 
from a measurement of R on a pure sample. 

The reflectivity is measured using specimens with 
polished surfaces and a thickness such that ax>>1. The 
sample is then reduced in thickness until it is convenient 
for measurements. In most cases this 
thickness is of the order of 10 microns. The thickness is 
measured using transmission interference fringes at 
wavelengths slightly longer than the intrinsic absorption 
edge. Since in almost all of the materials the carrier 


transmission 
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absorption increases with increasing wavelength, the 
fringes are measured in a region with relatively high 
transmission. 

The first experimental test of the validity of (3) is 
made by checking the proportionality between x, and X?. 
The condition, w?r?>>1, should be satisfied if this rela- 
tionship is observed. From (5) and the experimental 
values of x, the quantity V/m, is obtained. ‘The determi- 
nation of the carrier concentration is made from Hall 
measurements on the same specimens which are used 
for the optical measurements. In all cases except silicon, 
the Hall coefficient was the same at 297°K and 77°K. 
If the expression 

Ry Ne (20) 


+] 
is used where Ry is the value measured at 77°K, then 
the Fermi energy may be calculated using 


dor (2mykT)! xida 
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Fic. 1, Reflectivity and refractive index as functions of wave 


length for m-type germanium and p-type germanium sample 
where N is the majority carrier concentration 


where mg is the density-of-states mass, k is the Boltz- 
mann constant, and ¢* is the Fermi level divided by kT. 
In all cases ¢ is found to be at least 7k7 inside the con- 
duction or valence band. Therefore, (20) should yield a 
good estimate of NV at 77°K. For all samples, except 
those of silicon, the carrier concentration at 297°K is 
taken to be the same as the value found for 77°K. In the 
case of silicon the Hall coefficient measured at 297°K 
has to be used. The expression (20) is used to calcu- 
late NV. It will be shown that this value of N leads to a 
value of m, which is in excellent agreement with the 
data of cyclotron resonance experiments, according to 
(9) or (10). 

The Hall coefficient and the resistivity may be com 
bined to give an estimate of a relaxation time 77,7; 


Ru /p=(e/m,) rn. (22) 


This value, 7, should indicate the order of magnitude 
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lic. 2. Extinction coefficient and free carrier sus¢ epubility as 

a function of wavelength for the n-type germanium sample of 

Vig. 1. The straight line through the —4:ryx. points is drawn with 

a slope of 2. 


of the collision time of carriers. One may check the 
condition w*ry?>1 using the frequencies for which y, 
is determined. 


IV. RESULTS AND DISCUSSION 
n-Type Germanium 


The spectral curve for the room temperature reflec 
tivity of an arsenic-doped germanium sample is shown 
and extinction 


’ 


in Fig. 1. The absorption coefficient, a 
coefficient, x, have been determined from transmission 
measurements and « is shown in Fig. 2. The refractive 
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hic, 3. Absorption coefficient, a, vs wavelength for the p-type 
germanium sample of Fig. 1. The numbers (1), (2), and (3) indi 
cate the absorption bands attributed to interband transitions 


within the valence band 
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hic. 4. The susceptibility for interband transitions, x», as a 


function of wavelength for the p-type germanium sample of Fig. 1 


is given by the solid curve. The susceptibility, x-, is given by 


the points 


index, mn, determined as described previously is also 
viven in Fig. 1. The refractive index as a function of 
wavelength was also determined for this sample using 
transmission interference fringes measured to 15 mi 
crons. The results agree within 5°; with those obtained 
from transmission and reflectivity data 

Several of the characteristics of the reflectivity curve 
become clear. The large decrease in the reflectivity 
beyond about 10 microns is due to a decreasing re 
fractive index; the «® term in (16) is negligible until ap 
proximately 18 microns. In this spectral region (17) and 
(19) become 


9 


1)*/(m+-1)? and e€=n?’. 


R=(n 


Beyond 18 microns, the rapidly increasing « is no longer 
negligible in the reflectivity expression (16). The effect 
of x is to increase the reflectivity. Because of the in 
creasing absorption, it was not possible to measure the 
transmission at wavelengths over 24 microns, therefore, 


Sihcon 


Type (N*3.6«10"° 











) 


 (Microns) 


ric. 5, Reflectivity os wavelength for n-type and p-type silicon 
samples, where NV is the majority carrier concentration. 
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the values of m and x could be determined reliably only 
for \<24 microns. 

A plot of In(—4yx,) vs Ind is given in Fig. 2. As is 
seen, the wavelength squared dependence of x, is quite 
well satisfied for the sample. The value of m, obtained 
from the susceptibility measurements is 0.15m, where m 
is the free electron mass. This result is in reasonably 
good agreement with the value of m,=0.12m obtained 
from (9) by using cyclotron resonance data.* 

It is also of interest to note that the slope of the 
absorption curve is approximately 2.9, which is con- 
siderably larger than the 2.0 predicted by Drude theory. 
This effect has been reported previously .® 


(B) p-Type Germanium 


The interpretation of the measurements for p-type 
germanium is complicated by the presence of inter- 
band transitions of the type considered in Sec. (IIB). 
The reflectivity and absorption coefficient curves for a 
gallium-doped germanium sample are shown in Figs. 1 
and 3. The 3 bands seen in the absorption coefficient 
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Fic. 6. Reflectivity and refractive index vs wavelength for 
a p-type indium antimonide sample. 


curve has been attributed to the interband transitions.!° 
The rise at the long-wavelength end of the curve?! is 
due to .the ordinary conduction effect of the free 
carriers, 

When one uses the values of » deduced from the 
reflection and the con- 
ductivity o,(v) associated with the interband transitions 
can be calculated from the absorption coefficient. The 
susceptibility x, can be then calculated using (13). The 
results are given in Fig. 4. The measured values of n 
and « determine the total susceptibility of free carriers. 
Subtracting from it x,, we obtain x, which is also given 


transmission measurements, 


in Fig. 4 for various wavelengths. The dashed curve is 
drawn proportional to \? and so as to give the best fit. 
The curve gives m,=0.50m. On the other hand, Eq. (10) 
gives m,=0.27m using the cyclotron resonance values 
of m, and m».* The discrepancy seems to indicate that 
a high impurity concentration, 1.110" cm~ in the 
sample used, changes the values of m,. 


* Dexter, Zeiger, and Lax, Phys. Rev. 104, 637 (1956). 

* Fan, Spitzer, and Collins, Phys. Rev. 101, 566 (1954). 

A. H. Kahn, Phys. Rev. 97, 1647 (1955). 

"EF. Johnson and W. Spitzer, Phys. Rev. 94, 1415 (1954). 
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(C) n-Type and p-Type Silicon 


Both the n-type and p-type silicon measurements are 
treated in the same manner as the n-type germanium. 
Although silicon has a valence band structure similar 
to that of germanium, the p-type silicon carrier absorp- 
tion spectrum does not show any band structure up to 
40 microns. Figure 5 shows the reflectivity curves for 
the silicon samples. The values of m, are 0.27m for the 
n-type silicon and 0.37m for the p type as determined 
from (5). These values are to be compared to the 
corresponding values of 0.26m and 0.39m.° The agree- 
ment in both cases is quite good, 


(D) p-Type Indium Antimonide 


The reflectivity, refractive index, absorption, and 
susceptibility curves for a zinc-doped indium anti- 
monide sample are shown in Figs. 6 and 7, It is usually 
found in semiconductors that the free-carrier absorption 

20000f —S=«Sn Sv 
P-Type 


15000 


Oe anaes 


Fic. 7. Absorption 
coefficient, a, and 
susceptibility, x, vs 
wavelength for the 
p-type indium anti 
monide sample of 
Fig. 6. 
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increases with increasing wavelength. Although the 
absorption in p-type indium antimonide shows little 
wavelength dependence, it is assumed that the absorp 
tion is due to the conduction effect of free carriers. The 
susceptibility x, obtained on this assumption does show 
the A? dependence. The value m,=0.20m is obtained 
which is in good agreement with the cyclotron resonance 
value of 0.18m.'? 


(E) n-Type Indium Antimonide 


The measurements indium antimonide 
yield several interesting results. Figure 8 shows the 
spectral dependence of the reflectivity for five tellurium- 
doped samples of different carrier concentrations. The 
striking difference between these reflectivity curves and 
those previously shown are the extremely deep minima 
in the curves’ of Fig. 8. The depth of the minimum is 


on n-type 


12 Dresselhaus, Kip, Kittel, and Wagoner, Phys. Rev. 98, 556 
(1955). 
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ric. &. Reflectivity vs wavelength for five n-type indium anti 
monide samples. The refractive index curve labeled n is for the 
sample with VN =6.210!7 cm=4 
controlled by the extinction coefficient «. It is clear 
from (16) that as long as x? is small, the reflectivity will 
reach a low value at a wavelength corresponding to 
n™1. Whether or not «x? will be small near this wave 
length depends on the value of 7. Whereas a is deter 
mined by 7, x. is independent of it. Both o and x, 
increase in magnitude with the wavelength. With a 
large value of 7,0 may be low enough to give small 
4rry, becomes sufficiently large 


values of x, while 


TABLE I. A summary of the experimental data from the present 


measurements. The last column contains the values for effective 
mass of free carriers obtained from other measurements 


Keffective mass 
from other 
measurements 
m,/m 


Present measi 


Material , N TH 


irements 


m,/m 
4.9 K10'8 410 
1.1 x10" 210 
4.6 ~10'8 7 *10 
96 *10" 010 
1.9 X10'% 4.0 %10°% 
4.5 X10" 4.7 K10 
6.2 (5) X10 4.0 x%10" 
1.2 x10" 40 x*10"' 
2.4 ¥10'8 3.2 ¥10 
4.0 *%10'" 2.6 %10" 
2.4 *10"" 2.7 K10 
1.4 10) 3.8 xX10°" 


O15 
0.50 
0.27 
0.437 
0.20 
0.023 
0.029 
0.032 
0.040 
0.041 
0.030 
0.044 


0,12" 
0.27« 
0.26" 
0.40" 
O18! 
0.0158 
0.044 


Germanium 
Silicor 


InSb 


0.064 


® See reference 
b See reference 
© See reference 
4 See reference 
* See reference 
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Fic. 9, Absorption 
coefficient, a, and 
susceptibility, x, vs 
wavelength for the 
n-type indium anti 
monide sample of 
Fig. 9, where N =6.2 
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to reduce the dielectric constant and the refractive 
index. The minimum value of reflectivity will, there 
fore, be low. This point is illustrated in ‘Table I where 
it is seen that the values of ry determined from (22), 
are an order of magnitude larger for n-type indium anti 
monide than for any of the other materials discussed 
thus far. The spectral curves for the refractive index, 
absorption coefficient, and susceptibility for one of the 
samples are seen in Figs. 8 and 9. It is indeed seen that 
x? is negligible in (17) until the minimum reflectivity is 
reached, 

The very low value of the minimum in the reflectivity 
curve also makes it unnecessary to make the trans- 
mission measurements to determine x,. When the value 
of R is small at the minimum, then «<1 according to 
(16). Since « decreases with decreasing wavelength, it 
can be neglected on the short wavelength side of the 
minimum reflectivity. 

The value of m, has been determined for each of the 
samples in Fig. &. It is not a constant but varies from 
m, = 0.023m for the sample of smallest carrier concentra 
tion to m, =0.041m for the largest concentration. Figure 
10 shows a plot of m,/m as a function of carrier concen- 
tration, While it may be expected that the introduction 
of impurities could alter the shape of the conduction 
band, the observed variation of m, 
larger than we would expect. It is believed that the 
conduction band in indium antimonide has spherically 


is considerably 





Fic, 10, The dots represent the measured values of m,/m as a 
function of electron carrier concentration in n-type indium anti 
monide 
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constant energy surfaces. If one takes m, as a function 
of energy, Eq. (11) must be used for its interpretation, 
all samples being degenerate. By using the relation 


2 4rk;* 
N= —- 
(2x)? 3 
Eq. (11) may be written as 


\0E| h®(3e2N)! 


| i= (23) 
OR |r mM, 


Cyclotron resonance measurements made at room tem- 
perature give an effective cyclotron mass of 0.15m." 
Phe sample used should be intrinsic at room tempera- 
ture with an electron concentration of the order of 
10'® cm’, The electrons are not degenerate and the 
effective cyclotron mass is not given by (11). However, 


N (cm°3) 
_2.7x10'' 9,3x10'" 2.2x10" 4.3xi0'* 
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Fic. 11. Conduction 
band energy of n-type 
indium antimonide vs 
magnitude of wave num- 
ber vector, k, and carrier 
concentration, V 
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we note that the value falls not far from the extrapola- 
tion of the curve of m, in Fig. 10. Using Fig. 10, 
Eq. (23) may be integrated. A plot of FE vs k for the 
conduction band obtained in this way is shown in 
Fig. 11. The values of / at small N, in Fig. 11, are 
affected to some extent by the extrapolation of the 
curve in Fig. 10 and are therefore not too reliable. 

It is well known that the intrinsic absorption edge 
of indium antimonide shifts to shorter wavelengths as 
the electron carrier concentration increases to larger 
values. These results have been previously analyzed '* 
on the basis of an effective mass of 0.03m independent 
of energy. It is of interest whether the energy de- 
pendent effective mass determined from the suscepti- 
bility is in contradiction with the experimental edge 
measurements. The dots in Fig. 12 give hv vs k for a 
number of samples, where hy is the experimental value 


' Burstein, Picus, and Gebbie, Phys. Rev. 103, 825 (1956). 
“W. Kaiser and H. Y. Fan, Phys. Rev. 98, 966 (1955), 





DETERMINATION OF 
of the photon energy for an absorption coefficient of 
300 cm~! and k is the electron wave number determined 
from N. The expression for the energy,'' hy, corre- 
sponding to an absorption coefficient, a, is 


m,* ag—-a\" 
hv(a)= E, (1 [ser in( ) , (24) 
m)* a 


where F, is the energy gap, & is the Boltzmann con- 
stant, and ap is the absorption coefficient in a pure 
sample at the same Av. The derivation of this expression 
assumes direct transitions across the forbidden energy 
gap. The Fermi energy, {, may be taken from Fig. 11. 
Using ao and @ from room temperature absorption 
graphs, (hv—F,) may be calculated. The crosses on 
Fig. 12 are the calculated values of (hv—,) taking 
Kk, to be 0.18 ev. The theoretical points are in reasonable 
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Fic. 12. Photon energy, hv, for an absorption coeflicient a= 300 
cm™ of the n-type indium antimonide intrinsic absorption edge 
as a function of the magnitude of the electron wave-number 
vector, k, at the Fermi energy. The dots are experimental values 
taken from the data of (1) Kaiser and Fan! and (2) G. Gobeli, 
Purdue University (unpublished). The crosses are the calculated 
values. 


agreement with the experimental data given by the dots. 
The value /,=0.18 ev, chosen for best fit, is in good 
agreement with previous estimates of /, at room 
temperature.!° 


(F) n-Type Indium Arsenide 


Reflectivity curves for two polycrystalline n-type 
indium arsenide samples as well as one p-type sample 
are shown in Fig. 13. The n-type curves are quite 
similar to those for n-type indium antimonide. How 
ever, although the carrier concentrations of the two 
samples differ by a factor of ~6, the m, is substantially 
the same for both samples. The values obtained are 


m,=0.030m for the sample of lower carrier concen- 


16M. Tannenbaum and H. B. Briggs, Phys. Rev. 91, 1561 


(1953); also reference 14 


OPTICAL CONSTANTS 


Fic. 13. Reflectivity vs wavelength for two n-type indium 
arsenide samples as well as a p-type sample of a sufliciently small 


hole concentration such that x.~0 for the wavelengths used 


0.033m for the second sample. We shall 


m* is energy independent. 


tration and m, 
assume therefore that m, 
Recent thermoelectric measurements of indium arsenide 
yield an electron effective mass of'® 0.064m between 500 
and 800°K which is considerably higher than our value. 
Although our samples have much higher impurity con 
centrations, the insensitiveness of m* to the'impurity 
concentration seems to rule out this difference as the 


@—@ 1 -type:N 


tm" n-type.N 
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Nic. 14. The room temperature intrinsic absorption edge as a 
function of photon energy for two indium arsenide samples 


1H. Weiss, Z. Naturforsch. Ila, 131 (1956). 
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cause of discrepancy. Moreover, the Fermi energies of 
the samples used here correspond to temperatures 
greater than 500°K. 

Also, similar to the case of n-type antimonide, the 
intrinsic edge for impure n-type indium arsenide samples 
is shifted to higher energy. Figure 14 shows the room 
temperature intrinsic edge as a function of photon 
energy for a p-type sample of low carrier concentration 
and an n-type sample with a carrier concentration of 
2.20K10'"* cm”™*. By using (24) with F,=0.33 ev" 
hv(a)=0.470 ev, and m,*/m*~01, € may be deter 
mined for the impure sample. From ¢ and N, m* is 
calculated to be 0.035m. The value of L,=0.33 ev 
obtained from either photovoltaic effect or optical 
absorption is subject to uncertainty, depending on 
what level of the effect is taken to be the threshold. 
As can be seen in Fig. 14, the value of /, can be taken 
to be 0.31 ev, in which case we would obtain m* =0.031m 


17 RM. Talley and D. P. Enright, Phys. Rev. 95, 1092 (1954); 
also F. Oswald, Z. Naturforsch. 10,927 (1955). 
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in substantial agreement with the values given by the 
susceptibility. 

Table I summarizes the results obtained for the 
various semiconductors investigated. Available data on 
effective mass given by other experiments are given for 
comparison. The relaxation times, ty, are determined 
from the room temperature electrical measurements 
and Eq. (22). 

Measurements of the optical constants provides a 
simple method of determining the effective mass of 
carriers. However, in cases where there is more than one 
band of spherical constant energy surfaces or a band in 
which the constant energy surfaces are not spherical, 
the value m, obtained is an average and the individual 
mass parameters cannot be determined. Another limita- 
tion is the necessity of using rather large carrier con- 
centrations and, therefore, large impurity concentra- 
tions, which may affect the effective mass to some 
extent. For samples of smaller carrier concentrations, 
measurements have to be made at longer wavelengths. 
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Stress in Evaporated Ferromagnetic Films 


J. Ross MaAcboNnaLp 
Texas Instruments Incorporated, Dallas, Texas 
(Received February 8, 1957) 


Ferromagnetic resonance and oscillation magnetometer measurements on a thin evaporated nickel film 
annealed in a magnetic field are described, Observations of the dependence of the resonant field magnitude 


on the angle in the plane of the film between the direction of the magnetic field during annealing and the 


static resonance field direction show that magnetic annealing produced a preferred magnetic axis in the 
plane of the film, The good agreement between theory and experiment allows one to establish that the film 


had bulk nickel g and saturation magnetization values, a large isotropic tension in the plane, and a lesser 
uniaxial compression in the plane in the direction of the preferred magnetic axis. In the light of these results, 


it is suggested that part of the discrepancy between theory and ferromagnetic resonance experiments found 


recently by Conger and Essig for the dependence of saturation magnetization on evaporated film thickness 
may have arisen from their omission of stress corrections to the resonance condition. Further, part of the 


difference between film switching times derived from resonance line widths and those directly measured 


on the same films by these authors may have been caused by the narrowing of ferromagnetic line widths for 
thin films, as compared with bulk material, produced by the strong dependence on resonant absorption of 
power transmission entirely through sufficiently thin films. 


ERROMAGNETIC resonance and oscillation mag- 


netometer' * measurements on films or disks afford 


a powerful means of determining accurate g values’ 


and of investigating the dependence of saturation 


magnetization,'” magnetocrystalline anisotropy,°* and 


stress'*® on film parameters. 
It has recently been shown that thin alloy films 
evaporated and annealed in a magnetic field lying in 


1 J. R. Macdonald, Phys. Rev. 81, 312(A), 329(A) (1951) 

* J. H. E. Griffiths and J. R. Macdonald, J. Sci. Instr. 28, 56 
(1951) 

4 J. KR. Macdonald, Ph.D. thesis, Oxford, 1950 (unpublished), 

‘J. H. E, Griffiths, Physica 17, 253 (1951). 

*A. F. Kip and R. D. Amold, Phys. Rev. 75, 1556 (1949) 

* J. R. Macdonald, Proc. Phys. Soc. (London) A64, 968 (1951). 


the plane of the film show rectangular hysteresis loops’ 
and are useful for very fast swilching and storage 
applications.*~* The magnetic field causes the films to 
develop a preferred magnetic axis or uniaxial anisotropy 
in the film plane. An applied magnetic field can then 
switch the film magnetization from a parallel to anti- 
parallel orientation along the magnetic axis and vice 
versa. 

This current interest in evaporated films has sug- 
gested that the use of the above measuring techniques 
be illustrated for data’ obtained in the spring of 1950 on 

1M. S. Blois, J. Appl. Phys. 26, 975 (1955). 


*R. L. Conger and F. C. Essig, Phys. Rev. 104, 915 (1956). 
DP. O. Smith, Phys. Rev. 104, 1280 (1956). 





STRESS IN EVAPORATED 
an evaporated nickel film annealed at about 300°C in a 
magnetic field of several hundred oersteds. Similar 
results were obtained on films both evaporated and 
annealed in a magnetic field. The film was evaporated 
on a mica substrate, and a disk 1.47-cm in diameter 
punched out after magnetic annealing and slow cooling. 
Its thickness determined by weighing was 2.34. The 
results of A-band resonance measurements on this film 
are illustrated in Fig. 1, where //” is the resonant field 
corrected for shape demagnetization effects,® y is the 
angle between the applied static field 47) (taken in the 
Z direction) and the direction in the film corresponding 
to the direction of the magnetic field during annealing, 
and side 1 is that attached to the mica. For a poly- 
crystalline film having random crystallite orientation 
and lying in the Y—Z plane, the resonance condition 
may be written® 

3074 


Bo + t 
M 


3AoT 
cos’6 


M 0 


hw LB 


3roT 


Xt Hot cos20 = A 


where Ao is the isotropic magnetostriction constant, 
~ 34 10~° for nickel, Mo is the saturation magnetiza- 
tion, 7) is a planar stress isotropic in the X —Z plane, 
and 7 is a unidirectional stress lying in the X —Z plane 
at an angle 6 with the applied static field. The stresses 
are positive for tension, negative for compression. 

The solid lines in Fig. 1 are calculated for the best fit 
of the data to Eq. (1) using 6=~¥, and g= 2.21, the bulk 
value for nickel. The equivalence of 6 and y makes it 
clear that the uniaxial anisotropy shown by Fig. 1 was 
caused by the magnetic field during annealing. A similar 
angular defendence would have been obtained for 
uniaxial magnetocrystalline anisotropy; since the film 
is polycrystalline and nickel does not have uniaxial 
magnetocrystalline anisotropy, it is preferable, however, 
to assign the observed dependence to uniaxial stress 
rather than to magnetocrystalline anisotropy.* The table 
shows the values of 7) and 7 in dynes/cm? obtained for 
the two sides by curve fitting. In a more exact treat- 
ment, account would have to be taken of the dependence 
of the magnetostriction constant on stress and single 
domain structure. In the present film, which is likely 
to be approximately a single domain and for which Ao 
is negative, such correction could result in a maximum 
reduction of the values of 7’) and 7 given in the table 
by a factor of as much as 33%. Since the sample was 


* Note added in proof.—Although a partial atomic ordering 
could yield uniaxial anisotropy even for a cubic element, Bozorth 
{ Proceedings of the Conference on Magnetism and Magnetic 
Materials, Boston (October 16-18), 1956, p. 69] has recently 
preferred to interpret thin-film uniaxial anisotropy in terms of 
possible ordered imperfections caused by small strains. Relating 
the observed uniaxial anisotropy to stress seems more consistent 
with this explanation than does relating it to magnetocrystalline 
anisotropy; the matter is by no means closed however. 
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Fic. 1. Dependence of the resonant field strength of a magneti 
cally annealed nickel film upon planar angle between film mag 
netic annealing direction and resonance static field direction 
Side 1 is that attached to the substrate 


about 10 skin depths thick at resonance, the two sides 
are effectively isolated from each other for resonance 
measurements, 

To i i 
5.2 10° 2.5% 10 
5.1 108 


Side 1 


Side 2 &.4« 10" 


‘These results show that for side 1, for example, there 
is a tension of 4.9% 10" dynes/cm? along the easy axis 
in the film and a tension of 5.210% dynes/cm? per 
pendicular to this axis. The reduction in tension, or 
alternatively, the compression caused by magnetic 
annealing may be tentatively explained as follows. 
Because of the negative value of \ for nickel, it is 
easier to magnetize it in the direction of a compression 
than a tension. It is possible that the uniaxial compres 
sion inferred from the measurements on the above basis 
is associated with the inverse effect : magnetic annealing 


produces an easy direction of magnetization which, in 


turn, produces compression, ‘The planar stress 7) prob 
ably arises from several processes such as (a) intrinsic 
compression TAFE (where E 
710" dynes/cm? for nickel arising 


is Young’s modulus) 
equal to about 
from magnetostriction on cooling from the Curie point 
to room temperature,’ (b) tension produced by loss of 


“1, F. Bates, Modern Magnetism (Cambridge University Press, 
New York, 1951), third edition, p. 450. 
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crysta] imperfections during deposition and annealing,'' 
and (c) differential contraction stress caused by the 
difference in the coefficients of thermal expansion of 
nickel mica.'** Since the nickel coefficient is 
greater than that of mica, one would expect the film 
to be under tension on cooling from its formation tem- 
perature of about 300°C to room temperature. The 
values of 75 in the table are in substantial agreement 
with the value calculated from such differential con- 
traction® and with values obtained by another method 
on somewhat similar samples by Hoffman and Crit- 
tenden.'* ‘The results are somewhat anomalous for this 
film, however, in that the larger 75 value is found for 
the outer side; in the vast majority of films measured, 
the plane tension relaxed from a large value on the 
mica side to a smaller value on the outer side.’ This 
, may have been 
more important for this magnetically annealed film 


and 


result suggests that cause (b), above 


than cause (c). 

Oscillation magnetometer measurements on this film 
gave independent verification of the value g= 2.21 used 
in the resonance calculations. mag- 
netometer measures both Mo and the average demag- 
netization factor (a)=((N,y—N,)M>) for the film. Neg- 
lecting uniaxial stress 7, (a)=49Mo+3MTo)/Mo for 
this film, where (7) is an average of the plane stress 
through the thickness of the film. Experimentally, (a) 
was found to be 4780 gauss. Alternatively, the resonance 
experiments allow one to determine a;=(Ny—N,)\Mo 
within a skin depth of the surface, where i= 1, 2 for the 
two sides. From curve fitting, we can obtain the portion 
of a, arising from shape effects and isotropic stress and 
find, for the curves of Fig. 1, 5086 and 4420 gauss for 


The oscillation 


sides one and two, respectively. The arithmetic average 
of these values is 4753, satisfactorily close to 4780 
when it is recognized that the plane stress may not 
vary linearly from one side to the other and when 
possible experimental error in (a) is taken into account. 


The value of Mo found with the oscillation mag- 
netometer was equal to the bulk value for nickel within 
the limits of error. We have elsewhere" discussed how a 
modified oscillation magnetometer can be employed to 
give an independent measure of the anisotropy factor 
(V,—N,)Mo also appearing in the ferromagnetic reso- 
nance equation. Thus, the oscillation magnetometer 
can measure average values of both demagnetization 
factors appearing in resonance experiments. 

Conger and Essig have recently carried out ferro- 
magnetic resonance measurements on thin evaporated 


"EE. C. Crittenden, Jr. and R. W. Hoffman, Revs. Modern 
Phys. 25, 310 (1953). 

2R. W. Hoffman and E. C. Crittenden, Jr., Phys. Rev. 78, 
3$49(A) (1950), 

4 J. R. Macdonald, Rev. Sci. Instr. (to be published). 
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alloy films and have mentioned stress corrections with- 
out showing how the corrections are quantitatively 
related to stress or determining their magnitudes by 
means of angular measurements such as those of Fig. 1 
and/or by the use of magnetometer measurements. 
They have also presented a curve of the dependence 
of 44M, on film thickness for an 80-20 nickel-iron alloy. 
This curve does not agree with theory and other experi- 
ments'! very well, as Conger and Essig point out. The 
values of 4%Mo were obtained from the resonance 
equation assuming no dependence of g on thickness 
and applying no stress corrections at all. We wish to 
suggest that a part of the observed decrease in 4M as 
the film thickness is decreased could have come from 
isotropic planar tension arising from the causes dis- 
cussed above. Earlier measurements by the author on 
an extensive series of evaporated nickel films down to 
870 A thickness showed a strong dependence of apparent 
4nM, and/or g on film thickness until the resonance 
equation was corrected for the presence of isotropic 
tension, separately measured with the oscillation mag- 
netometer. After such correction, both g and 41M, 
were found to be independent of thickness down to 
the minimum thickness measured.'* It is possible that 
stress corrections would, therefore, bring Conger and 
Kssig’s results into better agreement with other experi- 
mental results and theory. 

Finally, it should be mentioned that ferromagnetic 
resonance measurements on films of the order of a skin 
depth thick should be interpreted with care since 
transmission of microwave power through the film and 
possible reflection of some of the transmitted power 
back into the film may change the resonant field and 
cause an apparent change in g or 44Mo. For nickel films 
of thickness 0.684 or less measured by the author at 
K-band, no appreciable shift was found between the 
resonant fields determined by absorption and those 
determined for the same film by power transmission 
through the film into an adjoining wave guide.’ How- 
ever, it was noted that whenever there was appreciable 
transmission of microwave power through the film, the 
absorption resonance curve, wr’, tended to narrow as 
compared to its thick-sample width. Such narrowing 
agreed with theoretical predictions.’ It is associated 
with the fact that the skin depth increases as Hg 
deviates from Ho’, and therefore much more power is 
transmitted by the film (and less absorbed) off reso- 
nance than at resonance. Conger and Essig* have used 
the width of such curves to calculate damping constants 
which are then related to experimental film switching 
times. The values obtained from resonance experiments 
are much smaller than those determined by switching, 
and it is possible that a relatively small portion of the 
difference may be ascribed to the above narrowing. 
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Magnetic Properties of Cu-Mn Alloys 


Ker Yosipa* 
Department of Physics, University of California, Berkeley, California 
(Received February 18, 1957) 


The polarization of conduction electrons due to s-d interaction in CuMn alloys is investigated. The 
uniform polarization due to the first order perturbed energy corresponding to the Fréhlich-Nabarro and 
Zener mechanism is shown to be completely modified by the first order perturbation of the wave functions 
and the polarization is concentrated in the neighborhood of the Mn ions. At the same time it is shown that 
the Fréhlich-Nabarro interaction is included in the Ruderman-Kittel result as one component. The elec 
tronic g-value of Mn ions and the Knight shift of the Cu-nuclei are also discussed from this point of view 


I. INTRODUCTION 


ROBLEMS concerning the hyperfine interaction 

between conduction electrons and nuclear spins in 
metals were first treated by Fréhlich and Nabarro.! 
They investigated the uniform polarization of the con- 
duction electrons due to the first-order perturbed 
energy. Ruderman and Kittel? and Bloembergen and 
Rowland* treated the effect of the second order per- 
turbation and explained the anomalous broadening of 
the absorption line in the nuclear magnetic resonance in 
metals by the indirect I-I coupling arising from the 
second order perturbation. 

In transition metals and in alloys including transition 
metal ions the interaction between the 
electrons and the d-electrons can be treated in a com- 
pletely parallel way to the hyperfine interaction in 
metals. Zener* proposed a mechanism of polarizing the 
conduction electrons by the exchange interaction with 
the d-electrons of the paramagnetic ions. This is the 
mechanism due to the first order perturbation and 
corresponds to the Fréhlich-Nabarro treatment. In con- 
nection with the problems of metallic ferromagnetism, 
Kasuya’ carefully investigated the interaction between 
the conduction electrons and the localized d-electron 
spins, including the second order effect. 

Recently, Owen, Browne, Knight, and Kittel® have 
made experiments on the magnetic properties of Cu-Mn 
alloy systems and have discussed the effects of the 
exchange interaction between the conduction s-electrons 
and the localized d-electrons of the Mn ions. According 
to their discussions, the first-order effect of the s-d 
interaction corresponding to the Zener mechanism 


conduction 


should give rise to a large extra Knight shift of the Cu 
nuclear spins and a large electronic g-value of the Mn 
spins on account of the uniform polarization of the 


* On leave from the Department of Physics, Osaka University, 
Osaka, Japan. 

1F, Fréhlich and F. R. N. Nabarro, Proc 
A175, 382 (1940). 

2M. A. Ruderman and C. Kittel, Phys. Rev. 96, 99 (1954) 

4N. Bloembergen and T. J. Rowland, Phys. Rev. 97, 1679 
(1955). 

4(, Zener, Phys. Rev. 87, 440 (1951). 

6 T, Kasuya, Progr. Theoret. Phys. 16, 45 (1956) 

*Qwen, Browne, Knight, and Kittel, Phys. Rev. 102, 1501 
(1956). 


Roy. Soc. (London) 


conduction electrons. ‘The effect of the uniform polari- 
zation of the conduction electrons, however, has not 
been observed in their experiments. 

The purpose of the present paper is to investigate the 
contribution of the second-order effect corresponding to 
the Ruderman-Kittel mechanism to the hyperfine inter 
action in metals and its relation to the first order effect. 
A partial solution of this problem can be found in 
Kasuya’s paper’ though he did not explicitly mention 
this problem. 

On the other hand, according to the Friedel theorem 
the perturbing potential due to the impurities added 
in the metal is completely screened out except in the 
neighborhood of the impurities. Friedel’? and Bloem 
bergen and Rowland® explained by this theorem that 
the Knight shift of ‘Tl’? in Tl metal including less than 
three percent tin is the same as that in pure T] metal. 

Recently Hart also discussed the localization of 
the polarization around the manganese atoms and 
hence the absence of an additional copper Knight shift. 
He pointed out that we must have a localization of 
the polarization independent of the particular model 
or mechanism envisaged. This follows directly from a 
general result due to Friedel (when properly formu 
lated), and in fact the present calculation furnishes an 
illuminating illustration of Friedel’s result 


II. POLARIZATION OF CONDUCTION ELECTRONS 


In this section we shall consider the polarization of 
the conduction electrons due to the s-d exchange inter 
action. ‘The Hamiltonian of the s-d interaction has been 
given by Kasuya® and by Mitchell®® as follows: 


NOUS de Don J (K—k’) expli(k—k’)-R,, | 
K ( (44 dey — Oy ay) Sy? 


+ Oy * ay Sa + dy "diy 5n'), (2.1) 


where N is the total number of lattice points and 
J(k—k’) is the exchange integral between a conduction 


7J. Friedel, Advances in Physics (Vaylor and Francis Ltd., 
London, 1954), Vol. 3, p. 447 

*N. Bloembergen and T. J. Rowland, Acta Metallurgica 1, 731 
(1953) 

* E,W. Hart (private communication and to be published) 


%* A. H. Mitchell, Phys. Rev. 105, 1439 (1957) 
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electron and the d-core spin of the Mn ion. The exchange integral may be written 


4 
I(k—k’) vf 


where k and k’ are the wave vectors of the conduction 
electron, R, represents the position of the Mn ion and 
S, represents its spin operator. a.,* and a,, are the 
creation and annihilation operators for the electrons 
with wave vector k and + or 

‘The z axis is taken as the axis of quantization of the 
electron spins and the state of the system is specified 


spin. 


by giving the number of electrons of each spin for 
each value of k. The s-d interaction expressed by (2.1) 
has the following diagonal element: 


an 5, 
where n, and n_ represent the total number of electrons 
of 4 spin. This diagonal energy becomes lower 
as n,—n_ increases, and tends, therefore, to polarize 


NV U(O) (n, (2.3) 


and 


the conduction electrons. 
ha! he Fermi energies for electrons with + and 
are given by 


spins 


Ey*= (h?/2m)km?FNOSI (OVD Sn’, (2.4) 


the maximum wave 


spins and they are related to mn, 


where k,* are, respectively, 


vectors of { and 


by the following equations: 


ny = (V/On) Rn, (2.5) 


Now let us denote the maximum wave vector for the 
unpolarized state by &,, and the total number of elec- 


trons by 2n=n,+-n_. Then we have 


n= (V/6n")k,,. (2.6) 


If we put 


we get 
E,*= Ey 2E,(Ak/km) FNS (O)S on Sa?, (2.8) 


where Ey, represents the Fermi energy of the un 
polarized spin system. Similarly we obtain, for mn, 
and "_, 


ny=n+t3n(Ak/k»). (2.9) 


Ak is determined by the condition that yt and EF, 


should be equal to each other. This gives 


Ak/km=[N-I (0) /2E\¥in Sut. (2.10) 


Inserting (2.10) into (2.9) we obtain the following 
expression for m4: 


n, =n (3n/2E)N“I(0)S 04 Sn’. (2.11) 


The change of the total kinetic energy is given by 


AE= (E;/6n)(n,—n_)?. (2.12) 


‘The result (2.11) can also be obtained by minimizing 
the sum of (2.3) and (2.12) with respect to (m,—n_). 


(kW) Rng, * (rs )ba*(to— Ryde (82)ba(ti— R,.) 


dr\2, (2.2) 
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The polarization expressed by (2.11) is that given by 
Frohlich and Nabarro' and Zener.‘ Here it should be 
noted that this polarization arising from the first-order 
perturbation of the energy is proportional to N~'J (0) /Ey 
and, as will be shown below, that from the first-order 
perturbation of the wave function has the same order 
of magnitude. The first-order energy including the 
change of the kinetic energy is given by 


— (3n/2E,) [NJ (0)¥.n Sn? (2.13) 


‘This energy is proportional to [N~/ (0) ?/E,, and has 
the same order as the second order perturbed energy. 
Next, we shall calculate the change of the density of 
the + and — spins due to the first-order perturbation 
of the wave function. The first-order perturbed wave 
function of the conduction electron is given by 


. Werk 
ou=ou't y 3 (2.14) 
ol Fy “ Fy 


px’. 


With the use of (2.1) as 3C and approximating ¢," with 
the plane wave (1/V)4e™'', we obtain 


2m J (k—k’) 
} . Bg - > eilt k’) ‘Rn 
he y Re bk” n 


oust = Ong? 


K {AS nde? t+Sntbes}, (2.15) 
where + and express the plus and minus spins, 
respectively, and the prime attached to the summation 
means to exclude the term k=k’. The densities of + 
spins can be obtained by calculating the quantities 


kea™ 


} Dd ous "bus 


k 


by means of (2.15) as follows: 
I t 2m 


pr) 


xd fei ke’) -(r Rn) 4 eo i(k’) Cr Ra)) $2, (2.16) 


The first term in (2.16)_is written with the use of (2.11) 


1 3n 
Ns n+—N-“J(0)° S,? 
V V 2Ey ‘ 


(2.17) 


Now we put k—k’=q and, when we perform an 
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integration over k, the second terms in (2.16) become 
2m V : 4kn#?—gG | 2kn*+q 

t >’ J (q)} km*4 In| | 
VN}? 16n? 4 4q | 2Rm*—q| 
Xd afc 


Here, if we consider the relation 
written as 


| 
Rn) 4 ¢ iq:(r Rn)) 5,7. 


(2.6), (2.16) can be 


1 3n N 
N-J(0) > S,'4 


n 3n 1 
p+(r) + 


V 2E,V n 


XE! I (gy f(Qd (ee Be) fea (Rwy S 
q n 


(2.18) 
and 
4k,,” 


f(q)=14 In 
IR) 


2kn tq! 
ieoud | (2.19) 
ein oe q 


We have neglected the difference between k,,* and ky, 
in /(q). In the expression (2.18), the second term is the 
polarization coming from the first-order perturbation 
of the energy and it is uniform over the metal. The 
third term comes from the first-order perturbation of 
the wave function and has the same order of magnitude 
as the second term. 

The term q=0 which is omitted from the summation 
of the third term can easily be shown to be just equal 
to the second term because /(Q) is equal to 2. Therefore, 
we finally obtain 


n 13nN , 
px(r) x > J(q)f(q) 
V 8K V a 


en S,*Le'4 (r—Rn) | mn | (r-Rn) |, (2.20) 


where the summation should be taken over all q-values 
including q=0. We wish to emphasize that the expres 
sion (2.20) includes both the first order effect con- 
sidered by Frohlich and Nabarro and the second order 
effect considered by Ruderman and Kittel. 
Here, if we put J(q)=const, we can perform the 
integration over q in (2.20) as 
V"> f(qeia ® 
4 


F (x) 


-24(n/N)F(2kmR), (2.21) 


(1/24) (x cosx— sin), (2.22) 


and we obtain 


1 (3n)? 
pi (r) f art (O)N 1 FL ke r—R,, 1S... 
ae sae «7 n 


(2.2.3) 


Equation (2.22) is the same as the function obtained 
by Ruderman and Kittel. This expression becomes 
infinite as r tends to R,. This is due to the approxima 
tion of J(q) In actuality, J(q) would 
decrease with q. Noting that the function f(q) abruptly 


constant. 
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2km, and putting J (q) /(q) = 2/7 (0) for 
O for q> 2k», We obtain 


decreases near ¢ 
q@<2km and J(q) f(q) 


n 1 4(3n)? 
pi(r) | J(0)N“ 
yr FY & 
Kya Zk! P— Ral PF CWRm|e—R,| }S,%. (2.24) 
This p has a finite value at r=R,. The polarization 
(2.23) and (2.24) oscillates and rapidly 
R, tends to infinity. Therefore, the 
polarization of the conduction electrons is concentrated 
in the neighborhood of the impurity center and the 
uniform polarization given by Fréhlich and Nabarro! 
is completely modified. 
In the next section we shall give a formal discussion 


given by 
vanishes as r 


of the copper nuclear resonance, but already we can see 
qualitatively at this stage that there will be no addi 
tional Knight shift as expected by Owen ef al. The 
Knight shift for a copper nucleus is proportional to 
Ap=p;,—p- at the nucleus and since the polarization of 
the conduction band is localized there is no additional 
contribution to Ap (besides the Pauli spin paramagnetic 
effect) at a copper nucleus far away from the manganese 
atoms, 


II]. EFFECTIVE HAMILTONIAN OF Cu-NUCLEAR 
SPIN AND Mn-ELECTRONIC SPIN SYSTEM 


In the preceding section, it has been shown that the 
uniform polarization of the electron spins due to the 
first-order perturbation of the energy is completely 
modified by the perturbation of the wave function and 
the polarization is concentrated in the vi inity of the 
impurity center. In this section we shall derive the 
effective Hamiltonian of the spin system consisting of 
Mn-d core spins and Cu-nuclear spins. 

Now taking the z-axis as the direction of the magnetic 
field,'the total Hamiltonian for this spin system can be 


written as follows: 
B.lla,; eB Te de! g VAN I] ) T,* 


ND Dw /(k k’) exp[i(k k’)-R,, | 


K= hae? 


XK (ayy *e, AK? ay Sn 


tg dp Sn tay dS nt} 


HANS a Ye A(K—k’) expli(k—k’)-R,, | 
x (lay dey Ly’ *ay it 


tans del tay *deyT nt}. (3.1) 


Here, o, is twice the z-component of the total spin of 
the conduction electrons and is equal to n,—n_ and the 
first term represents the change of the kinetic energy 


of the free electrons. The quantity a is given by 
a= K,/3n (3,2) 


/,, represents the nuclear spin operator of Cu and the 
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second, the third and the fourth terms in the first line 
are the Zeeman energy of the conduction electrons, 
Mn-spins and Cu-nuclear spins, respectively. The fifth 
term expresses the s-d interaction given by (2.1), and 
the sixth term represents the hyperfine interaction 
between conduction electrons and Cu-nuclear spins. 
The diagonal energy of (3.1) is given by 


ANA (0)Q on Tn* ] 
gnBwH >,T7,%. (3.3) 


ofBH+N“S(O)S n So! 
gBH >. Sat 


haa,? 


The z-component of the total spin of conduction elec- 
trons 40, can now be determined by minimizing the 
diagonal energy (3.3) with respect to 0, as follows: 


1 
[NJ (0)> Sa’? —4NA(0)3 0g Tn? +BH). (3.4) 
1 


This polarization o, corresponds to the uniform polari- 
zation due to the Fréhlich-Nabarro mechanism. In- 
serting (3.4) into (3.3), we get the first order perturbed 
energy as 
1 1 1 
BAP N-*J(0)*(>_. Sn*)* 
2a 2a Sa 
I . . 
{ A 2T(ONA(O) (Sn Sat Don ino 


2a 


V-*A2(0)(>-,, 1,8)? 


1 
| gBdI+-N SF (0)8 1 |=. Sn’ 


a 


1 
aw N AO) [Xa Dat (3.5) 


2a 


The calculation for the second order perturbed energy 
can be performed along the same line as in Kasuya’s 
paper.® In our case, however, theZsecond order terms 
consist of three parts, the first comes from the s-d 
interactions alone, the second from the s-/ interaction 
alone and the third from the cross term of these two 
kinds of interactions. We shall begin with the first part. 
This part 1s. 5@ is expressed as 


expli(k—k’)- Raw | 
(h?/2m) (k?— k”) 


Hg.3%=N~* DL | (k—k’) |? 


n n 


) 3 
: Se 
«Kft (R)L IT — f(R’) JAS (ALA — (RY) I St Sn? 
expLi(k k’)- Rin | 
5”) 


k’) 
(h?/2m) (k? 


x (f (R)L1— ft (R) St Ss 


+ ft(k)[1— fo (Rk) NS m Sat}, (3.6) 
where the primed summation 57’ over k for the z com 
ponent means to exclude k=k’. In ordinary tempera- 
ture, the Fermi distribution function for 4+ and — 


spins f*(&) can be put equal to 1 for k<k,, and zero 
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for k>km. Then we have 
2m ag 


PN*S SEY [kk |? 


1 ke) k’—) n m 
expLi( k i k’)- Ren ] 
4 
ke—k? 
2m hm 


tv ELL ke—k)|? 


h? k—) k’—O n m 
exp(i(k—k’)- Ryn | 
x ‘ 
ek"? 


Hs-3 


‘Eo aom 


2(Sn2Sm24+Sy4Sm¥). (3.7) 
Integrating with respect to k and keeping k—k’=q 
constant, (3.7) becomes 

3n 


N-AUES 32] F(q) | 2S (q)ett BS 2 Sn? 
tN nm 4 
f 


+ >> IS (q) |? f(q)ets Bo (S7S m+ SW Sm)}. 


nm q 


Hg.5 
(3.8) 


This expression has been obtained by Kasuya.° 
Similarly we obtain the I-I interaction and I-S 
interaction as follows: 


3n 
My NX DL’ A(q)*f(qe'e- Bol nT mn! 
16k, nm 4q 
+ A(q)*f (ge Bem (L nT 7 +L Tm) 
q 


nm 


(3.9) 


3m 
-N-*4S> Oo! A(q)J (q) f (get? Bond Sin" 


“y nm q 


+L A(a)J (a) f(q) 


nm q 


Kelt- Ram (7 Sm? +1 Y4Sm¥)}. (3.10) 


In these three expressions, the summation with a prime 
does not include q=0. The q=0 terms become just 
equal to the second, third, and fourth terms in (3.5) 
which come from the first order perturbation of the 
energy. Thus, we obtain as the total energy up to the 
second order 


2a 


! 
acur—| +-N-J (0)B Hl lz Sn* 


a 


1 
N-"A(0)8.H rz Py 


2a 


| esau 


n 


an 
-——N* ¥ ¥ J (q)?f (get ®"(S,- Sn) 
4E, nm a 


jn 


N*Y YT A(q)?/(ghe"* ®=(1 Tn) 


16, nm 4 


3n 
{ V? >> > A(q)J (q) /(q) 


4h, nm § 
K cia Ram(J-S,,). (3.11) 
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Here, the first-order energy has been combined with 
the second-order energy as the q=0 term of the Fourier 
components. This corresponds to the fact that the 
uniform polarization due to the first-order perturbation 
of the energy has been modified by the first-order per- 
turbation of the wave function as seen before. (3.11) 
represents the effective Hamiltonian for the spin 
system. There, the first term expresses the energy 
decrease due to the polarization of the conduction 
electrons by the external field. The second and the 
third terms give the Zeeman energy of Mn-spins and 
and Cu-nuclear spins, respectively. Each of them 
consists of two parts; one comes from the external field 
and the other comes from the polarization of the con- 
duction electrons. This part has a close analogy with 
the orbital contribution for the g-value of the para- 
magnetic ions in the crystalline field. The last three 
parts of (3.11) express the indirect interactions among 
Mn spins and Cu-nuclear spins. If we neglect the 
q-dependence of J(q) and A (q) in these terms, we can 
perform the summation with respect to q and we obtain 


3n\? Ir 
( ) J (0)? DO F(R mR nm) (Sn? Sm) 
N ‘ 


FF i nm 


3n\? 
{ ( ) A(0)? & F(2RmRam) (Tn+ Tn) 
NJ 2K, 


nm 


(3.12) 


3n\? Qn 
( ) A(0)J(O)S> F (2k mk nm) Ln: S»). 
N 


| ¢ f nm 


The second interaction is the Ruderman-Kittel inter- 
action. Here it should be emphasized that the Ruder- 
man-Kittel interaction given by (3.12) is all that should 
be considered, the Fréhlich-Nabarro interaction being 
only a part of the former interaction. In this sense the 
Zener theory of ferromagnetism in metals is incomplete 
and it is to be regarded as a limiting case in which the 
Fourier coefficient of the exchange integral J(q) has a 
finite value only in the vicinity of q=0. 


IV. ELECTRONIC g-VALUE OF Mn IONS AND 
Cu-NUCLEAR KNIGHT SHIFT 


From (3.11) we can see that the deviation of the 
g-value of the Mn ions from that of free ions becomes 
Ag= (3n/E,)N“J (0). (4.1) 

Using the values of Ey=1.110~" erg for pure copper 
and J(0)=3.510~" erg for a free Mn* ion® we obtain 
Ag/g=2.4X10-. This is somewhat larger than the 
experimental value.’ However, this is independent of 
temperature and the external field and seems to be 


” Owen, Browne, Arp, and Kip, Phys. Chem. Solids (to be 


published). 
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consistent with the experiment considering the approxi 
mation used here. 

The deviation of the g-value from 2 found in ferro 
magnetic metals has first been explained in terms of the 
s-d interaction by Kittel and Mitchell."! From our 
standpoint, this deviation of the g-value is also given 
by (4.1) and it is independent of both temperature and 
microwave frequency. 

The nuclear Knight shift of Cu is given by 


AH /H = — (3n/2E,;)N “A (0)B./gn By. (4.2) 


This expression coincides with the ordinary Knight 
shift in pure copper. Besides this, the nuclear spin is 
subjected to the additional internal field arising from 
the indirect I-S interaction presented by the last term 
of (3.12). This internal field is expressed as 


1(S,)| /3n\2 2x 
( ) A(O)J(0)S* F(2kmRam), 
gvBy N Fk, m 


AH (4.3) 


where the electronic Bohr magneton is negative and the 
average of S, becomes negative. This field decreases as 
1/Ry»’ as the position of Cu departs from the Mn ion. 
This is due to the fact that the polarization of con 
duction electrons is concentrated near the impurity Mn 
ion. Therefore, for almost all the Cu-nuclei in the very 
dilute Cu-Mn alloy the polarization of the conduction 
electrons is ineffective: only the Cu-nuclei situated in 
the neighborhood of a Mn-ion are subjected to a finite 
effective field due to the electronic polarization, For a 
face-centered cubic lattice, (4.3) becomes negative for 
nearest neighbor distance and positive for the next 
nearest neighbors. Thus, we expect that the center of 
the nuclear resonance line does scarcely shift from that 
for pure copper and that the line shape becomes asym 
metric. The first moment 
easily be calculated and it becomes negative. ‘This fact 
seems to be related to the slight diamagnetic shift found 
by the experiment. The line breadth due to this kind 
of the indirect S-I interaction has been calculated by 
Behringer” and he obtained reasonable agreement with 


of the resonance line can 


the experimental value. He also calculated a histogram 
and found that the center of the peak shows scarcely 


any shift. 
V. CONCLUSIONS 


The uniform polarization of the conduction electrons 
due to the exchange interaction with the Mn ions 
expected by the Fréhlich-Nabarro and Zener mechanism 
is strongly influenced by the first order perturbation of 
the wave function corresponding to the Ruderman 
Kittel mechanism and it is concentrated around the 
Mn ions. Corresponding to this situation, the Fréhlich 
Nabarro interaction is completely included in the 
Ruderman-Kittel result. This point of view is corrobo 


"(. Kittel and A. H. Mitchell, Phys. Rev. 101, 1611 (1956) 
2. Behringer, Phys. Chem. Solids (to be published) 
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rated by the fact that the experimental results on the 
electronic g-value of the Mn ions and the Knight shift 
of the Cu-nuclei can be qualitatively accounted for. 

However, there still remain difficult problems con- 
cerning the properties shown by Cu-Mn alloys. The 
important one is that of the antiferromagnetic transi- 
tion. The writer believes that the essential interaction 
between Mn spins is the Ruderman-Kittel interaction. 
A difficulty lies in the statistical problem concerning the 
dilute and randomly distributed spin system. Another 
difficulty which is more essential is in calculating the 
actual q-dependence of J(q). The positive paramagnetic 
Curie temperature and the occurrence of the antiferro- 
magnetic ordering may be explained by the special 
q-dependence of J(q). 
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Photoconduction in KBr and KI Containing F Centers* 


Nico.as IncHAusPE 
Department of Physics, University of Illinois, Urbana, [linois 
(Received February 25, 1957) 


Photoconductivity in potassium bromide and potassium iodide containing F centers has been investigated 
at 80°K. The product of the quantum yield and unit range has been measured over the spectral range from 
2.0 to 5.8 ev with F-center concentrations between 10!° and 10"? cm~*. Evidence is presented that the 
mechanism for the production of photoelectrons depends upon the photon energy and the concentration of 
F centers. Two mechanisms for the production of photoelectrons are suggested by the data: the ionization 
of F centers by excitons and direct optical ionization of F centers 


INTRODUCTION 


HE pure alkali halides do not exhibit photocon 

ductivity but the absorption of photons by F 
centers in these crystals excites an internal photo 
current.’ Taft and Apker have shown that the absorp 
tion of photons by the first fundamental band which 
lies near 2000 A will yield photoemission from the alkali 
halides if F centers are present.’ It appears that photon 
absorption by the first fundamental band produces an 
excited nonconducting state of the crystal and that the 
excitons can ionize F centers. 

These experiments suggest that photoconductivily 
occurs in alkali halides containing / centers on irradia 
tion in the first fundamental absorption band. The 
present experiments investigate the dependence of this 
process on the energy of the absorbed photon and the 
concentration of # centers. Additional information has 


* Partially supported by the Office of Scientific Research, 
U.S. Air Force and the Office of Naval Research, Department 
of the Navy. 

'A. Smakula, Z. Physik 63, 763 (1930) 

2N. Mott and R. Gurney, Electronic Phenomena in Ionic 
Crystals (Oxford University Press, New York, 1940), Chap. IV 

‘KE. Taft and L. Apker, Phys. Rev. 79, 964 (1950); 81, 698 
(1951); 82, 814 (1951); 83, 479 (1951); J. Chem. Phys. 20, 1648 
(1952). 


been obtained concerning the origin of the photocon- 
ductivity excited by irradiation in the spectral region 
occupied by the high-energy tail of the F band! 


MATERIALS 


Potassium bromide and potassium iodide crystals 
were obtained from the Harshaw Chemical Company. 
Potassium iodide crystals were also grown by the 
Kyropoulos method from Baker’s Analyzed Grade of 
the salt. Thallium absorption bands at 285 and 236 mu 
were observed in the Harshaw potassium iodide at 
80°K. The concentration of thallium was estimated as 
approximately one part per million. The thallium 
absorption bands were not detectable in the home 
grown potassium iodide crystals. The photoconductive 
behavior of the two types of potassium iodide crystals 
was similar. 


F-CENTER PREPARATION 


F centers were prepared by heating the crystals for 
12 hours in potassium vapor. The temperature of the 
crystals was 570°C and the desired vapor pressure of 
potassium was obtained by maintaining the tempera- 


‘J. Oberly and E. Burstein, Phys. Rev. 79, 905 (1950). 
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ture of the potassium metal between 250°C and 400°C. 
The crystals were sealed in an evacuated Pyrex tube. 
The potassium metal was vacuum distilled into the 
Pyrex tube after several preliminary vacuum distil- 
lations. 

The potassium iodide crystals were wrapped in 
aluminum foil, heated to 420°C for 5 minutes, and 
quenched to room temperature in carbon tetrachloride 
before any measurements were made. This treatment 
was necessary to remove colloids which were present in 
the potassium iodide crystals after the introduction of 
F centers. F centers are unstable in potassium iodide at 
room temperature, and aggregate to form colloids in a 
time of the order of a few hours. 

F centers are quite stable in potassium bromide at 
room temperature and no special heat treatment was 
necessary to remove colloids. No trace of optical absorp- 
tion due to colloids was found after additive coloration 
in potassium vapor. A typical / absorption band is 
shown in Fig. 1. The F band and the colloid band in the 
potassium iodide crystals was similar to that observed 
by Scott.° 

For photoconductivity measurements the crystals 
were cleaved to dimensions of approximately 13X14 


<1 mm. 
OPTICAL ABSORPTION 


The concentration of F centers was determined by 
measuring their optical absorption and using Smakula’s 
equation® in the form 


No 
Cr 131 x10"( ) ull, 
(mo?— 2)? 


semanenan Gaanenanen 


Photon Energy (ev) 


Fic. 1. The F band in KBr at room temperature. Crystal thick 
ness 0.71 mm; cr=1.6X 10"? cm~*. The accepted locations of the 
F, M, and colloid bands are indicated 


5A. B. Scott, t? Phys Chem. 57, 757 (1953): A. B. Scott and 
L. P. Bupp, Phys. Rev. 79, 341 (1950 
6A. Smakula, Z. Physik 59, 603 (1930). 
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Fic, 2, Crystal mount. 


where ¢r is the concentration of /’ centers in cm™4; 
ng is the index of refraction of the crystal at the wave 
length of the maximum of the F band; A,, is the 
absorption constant in cm”! at the maximum of the 
F band; /H/ is the half-width of the F band in electron 
volts. For potassium iodide at room temperature, 
I1=0.38 ev and ne; 


room temperature /H 


2.69. For potassium bromide at 
boy 

The optical absorption of the crystals was measured 
at room temperature with a Cary recording spectro 
photometer and Beckman D and DU instruments. 
Optical absorption measurements at liquid nitrogen 
temperature were made with a Leiss double mono 
chromator. An Eastman Kodak lead sulfide cell was 
used as a detector in the near infrared. 


0.36 ev and no? 


PHOTOCONDUCTIVITY MEASUREMENTS 


The photoconductivity of potassium bromide crystals 
in the visible region of the spectrum was investigated 
by using a Beckman D instrument as a monochromator. 
The radiation source was a tungsten lamp and the 
number of photons per second incident upon the crystal 
was determined with a calibrated photocell. The abso 
lute spectral distribution curve of this cell (electrons/ 
quantum vs wavelength) was determined by comparison 
of its response with that of a Perkin-Elmer radiation 
thermocouple which had been calibrated with a stand 
ard lamp 

lor photoconductivity measurements in the ultra 
violet region of the spectrum, a Farrand single mono 
chromator with crystal quartz prisms was used to 
disperse the radiation from a Hanovia quartz hydrogen 
lamp. The entrance and exit slits of this instrument 
were set at 1 mm width which yielded a band pass of 
1 my at 200 mp and 10 my at 300 mp. The number of 
photons per second incident upon the crystal was 
determined with a calibrated cesium-antimony cell. 
The number of photons per second incident upon the 
crystal varied from about 10’ at 400 my to 10" at 
220 mu. 

Photocurrents in the crystals and photocells were 
amplified by an Applied Physics Laboratory Vibrating 
Reed Electrometer and recorded by an Esterline-Angus 
milliammeter. The input grid resistor of the electrometer 
was 10° ohms. The electric field applied to the crystal 
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F1G. 3. nawo versus cy in KBr at 80°K. Photon energy 
= 2.02 electron volts 


was obtained with dry cells. This field was between 
1000 and 10 000 volts/cm. 

The crystal was illuminated for a time of 10 seconds 
during 4 measurement of the photocurrent. Each meas- 
urement was repeated with reversed electric field to 
insure that the polarization of the crystal was negligible. 
The measured photocurrent was less than 10° '® ampere 
and the charge released in the crystal was of the order 
of 107" coulomb in each measurement. 

Photoconduction experiments with photon energies 
greater than 4 electron volts are made difficult by a 
variety of spurious photocurrents. Photoemission may 
occur from the metal electrodes or from the crystal 
surface into the vacuum of the cryostat. Photoemission 
may also occur into the crystal from the electrodes. 
These effects make difficult the design of a satisfactory 
crystal mount. The crystal mount which was used in 
these experiments is illustrated in Fig. 2. The crystal 
mount was fastened to the bottom of the liquid nitrogen 
container of the cryostat.’ 

The sensitive electrode which was connected to the 
electrometer input was 8 mm in diameter and mounted 
in a teflon cylinder of 9 mm diameter which was press 
fitted into the copper block of the crystal mount. The 
electrical lead from this electrode was carefully shielded 
from radiation and electrical charge within the cryostat. 
The surface of the sensitive electrode was covered with 
a thin layer of G. FE. resin 7031 to prevent photoemission 
into the crystal from the electrode by radiation trans 
mitted through the crystal. 

The grounded electrode was an oxidized nickel screen 
of 0.003-in, diameter wire and 80 mesh. To prevent 
microphonics and to insure a uniform field, this screen 
was sandwiched between a pair of potassium chloride 


crystals. A second grounded nickel screen was held 
against the outer potassium chloride crystal by leaf 


7D. B. Dutton and R. J. Maurer, Phys. Rev. 90, 126 (1953). 


INCHAUSPE 


springs of beryllium copper. The optical transmission 
of the pair of nickel screens was approximately 50%. 

Direct measurement of the crystal temperature with 
an embedded thermocouple showed that the crystal 
temperature was within 10°K of the temperature of the 
liquid nitrogen. 

When the crystal was cooled with liquid nitrogen the 
electrical noise at the output of the amplifier corre- 
sponded to a random input current of 2 10~'® ampere. 
The photoconduction currents in potassium bromide 
and iodide crystals containing no F centers were below 
this noise level over the entire spectrum of photon 
energies used in these experiments. 

The photocurrent, 1, when VY quanta per second are 
incident upon a crystal which forms the dielectric of a 
plane parallel condenser, is given by the equation 


i= (mw)eVN/@? (2) 
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Photon energy (ev) 


FG. 4. nwo versus photon energy in KBr at 80°K. Low-energy 
data from crystal 1.29 mm thick with cr=1.49X10!*® cm? 
High-energy data from crystal 1.23 mm thick with cr=1.42 
« 10!* cm=3, 


if the electron range, (woV/d), is much less than d, the 
separation of the electrodes. 4 is the quantum yield, 
the number of conduction electrons produced per inci- 
dent quantum and wy is the unit range, the displacement 
of a photoelectron in the field direction by unit electric 
field. At the temperature used in these experiments, 
photoelectrons are trapped by F centers to form F’ 
centers. V is the potential difference applied to the 
electrodes. é is the electronic charge. It was not possible, 
unfortunately, to determine the fraction of the incident 
photons which were absorbed by the crystal because 
of the small absorption coefficient over most of the 
spectral range investigated. An exception to this state- 
ment occurred in the case of photocurrents excited by 
absorption of photons near the maximum of the F band 
where the absorption coefficient was measured. In this 
case, it was possible to determine naw» from the measure- 
ments. na is the number of photoelectrons produced per 
absorbed quantum, 





PHOTOCONDUCTION 


A minor alteration of Eq. (2) was necessary in the 
present experiments where a crystal of potassium 
chloride was interposed between the grounded electrode 
and the crystal of potassium bromide or iodide. In this 


€) 
d (dita, ), 
€2 


where d,; and ¢, are the thickness and dielectric con- 
stant of the potassium bromide (or iodide) crystal and 
dy and e€, are the thickness and dielectric constant of 
the potassium chloride crystal. 

It has been established by Pohl’ that the unit range 
of photoelectrons, wo, is inversely proportional to cp, 
the concentration of F centers in KCl, at 100°C 
within a range of concentrations from slightly greater 
than 10! cm to 10!% cm, This result is excellent 
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Fic. 5. nwo versus photon energy in KBr at 80°K. See Table I 
for data pertaining to each curve. 


evidence that the photoelectrons are trapped by F 
centers. A test of this dependence of wo on ¢r was made 
on the potassium bromide crystals used in the present 
investigation. The results are shown in Fig. 3 where the 
straight line portion of the curve represents an inverse 
proportionality of mawo and cr. Since mq is believed 
independent of cr, this data leads to the conclusion 
that wo is inversely proportional to cr for F center 
concentrations greater than 10'® cm™*. The decrease in 
slope of the curve for F center concentrations smaller 
than 10'® cm‘ is probably the result of electron trapping 
by centers other than F centers. 

This data is in poor agreement with the results of 
Glaser and Lehfeldt on naw as a function of temperature 
in potassium bromide containing 1.6 10" cm~* F cen- 


®R. W. Pohl, Proc. (London) 49 (extra part), 16 


(1937) 
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TABLE I, Data pertaining to Fig. 5.* 


d (mm) cr (cm 
2.5 10! 
6.5 10% 
9.310% 


1.38 
1.47 
1.33 
23 1.4 10° 
3 5.9% 10" 
1 1.9 10" 


l 
1, 
1 
1.2 2.6% 10" 


ad =<crystal thickness; cr =concentration of F centers 


ters.” Glaser and Lehfeldt’s value for ngwo at 80°K is 
approximately 30 times greater than the present value. 


POTASSIUM BROMIDE 


The spectral distnbution of the photocurrent in 
potassium bromide containing F centers is shown in 
lig. 4. Between 1.0 and 2.0 ev, there is a small maximum 
of nwo due to F’ centers that were accidentally present 
At approximately 2.0 ev the maximum in nwo due to 
the # band occurs. For photon energies greater than 

‘, nwo rises and passes through a maximum near 
ev. Evidence will now be presented that the photo 
current observed in the vicinity of 4.0 ev is due to 
direct ionization of F centers by photons absorbed by F 
centers and that the photocurrent observed near 5.5 ev 
is due to the absorption of photons by the crystal with 
the formation of excitons which transfer their energy 
to the F centers and ionize them. 

Figure 5 shows the spectral distribution of nwo be 
tween 3.0 and 5 ev for a series of potassium bromide 
crystals (see Table 1) containing F centers in concentra 
tions between 2.5 10'® em? and 2.6K10" cm~*. In 
Fig. 6, nwo is shown as a function of /-center concentra 
tion for photon energies of 4.2 ev and 5.5 ev. At 4.2 ev, 
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Fic. 7. nwo versus photon energy in KI at 80°K. 


nwo is almost independent of F center concentration. 
Since wo is inversely proportional to F center concentra- 
tion, the quantum yield, 9 is approximately proportional 
to F-center concentration, This result suggests that 
these photocurrents are the result of direct absorption 
of photons by the high-energy tail of the F band, the 
optical transition being from the ground state of the 
F center to the conduction band of the crystal. 

At 5.5 ev and with cp greater than 10! cm™*, nwo 
increases with decreasing / center concentration as we 
does. It appears that 7 is independent of F center 
concentration which suggests that the absorption is due 
to the crystal ions and is independent of the F centers. 
The simplest assumption is that excitons are formed 
which diffuse through the crystal and, on collision with 
F centers, ionize them. 

Actually, the dependence of nw» upon cr is not quite 
as strong as the dependence of wo upon cr, as shown in 
Fig. 3. The tail of the fundamental absorption band is 
sensitive to the mechanical and thermal history of the 
crystal and the optical absorption coefficient at 5.5 ev 
is slightly greater in crystals containing F centers than 
it is in pure crystals. It may be that a small increase in 
the absorption coefficient at 5.5 ev with increasing 
F-center concentration is the explanation of the slight 
difference between the dependence of nawo upon cr in 
Fig. 3 and the data of curve 2, Fig. 6, for cr greater 
than 10'* cm ~*, This same explanation may also account 
for the fact that at 4.2 ev, nwo is not completely inde- 
pendent of F-center concentration but increases by a 
factor of 2 with the increase in F-center concentration 
from 2.510! to 2.6 10" cm“. 

For F center concentrations smaller than 10! cm 
the exciton-induced photocurrent at 5.5 ev disappears 
and what appears to be the photocurrent due to direct 
ionization of F centers remains. 

This abrupt disappearance of the exciton induced 
photocurrent’ is quite mysterious. An exciton has a 
finite lifetime so that for sufficiently small concentra- 
tions of F centers, the probability of collision of an 
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exciton with an F center decreases with decreasing 
concentration of F centers. In the range of F-center 
concentration where the finite lifetime of the exciton 
is important the quantum yield, 7, is expected to be 
proportional to cr so that wy is independent of cr 
when wy» is inversely proportional to cr. Even if wo 
becomes independent of cr because the photoelectrons 
are trapped by centers other than F centers, qwo is 
proport ional to Cr. 

It may be that the abrupt disappearance of the 
exciton induced photocurrent for F-center concentra- 
tions smaller than 10!* cm~* results from a close spatial 
association of these F centers with impurities or im- 
perfections. On interaction with an exciton, the effect 
of the impurity or imperfection is to convert the 
exciton energy into heat or radiation and prevent the 
ionization of the associated F center. 


POTASSIUM IODIDE 


The spectral distribution of the photocurrent in 
potassium iodide containing F centers is shown in 
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iG, 8. Optical absorption of “pure” KI at 80°K. 


rig. 7. The F center concentration was approximately 
2 10'° cm“. The maximum of the F band absorption 
is located at 1.90 ev and the increase in nwo near 2.0 ev 
is due to absorption of photons by the F band. Maxima 
in nwy occur near 4.0 and 5.0 ev and there is a small 
maximum which coincides with the maximum of the 
B-absorption band” at 5.51 ev. The first fundamental 
absorption band has its maximum located at 5.81 ev. 
Measurable absorption due to the long wavelength tail 
of the first fundamental absorption band can be detected 
in these crystals at photon energies as small as 4.0 ev. 
A typical optical absorption curve for a “pure” potas- 
sium iodide is shown in Fig. 8. Figure 9 shows spectral 
distribution curves for mwo for four different concen- 
trations of F centers. In these experiments with potas- 
sium iodide, the concentration of F centers in crystals 


 Delbecq, Pringsheim, and Yuster, J. Chem. Phys. 19, 574 
(1951); 20, 746 (1952). 
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containing of the order of 10° cm™* F centers was not 
determined with the same precision as in the experi- 
ments with potassium bromide nor was the inverse 
proportionality of wo and cr checked. 

If it is assumed that wy is inversely proportional to cr 
as in potassium chloride and bromide, it is clear that 
is independent of cr when cr is large and the photon 
energy is between 4.0 and 5.0 ev. In this spectral range, 
nwo decreases abruptly when the F center concentration 
is reduced below 10 cm~*. The behavior is similar to 
that observed in potassium bromide with photon 
energies near 5.5 ev. 

The maximum in nw» that appears at 5.5 ev is due to 
absorption of photons by the 6 band. Since the height 
of the 8 band is proportional to the concentration of F 
centers, the maximum in nwy at 5.5 ev becomes less 
prominent as the /-center concentration decreases. In 
the crystal containing 210" cm™* F centers, the 
absorption at the peak of the 6 band is about 90 cm™! 
while the absorption constant of the fundamental band 
at the same photon energy is about 20 cm™!. Approxi 
mately 100% of the incident radiation (neglecting re 
flection) is absorbed by this crystal and approximately 
80% of the absorbed photons is captured by £ centers. 
In the crystal containing 110! cm? F centers, the 
peak absorption constant of the 6 band is 5 cm™ and 
only 16% of the absorbed photons are captured by 
B centers. 

For photon energies greater than 5.5 ev, nwo de 
creases. This decrease in nwo is correlated with the 


rapidly increasing absorption constant of the first 
fundamental band whose maximum is located at 5.8 ev. 
The decrease in nwo cannot be due solely to the in- 


creasing reflectivity of the crystal which is of the order 
of 25% at 5.8 ev. In Taft and Apker’s experiments the 
photoemissive yield behaved quite differently ; the maxi 
mum yield coincided with the peak of the first funda 
mental band. 

The experiments with potassium iodide demonstrate 
the existence of the same exciton induced photocurrents 
which were observed in potassium bromide. ‘The photo- 
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current observed on excitation of the B centers is not 
surprising in view of the belief that the B absorption 
band is the result of the formation of an exciton by a 
photon which is absorbed in the immediate neighbor 
hood of an F center.!'! The small value of nwo for a 
photon energy coinciding with the peak of the first 
fundamental band is not understood but may be due to 
an abnormally small value of wo for electrons in the 
surface layer of the crystal. Experiments with other 
crystals have shown a decrease in the photoconductive 
yield in the spectral region where the optical absorption 


constant becomes very large." 
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The photomagnetoelectric (PME) effect in germanium has been investigated over a wide range of light 
intensity, in both m- and p-type material. Measurements of PME short-circuit current in conjunction with 
relative conductance increase agree well with van Roosbroeck’s recently developed theory of the PME 
effect. The predicted large-signal behavior of ambipolar excess-carrier diffusivity is verified. Surface recombi 
nation velocities for different surface treatments have been determined with slabs of thicknesses appreciably 
smaller than a diffusion length. Volume lifetimes have been determined with thicker slabs having high 
recombination-velocity dark surfaces. These lifetimes are in substantial agreement with those determined 
for the same samples by the photoconductivity-decay method 


1. INTRODUCTION 


HE photomagnetoelectric or PME effect was first 

observed in cuprous oxide.! In recent years the 
effect has been studied in other semiconductors,?" 
especially in germanium, and has been used to measure 
volume lifetime and surface recombination velocity of 
excess carriers. The work to be described is concerned 
with the application of a general theory, recently 
developed by van Roosbroeck," in which certain simpli- 
fying assumptions of earlier theories are avoided. 

The PME effect may be described briefly as a Hall 
effect associated with a photodiffusion current. For 
example, with reference to Fig. 1, if one large surface 
of a semiconductor slab is illuminated by nonpene- 
trating light, excess carriers diffuse toward the dark 
surface, recombining there and in the volume. A mag- 
netic field normal to this diffusion current deflects holes 
to the right and electrons to the left (in Fig. 1). A 
short-circuit PME current to the right along the slab 
may therefore be measured and this current will depend 
on the lifetime and surface recombination 
velo ity 


volume 


2. EXPERIMENTAL PROCEDURE 


The experiments consisted essentially of steady-state 
measurements of short-circuit PME current and also of 
increase for the light 
intensity but no magnetic field; measurements were 
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made over a wide range of light intensity. Thin slabs 
(about 2.5X0.60.050 cm) with only slight volume 
recombination were used to determine surface recombi- 
nation velocity. In these the diffusion length, L= (Dor), 
was two to five times the thickness. Do is the equi- 
librium ambipolar diffusivity and 7 the volume lifetime. 
Values of + ranged from 110 to 500 usec in the thin 
slabs. To determine volume lifetime on the other hand, 
slabs of thickness considerably greater than L were used. 

A schematic diagram of the equipment used for the 
measurements is shown in Fig. 1. The rather low 
magnetic field of 2300 gauss was used to avoid magneto- 
resistance effects. Current contacts were soldered on 
the ends and the two soldered voltage probes were 
located about 1.8 cm apart on either the dark or 
illuminated surface. Nonpenetrating light was obtained 
by filtering through water and intensity was varied by 
adjusting the variable transformer. The slab was 
illuminated over its entire front surface including 
contact areas. From the known optical data for water 
and germanium, it was estimated that practically all 
of the light absorption occurred within less than 6 
microns from the illuminated surface. 

Short-circuit PME current was measured by adjust- 
ing the power supply until the potentiometer connected 
across the two back contacts was balanced at zero 
voltage. The hand-operated shutter was used to expose 
the specimen to light for only very brief intervals in 
order to avoid heating which could cause appreciable 
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Fic. 1. Experimental arrangement for PME measurements. 
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errors. The heating made it necessary, especially at 
high intensities, to reach balance by a trial and error 
method which was rather slow but which furnished good 
precision. The current could be read on the micro- 
ammeter after the shutter was closed since the series 
resistance was high enough to provide for constant 
current within a negligible error. A correction of the 
proper sign, determined for the same light intensity but 
no magnetic field, was made for any current resulting 
from photovoltaic effects at the contacts. This correc- 
tion was quite small, usually less than 1%. PME 
currents ranged from a few tenths of a microampere to 
several hundred microamperes, depending on light 
intensity and surface treatment. 

The relative conductance increase was then deter- 
mined for the same light intensity but with the magnet 
moved away. Here again exposures to the light were 
made brief to prevent heating. All measurements were 
made in an atmosphere of dry nitrogen; temperature 
was fairly steady at about 300°K. The measurements 
required a fairly high degree of accuracy but were made 
with simple equipment. 


3. ZERO-VOLUME-RECOMBINATION CASE. THIN 
SLAB. DETERMINATION OF SURFACE 
RECOMBINATION VELOCITY 


Most of the data are plotted in terms of dimensionless 
quantities of the theory so that data for specimens with 
different resistivity, thickness, and so on may conven- 
iently be compared. In Fig. 2, however, the actual 
measured short-circuit PME current is plotted against 
relative conductance increase, in order to show the 
magnitude of experimental quantities commonly meas- 
ured. The range of light intensity employed to explore 
this range in AG/G» and PME response was approxi 
mately 10'*— 10'* quanta/cm? sec as determined with a 
calibrated germanium photodiode. The experimental 
points follow the solid theoretical curves quite closely 
for both the lapped and etched dark surfaces. The 
curve for the etched dark surface falls well below the 
other with velocity, the 
concentration gradient, diffusion current, and therefore 
PME current, are smaller. 

It should be emphasized here that a measurement of 
these two quantities, short-circuit PME current and 
relative conductance increase, at one low intensity 


since low recombination 


serves to determine recombination velocity, although 
the data discussed below cover a large range in intensity 
for « omparison with the theory. 

Results for two n-type specimens are shown in Fig. 3 
with the data given in terms of dimensionless quantities 
of the theory. The available data are sufficiently 
accurate so that the plots given in this figure verify the 
theoretical concentration dependence of the ambipolar 
diffusivity, which a plot of the type in Fig. 2 would not 
reveal. The ordinate in Fig. 3 is a dimensionless short 
circuit PME current, 9, divided by the relative con 
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Fic. 2. Short-circuit PME current as a function of the rela- 
tive conductance increase produced by nonpenetrating light of 
intensity approximately 10'*—10'* quanta/cm® sec. ©, experi 
mental tor abraded dark surface; , theoretical for sg= @ (at 
dark surface); @, thoroughly etched dark surface; , theo 
retical for s2:=170 cm/sec 


ductance increase, AG/G», and the abscissa is AG/G» 
which increases with light intensity. 
The quantities involved are as follows: 


(Ba yD») 
g=\I' 9 / : 
(Ln { My) 


measured short-circuit PME current per unit 
width of slab; 
#=sum of Hall angles for holes and electrons; 
oo =equilibrium conductivity of the specimen ; 
Dy=RT pe nuy(no+ po)/oo, the equilibrium ambipolar 
diffusivity” ; 
ny, Po=equilibrium concentrations of electrons and 
holes; 
Mn, Mp=drift mobilities of electrons and holes; 
S2'=5y¥o/Dy, dimensionless recombination velocity ; 
s)= surface recombination velocity at dark surface ; 
= half-thickness of slab; 
D=D;/Do; 
D,=2D,D,/(D,+D,), the diffusivity for intrinsic 


material.'4 


Note that 6 may be expressed as 10° (puan+upn)H, 
where // is magnetic field strength in gauss and pry 
and wp are Hall mobilities for holes and electrons in 
cm’/volt sec. Values for 6 were obtained from the 
value of //, 2300 from drift 
mobilities converted to Hall mobilities: Mal and Mot 
1.8 for 


measured gauss, and 


were obtained by applying the factors wi/p, 
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holes and wy/u,.=1.1 for electrons" to drift mobilities 
selected for the appropriate resistivity.” The equi 
librium ambipolar diffusivity,” Do, approaches the 
minority carrier diffusivity with increasing oo. 

The ratio 9/(AG/Go) will receive the most attention 
in comparing the measured PME effect with theory. 
As shown in the definitions of symbols, this quantity is 
essentially the measured PME current divided by 
relative conductance increase, and multiplied by a 
constant which is characteristic of the material and the 
magnetic field strength, which permits direct compari 
son of data for different specimens. The ratio 9/(AG/G») 
is therefore proportional to PME current per excess 
carrier in the steady state. The use of AG/Gp» in this 
way makes it unnecessary to know either light intensity 
or recombination velocity for the illuminated surface 
A relatively small value of 9/(AG/Go) shows a condition 
of small diffusion current and concentration gradient 
and therefore low recombination velocity at the dark 
surface, while larger values, to an upper limit of 2, 
indicate high recombination velocity. Limiting values 
of 9/(AG/G») for low and high intensities are indicated 
in the figure. 

Because the theory takes into account the concentra 
tion dependence of the general ambipolar diffusivity,” 
D= (n+ p)/(n/D,+p/D,), the theoretical curves of 
4 /(AG/Go) versus AG/Go turn upward at high injection 
levels for n-type material, if S»’ is not too small. In 
n-type material, the ambipolar diffusivity increases 
from the comparatively small value for holes at low 
injection levels toward the intermediate intrinsic value 


“FE. J. Morin and J. P. Maita, Phys. Rev. 94, 1525 (1954) 
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the dimensionless PME cur- 
rent-photoconductance ra- 
tio 9/(AG/G») on the rela- 
tive conductance increase 
AG/Go. p-type germanium, 
300°K, no volume recombi- 
nation (thin slab). 


at higher injection levels. This will cause larger photo- 
diffusion currents and therefore larger PME currents. 
Similarly, the p-type curves turn downward at high 
intensities because ambipolar diffusivity goes from the 
high electron value toward the intrinsic value. When S» 
is sufficiently small the theoretical curves remain flat 
because the concentration gradient is small and the 
absolute differences due to changing ambipolar diffu- 
sivity are small. 

at the dark surface, s2, is 
determined by measuring short-circuit PME current 
and relative conductance increase at low intensities 
where the curve of 9/(AG/Go) versus AG/Go is flat. 
From the expression for $/(AG/G») at low intensities 
and the definition of S»’, it follows that 


Dof B 
( ), b= 4/(AG/G»). 
Vo 2 = B 


This equation shows that the computed s, is large for 
9/(AG/Go) close to the limiting value 2. As with other 
methods, precise determination of very high values of 
s», such as those for sand-blasted surfaces, is difficult. 
A small correction was made for volume recombi- 
nation. The method for determining this is indicated in 
the Appendix. In all cases the correction for volume 
recombination was small and it was apparent that it 
could be simplified or perhaps neglected in practical 
measurements of s» in the small signal region with thin 


Recombination velocity 


(1) 


specimens of volume lifetimes in excess of 500 usec. 

In Fig. 3 the curves shown are theoretical. They are 
placed at arbitrary levels of S,’; the experimental 
points need not fall on them but should follow the 
theoretical shape in the given region. The open circles 
and squares are for lapped dark surfaces on two different 
specimens. In the high-intensity region of large AG/Go 
the points turn upward because of increasing ambipolar 
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diffusivity and follow the theoretical curves very 
closely. The lower sets of points in Fig. 3 are for etched!® 
dark surfaces on the same two n-type specimens. 
Values of s,are 50 cm/sec for the squares and 110 cm/se« 
for the circles, computed from the low-intensity values. 
As the figure shows, the experimental points turn 
upward slightly at the high intensity end, while the 
theoretical curves, which are for fixed s2, remain flat 
in this region. This effect has been observed frequently 
when 5» 1s smal]. Possible reasons for it will be discussed 
below. 

Figure 4 shows data for two p-type specimens with 
lapped and thoroughly etched surfaces, while Fig. 5 
shows a family of curves for a p-type specimen which 
was first lapped and then progressively etched to obtain 
curves at lower and lower levels, until finally about 21 
microns of material had been removed and s_. was 
about 150 cm/sec. Computed values for s, for these 
curves, reading downward, are ~, ”, 1.9X10*, 8.8 
* 10, 3.9 10%, 900, 485, and 150 cm/sec. Both Fig. 4 
and Fig. 5 show that the curves for p-type material 
turn downward at high intensities for s2 not too small, 
as the theory predicts. 

All curves of this type were run over the same 
intensity range, which was approximately 10!®— 10!" 
quanta/cm? sec. Thus points for higher resistivity 
material fall at larger values of AG/G» for a given in 
tensity, and for a given specimen, lower 52 causes larger 
AG/Go for the same intensity since the average concen 
tration of excess carriers builds up to a higher steady 
state value when depletion at the dark surface is not 
so rapid. 

The curves all show quite a broad area of good 
agreement between experiment and theory. An upper 


16 Etching was done in diluted CP-4: 15 ml glacial acetic acid, 
15 ml conc. HF, two drops of bromine, 25 ml conc. HNO,, 15 ml 
deionized water. 
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limit of 2 for 9/(AG/Gp») is reached for lapped surfaces 
(s—+%) while etching produces lower values of the 
quantity and the corresponding values of s are in 
reasonable agreement with common experience in other 
methods of measurement. The experimental points do 
turn upward at high injection levels for n-type material 
and downward for p-type, following the theoretical 
curves closely. 

A few small discrepancies appear but these seem 
readily explainable. Thus, points for the lower resis 
tivity specimens, both p- and n-type, with lapped dark 
surfaces are displaced, by about 5% of the ordinate 
§/(AG/Go), above the top theoretical curve which is for 
infinite sy. This discrepancy may be attributed to the 
uncertainties in various quantities which enter the 
computation of § from the measured PME current, 
e.g., in the experimentally determined magnetic field 
strength and conductivity, and also in the Hall and 
drift mobilities taken from the literature. Also, as 
pointed out previously, the curves for thoroughly etched 
dark surfaces with low s turn upward at the high 
intensity end while the theoretical curves, for fixed 59, 
remain flat. Part of this may result from a change in 
surface condition as measurements are continued 
through high intensities on a freshly etched specimen. 
However, this does not appear to be the complete 
explanation because 9/(AG/Go) returns more than 
halfway toward the original low-intensity value when 
are immediately 

The remainder of the 


low-intensity measurements made 
after those at high intensity 
effect may result from an increase in recombination 
velocity for large Ap. The points for lapped dark 
surfaces do not depart from the theoretical curves 
about 10°— 107 


cm/sec at the lapped dark surface, Ap is not so large 


presumably because, with an s_ of 


at the surface that departure from a linear recombi 


nation law would become important. 
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It is not necessary, of course, to cover so large an 
intensity range simply to determine s2; but the general 
agreement with theory which is found over an extended 
of the method 
determine s2 from low-intensity measurements. ‘Thus 


range inspires confidence in use to 
so for a surface can be obtained from two or three 
measurements in the flat, low-intensity region, and 
precision is quite satisfactory. The method has been 
used in studies of surface abrasion damage.” The 
PME method is convenient for this type of work since 


only one surface needs to be lapped or polished. 


4. VOLUME LIFETIME. THICK SLAB 


To determine volume lifetime, the same quantities 
are measured namely, short-circuit PME current and 
relative conductance increase—but thicker specimens 
are used and the dark surface is lapped or sandblasted. 
1.6 to 15 times the diffusion 
length. Under these conditions the low-intensity values 


of §/(AG/Go) are considerably higher than the limiting 


Slab thicknesses were 


value of 2 which holds for the thin slab. 
The equation 
2Vy cothYo=8, 
where 
Vo 


B= 9/(AG/G»), yo/L, 


holds at low intensity for this case. This equation gives 
2¥o=8 for a comparatively thick sample. In addition, 
curves have been provided” which relate p to Vo and 
hence to diffusion length, L, for any practical light 
(Dor). 
Some comparisons with the photoconductivity-decay 
’ are shown in ‘Table I. Rods of about 0.50 


intensity; volume lifetime is computed from L 


method!* 


W I M. Buck and I S McKim, J Electrochem Soc 103, 
593 (1956) 
'* J. R. Haynes and J. A. Hornbeck, Phys. Rey. 90, 152 (1953) 
”]), T. Stevenson and R. J. Keyes, J. Appl. Phys. 26, 190 


(1955). 
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Fic. 5. p-type ger- 
manium slab. Family of 
curves obtained by pro 
gressive etching of an 
abraded dark surface. 
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by 0.63 cm cross section were used and the added 
carrier lifetime for each specimen was measured by 
both methods. With high-volume-lifetime material, in 
the photoconductivity-decay-method, a surface correc- 
tion must be applied to the measured filament lifetime. 
This was done by assuming a reasonable value of s for 
the etched surfaces used and employing the usual 
equations relating surface and volume decay constants 


TABLE I, Comparison of volume lifetimes obtained by the 
PME effect with those obtained by the photoconductivity-decay 
method, 


Volume lifetime 
Photoconductivity 
decay 
Assumed s 
in cm/sec 


rin 


Specimen MSEC 


555 
778 


100 
200 


A (p-type, 19.7 ohm-cm) 


100 
200 
300 


B (p type, 8.0 ohm-cm) 


100 
200 
500 


C (n-type, 2.5 ohm-cm) 


100 
200 
300 


D (n-type, 5.4 ohm-cm) 


D (after first heat treatment," 
n-type, 5.6 ohm-cm) 41 
43 


44 


100 
300 
500 


D (after second heat treatment,* 


n-type, 6.7 ohm-cm) 18 15.5 300 


* The specimen was heated to 725-750°C for 2-3 minutes in the first 
treatment and 10 minutes in the second. It had been cleaned in a nitric 
hydrofluoric acid mixture, concentrated nitric acid, and deionized water 
to remove “thermium,” surface contaminants which would tend to cause 
conversion to p-type. 
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to the filament lifetime.”® The resulting values of volume 
lifetime are shown in the table, and it is evident that 
agreement between the two quite different methods of 
measurement is quite close for values of s that are 
reasonable. It will be noted that an advantage of the 
PME method is that it is not so critically dependent 
on a knowledge of surface recombination velocity in 
the determination of high volume lifetimes. The easily 
obtainable very large values of s which are advantage- 
ously employed with this method would result in poor 
accuracy with the photoconductivity-decay method. 

With the n-type specimens there was a decided trend 
toward higher apparent lifetimes at higher light in 
tensities, up to approximately twice the low intensity 
lifetime in some instances. For these specimens the 
average of several values at moderately low intensities 
is shown in the table. A similar doubling in lifetime at 
high injec tion levels has been noticed in other types of 
measurement,” and attributed to the dependence of 
lifetime on added carrier concentration predicted by 
Hall, Shockley, and Read.” 
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APPENDIX. CORRECTION FOR VOLUME 
RECOMBINATION IN THIN-SLAB CASE 


According to the theory, if there is small but not 
negligible volume recombination, the ratio 9/ (AG Go) 
may be corrected for it by subtracting the quantity 
A(d/AG/Gy) = KY’, 


depends on S§ ss 


where A is a quantity” that 


4(1+3/25,') 
(3) 


and V4 is the ratio, yo/L, of half-thickness to diffusion 
length L= (Doyr)!. The coefficient AK varies from a value 
of 4 for S.’!= © to 2 for 5,’ 


applies strictly for low injection level, applies to a good 


0. The correction, which 


approximation for arbitrary injection level if Do is 
replaced by the general concentration-dependent value 
D. Thus ¥¢* is modified in accordance with 


Vo" Do Vor | | AG Gy 


V0" x x ’ (4) 
1 t O(AG Gy) 


Dor DD Dor 


' times 


and varies from the small-signal value to “ 
that value in the large-signal limit. The correction was 
applied with these refinements. The dependence of A 
on injection level (through that of S»’) was found to be 


negligible. 
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The recombination probabilities associated with lineage boundaries in germanium have been determined 


by measuring the ratio of injected carrier concentrations on either side of such a boundary 
the linear density of dislocations in the lineage boundary, 
The measured cross sections correspond to cylindrical recombination areas of 


dislocation can be inferred 


If one knows 
the recombination cross section for a single 


diameter 1.15 A for holes in n-type germanium and 2.8 A for electrons in p-type germanium. On the basis 


of recombination at dislocations alone, 


these results can be used to compute the expected lifetime as a 


function of dislocation density, and it is concluded from these calculations that a significant part of carrier 


recombination in the usual melt-grown crystals takes place at dislocations 


I. INTRODUCTION 


HE application of kinetic theory techniques to 

the problem of carrier recombination at lineage 
boundaries in semiconductors, and the formulation of 
the boundary conditions which apply to the continuity 
equation in such a case, have been exhibited in a recent 
paper’ which will hereafter be referred to as (1). The 
methods used in (1) have been improved, and cases of 
much more generality can now be treated. In particular, 
“multiple 
it suffices merely to 


it is not necessary to discuss the individual 
reflection” flux components at all; 
write down certain relations connecting the gross flux 
details of this 


extended treatment are briefly discussed in the Appen- 


components referred to in (1). The 


dix. 

Consider a situation such as that shown in Fig. 1. 
A lineage plane traverses a sample, and carriers are 
injected into the sample at a plane source parallel to 
distance to the left of the 
The lineage plane is assumed to be 


the lineage plane some 
lineage boundary. 


the yz plane, and it intersects the x axis at the origin. 


Pix) 


Ad” 








Fic. 1. Schematic representation of fluxes and injected carrier 
concentrations in the neighborhood of a lineage boundary. Bulk 
reflections may occur anywhere in the bulk regions to the right 
or left of the boundary, not necessarily at a fixed distance from 
the lineage plane as represented in the figure 


* This work is part of a thesis presented to the Department of 
Physics, University of Pittsburgh, in partial fulfillment of the 
requirements for the degree of Doctor of Philosophy 


‘J.P. McKelvey and R. L 


Longini, Phys. Rev, 99, 1227 (1955). 


The injected carriers recombine at the dislocations in 
the lineage plane? and thus the injected carrier concen- 
tration in its immediate neighborhood is lowered. Let 
the injected carrier concentration as a function of « be 
designated as p,(x) in the region to the left of the 
boundary, and as p2(x) in the region to the right of the 
boundary. Assume that there is a uniform electric field 
Eo in the x direction which sweeps minority carriers to 
the right past the lineage boundary with drift velocity 
uy, w being the drift mobility of the carriers. If the 
probability that an injected minority carrier will tra- 
verse the array of dislocations without undergoing 
recombination is designated as the “transmission coeffi- 
cient” JT and the probability that it will undergo 
reflection or backscattering is designated as the “reflec- 
tion coefficient” R, then by using the kinetic methods 
referred to previously it can be shown that the boundary 
conditions on the continuity equation which describes 
the concentration of injected minority carriers as a 
function of x are 


Ddp,(0) sipi(Q), 
Syp2(0), 
pil(O) , 


lim po(x) =0, 


re 


f(r ead / LH 


so( | “s), 
. 
i V5 V4 
( )(o4 p) /|1+ (R+ 
1—RB 1 v 


Dd p2(O)/ dx 


p»(O) 


where 


“(R 7°B 
1—RB 


T’B 
)} (7) 
1—RB 


2 Vogel, Read, and Lovell, Phys. Rev. 94, 1791 (1954). 
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INJECTED CARRIER 

In the foregoing equations, B is the “bulk reflec- 
tion coefficient” which expresses the probability that a 
carrier starting out from the lineage plane will not 
recombine as a result of bulk processes unrelated to the 
dislocation array before returning to the lineage plane, 
@ is the mean thermal velocity, and 014=}@+ uo. 
Physically, the concentration in the neighborhood of 
the boundary will be as shown in Fig. 1. The quantity 
n turns out to be very close to unity in all cases of 
practical interest. The recombination velocity s2 de 
pends only on B, and if s2, can be measured by measuring 
the bulk properties of the material, as distinguished 
from the properties of the dislocation array, then B can 
be found from (6). Note that in the case R=0, which is 
the one treated in (I), the above equations reduce to 
Eqs. (6), (9), (10), and (15) of (1). 


II. SOLUTION OF THE CONTINUITY EQUATION 


The measurements to be made in all cases involve 
the determination of the ratio of injected carrier 
concentrations at two points. In determining the 
quantity s, the points are separated by undisturbed 
bulk material, while s; may be determined by arranging 
the sample so that the lineage plane falls equidistant 
between the two measuring points and is normal to 
the axis of the sample. In either case it is necessary to 
know the solution of the continuity equation. We shall 
assume that a long sample of uniform cross section is 
used, so that one-dimensional carrier flow conditions 
prevail, and we make the further assumption that a 
steady state has been reached. Under these conditions, 
the continuity equation for injected minority carriers 
may be written’ 


Op pho dp p OP 


on? =D ox 


(8) 
rr oOo 


where D is the diffusion constant and L the bulk 
diffusion length. The solution of (8) must have the 
general form 


p(x) =C, exp(y,4/L)+C, exp(y_«/L), (9) 


where 


VYe= yt (Y+1)!, y=uEoL/2D. (10) 

Let us first discuss the case where there is no lineage 
boundary at all in the region of the sample under 
consideration. In this instance, R=0O and T=1 in the 
equations of the preceding section, and it is easy to 
see that 5;=5_, and n=1 from (5), (6), and (7). These 
relations must hold at every point in the region, since 
the lineage boundary could have been located at an 
arbitrary point in the sample and R and T allowed to 
approach zero and unity, respectively. Then boundary 
conditions of the form (1-4) would have to be satisfied 

3 W. Shockley, Electrons and Holes in Semiconductors (D. Van 
Nostrand Company, Inc., New York, 1950), p. 293. 
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Fic, 2. Experimental conditions for the measurement of / 

for that point, leading to the result s;=59, n= 1. In 
other words, it makes no difference in the steady state 
solution where the boundary was, once it has vanished ; 
all points are then equivalent. The concentration of 
injected carriers is thus continuous in the region, and 
since (4) must always hold, it is of the form 


p(x) 


Now, assuming that the injected carrier concentration 
is measured by measuring the change in reverse current 
at two collector probes arranged as shown in Fig. 2, 


it follows that 
y—(%41— X24) yd 
exp ) exp/ ) 
L L 


d 
4 (¥-+1)!—y J. 


po exp(y_a/L (11) 


pi) 


p(2) 


whence 


Ink o (12) 


Substituting the value of y from (10) into (12), solving 
for L, and noting that according to the Einstein relation, 
u/D=eo/kT, gives the result 


d 
(13) 


(InK of InK ot (eoFyd/kT) J} 


This shows that by measuring the ratio of injected 
carrier concentrations at two points (in the absence of 
lineage boundaries) one may infer the bulk diffusion 
length L. Knowing L, it is an easy matter to find s, or 
B; this will be demonstrated shortly. 

Consider now the case where R and 7 are arbitrary. 
Here one must take into account the effect of an array 
of dislocations at x=0. According to (3), the solution 
of (8) is discontinuous at «= 0, and must be represented 
by two functions, pi(«) and p.(x), of the form (9) but 
having different coefficients. From (4) it can be seen 
immediately that the coefficient of exp(y,x/L) in the 
expression for p(x) must vanish, and therefore the two 
concentration functions can be written 

pila) =C, exp(y4x/L)+C2 exp(y_x/L) 


p2\%) 


" (44) 
C; exp(y_x/L). 


The boundary conditions (1), (2), and (3) can now be 
used to evaluate the coefficients. Since the boundary 
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conditions are homogeneous, only the ratios of coeffi- 
cients can be determined. This is to be expected, since 
the injecting source strength is arbitrary. It is found 
that 


1 (sy D) + Y Co 1 (sil D) + V4 
} pom) 


Cs " ny Coe Mem? 
The relation between L and s2 is obtained by substi 
tuting the second equation of (14) into (2). It is 


So Dy ii, 


Substituting the coefficients (15) into the first equation 
of (14), it follows that 


(16) 


[ (vy, tsb d) exp(y_x L) 
n(¥4 Y ) 


pil®) 


(y-+5,L/D) exp(y,4/L) }. (17) 
Experimentally, one wishes to measure the quantity 


K = py( 


midway between the two collector probes, which are 


a)/p2(a), since the lineage plane is situated 


separated by a distance 2a, as shown in Fig. 3. Calcu- 


lating this quantity, using (17) and (14), one finds 


pil a) 1 
[ (v4 +s, L/D) exp( 


n(¥4—Y-) 


2avy ) 
po(a) 


(y+5,L/D) exp(—2agy) |, (18) 


where 

ag=a/L. (19) 
From (7) it is obvious that in most cases of experi 
mental interest, where R&1, v,/0 1, and B, 71, 
that » is very close to unity. In (18) the expression for 
K contains the factor 1/n. Therefore very little error 
is made by regarding as equal to unity in (18); since 
K in all experimental cases is much different from unity, 
it is the value of s,; rather than that of » which governs 
the value of the experimentally measured quantity K. 
Making this assumption and solving (18) for s,L/D, 


it is clear that 
Y [K - avy) 


exp 


sl ys A 2avy_) | exp( 


exp( 


D exp avy ) 2ayy) 


(20) 


The absorption coefficient of the dislocation plane 
can easily be found in terms of s,. It can be shown by 
infinitesimal analysis that if R<1, 71, B&1, thent 


T? 


T®=—+ 
1—RB 


~(R+T)?. (21) 


The approximation is so good that it holds even for the 
difference between 7* and unity. Thus 


1—7*=1—(T+R), (22) 


and the fractional error involved in the approximation 
(22) is only of the order of 1—B+R. This approxi- 
mation may be made in (5), 0,8/v_ eliminated by 
using (6), and the resulting equation solved for (7+-R). 
The result is 


1— (25,/é) 1+ (252/é) 
r= (T+R)! ( )( ) (23) 
1+ (2s,/¢) 1— (2s2/é) 


Conservation of particle flux requires that A+R+T7=1, 
where A is the recombination probability or ‘absorption 
coefficient” associated with the array of dislocations 
with respect to a single minority carrier. The absorption 
coefficient of the array is thus just 


A=1—(R+T7)S1-T*. (24) 


The recombination cross section of a single dislocation 
belonging to the lineage boundary can be found, 
provided the density of dislocations in the lineage plane 
is known. The relation connecting these quantities has 
been worked out in (I). It can be expressed as 


2f ye | g : 
cos! -—sech . (25) 
va h h h 


where g is the diameter of the cylindrical recombination 
region associated with a dislocation (i.e., the recombi- 


. nation cross section per unit length of dislocation edge), 


and h is the average spacing between dislocation edges 
in the lineage plane. The quantity / can be measured 
accurately by etching the surface of the sample and 
counting! the number of etch pits per unit length with 
the aid of a microscope and micrometer stage.‘ 


III. EXPERIMENTAL TECHNIQUES 


The general method of determining diffusion lengths 
and recombination cross sections has been described in 
the preceding section. Schematic representations of the 
experimental circuits are shown in Figs. 2 and 3. A 
more complete drawing of the specimen with probes, 
leads, and light shield in place is shown in Fig. 4. 

t Note added in proof.—A more refined analysis reveals that 
one need not assume R«1 but only 1—R>1—B for (21) to be 
valid. This statement applies also to the conditions under which 
the assumption n—=1 holds true. Both assumptions are thus good 
ones for values of R as large as 0.99, since in all experimental 
instances B>0.999, 

“F. L. Vogel et al., Phys. Rev. 90, 489 (1953). 





INJECTED CARRIER 

Excess carriers are injected into the sample by a 
light source consisting of a tungsten filament incan- 
descent lamp and condensers and an objective lens 
which focuses a small bright line image on the surface 
of the sample. Care is taken to minimize internal 
reflections and stray scattered light. The sample itself 
is of uniform square cross section, about 0.60.6X 20 
mm in size. The sample is cut so that the lineage plane 
is normal to the long axis of the sample, and the surface 
is etched with CP4 to make the lineage boundary 
visible. The light source impinges on the sample several 
cross-sectional from the lineage 
boundary so that one-dimensional carrier transport 
conditions hold to a good approximation at the disloca- 
tion array. Low resistivity samples (less than 10 ohm- 
cm) are used in these measurements in order to avoid 
ambipolar transport effects. The samples were pro- 
duced by growing germanium crystals from the melt, 
using a growth rate which was more rapid than normal. 
The effect of the rapid growth rate is to induce the 
formation of lineage boundaries, the dislocation edges 


dimensions away 


running along the growth direction [in all cases dis 
cussed here the (100) direction |. By careful selection 
of samples, specimens with few imperfections other 
than the desired lineage boundary can be obtained. 
The n-type samples were doped with antimony, the 
p-type with gallium. After the sample is cut and etched, 
current leads are carefully attached and the sample is 
mounted in a small plastic vise whose jaws are recessed 
to accommodate the sample. Light shields are then 
positioned around and above the sample to eliminate 
stray light around the collectors. 

After the sample is mounted in its holder, probes are 
positioned on the surface, with the aid of a binocular 
microscope (60), and formed so that a rectifying 
contact with good collection sensitivity for minority 
carriers is obtained when a small reverse bias is applied. 
The probes are made from 5-mil diameter 24K gold 
wire, electrolytically pointed, and they are mounted on 
calibrated micromanipulators in order to facilitate 
positioning and accurate distance measurements. Vari- 
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Fic. 4. Drawing of sample with collectors and light shields in 
place. Scale may be judged by noting that the sample is about 
20 mm long by about 0.6 mm square 


®*W. van Roosbroeck, Phys. Rev. 91, 282 (1953). 
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able de bias supplies and sweep current supplies are 
furnished from external sources. ‘The collectors which 
were used exhibited reverse current of the order of 1 ya 
at a few volts reverse bias and showed quite good 
collector sensitivity. They are, however, subject to 
slight drift and random reverse current fluctuations. 
The seriousness of these effects is affected by atmos 
pheric conditions, best results being obtained under low 
humidity. If the injected carrier signal is fairly large 
(10°-* to 107-7 amp), these effects do not ordinarily cause 
much trouble. If the injected carrier current is less than 
about 10°° amp (this is the case when zero or very 
small sweep fields are used), a large number of obser 
vations must be averaged to minimize these difliculties 

The added carrier current is measured by a sensitive 
mirror galvanometer. A bucking circuit is used to buck 
out the equilibrium collector current, so that the entire 
galvanometer deflection is caused by the increase in 
collector current due to the presence of injected 
minority carriers. An Ayrton shunt and a conventional 
lamp and scale indicator are used. Absolute current 
measurements are not needed, since only ratios of 
injected carrier densities are to be measured. 

The actual measurement procedure is as follows. ‘The 
light source is moved into place and focused on the 
sample. Despite the precautions which have been taken, 
there may be a small amount of residual stray light 
which falls on the area near the collectors when the 
light source is turned on, and injects carriers there 
independently of those injected at the source spot. The 
stray-light correction may be determined by applying 
a strong sweep-field in such a direction as to sweep 
injected minority carriers away from the collector area. 
The change in collector current is then noted for both 
collectors as the light source is switched on and off 
This change is the stray-light correction, and should be 
subtracted from all subsequent measurements. If the 
light shields are properly positioned, this correction 
will be small compared to the experimental readings, 
and in most cases is quite negligible. The sweep polarity 
is then reversed, so that minority carriers are swept 
toward the collectors from the injecting area, and the 
change in collector current at each collector is observed 
as the light source is switched on and off. These changes 
are tabulated, and measurements are made for a number 
of values of sweep field. At each value of sweep field, 
several measurements are made and the results aver 
aged. The sweep field values run from zero to about 
2 volts/em, above which serious heating effects take 
place. 

The ratio of the collector current increases at the two 
probes does not directly give the injected carrier density 
ratio, unless the probes are equally sensitive. ‘Theoreti 
cally, since the collector current in the reverse satur 
ation region is made up solely of a flow of minority 
carriers to the collector, and since the equilibrium value 
of minority carrier density is the same at all points 
throughout the sample, the sensitivity or collection 
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efficiency of a reverse-biased collector should be pro- 
portional to its reverse saturation current. In these 
experiments attempts were made to make the two 
collectors as nearly identical as possible, and these 
were largely successful. The ratio of collector currents 
at the two probes was divided by a sensitivity factor 
equal to the ratio of corresponding reverse saturation 
currents to obtain the ratio of injected minority carrier 
densities at the two collectors. This sensitivity factor 
can be checked experimentally by illuminating the 
entire sample uniformly with light from a diffuse source. 
This produces a concentration of added carriers which, 
if the surface recombination velocity and bulk lifetime 
are uniform over the sample, is equal at the two probes. 
One then to observe increase of 
collector current at each probe which is proportional to 
its equilibrium saturation current. This is found to be 
true quite generally, and calibration factors obtained 
by the two methods are in agreement within about 
t 10% for the data reported here. A final check on the 
experimental results can be made by verifying the 
independence of the two collectors. It might be supposed 
that the first collector withdraws so many injected 
carriers from the sample that the concentration at the 
second collector is affected independently of any other 
effect, especially since in the dislocation measurement 
the two probes are very close together. The independ- 
ence of the collectors, however, is easily established by 
noting the fact that the collector current increase at 
the second probe observed when carriers are injected is, 
within the accuracy of the measurements, completely 
independent of the amount of reverse bias applied to 
the first probe. Low-level injection conditions prevail, 
and the collector current increases are in all instances 
small compared to the collector currents themselves. 
The ratio of collector current increases at the two 
collectors, corrected for stray light and collector sensi 
tivity, gives the quantities A or Ao discussed in the 
preceding section. If the dislocation boundary is posi 
tioned between the probes, one measures K; if the 
material between the probes is undisturbed bulk ma- 
terial, one measures Ky. The actual measurement 
procedure is first to measure A as a function of sweep 
field yo, and then to shift the sample so that the 
lineage boundary is far from the measurement area and 
measure Ay as a function of 2. The probe spacings are 
kept very small (about 0.15 mm) when making meas- 
urements on lineage boundaries so that most of the 
recombination taking place will be due to the disloca- 
tions and the effect of possible errors in the experimental 
value used for L will be minimized. Larger probe 
spacings (1-2 mm) are used for measuring L. When 
these measurements have been taken, the drift mobility 
is measurec by the standard technique.*” A potential 
traverse of the sample is then made, and the dimensions 
of the sample carefully measured so that the resistivity 


would expect an 


* J. R. Haynes and W. Shockley, Phys. Rev. 81, 835 (1951) 
J. P. McKelvey, J. Appl. Phys. 27, 341 (1956). 
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may be accurately determined. The sweep field is then 
easily obtained from the sweep current by Ohm’s law. 
The number of etch pits per unit length is then deter- 
mined to give the linear density of dislocations in the 
lineage boundary. The dislocation edges are in all cases 
approximately normal to the sample surface; this has 
been verified by “potting” the samples in plastic, in 
which reference marks are milled, noting the coordinates 
of a distinctive feature of the dislocation boundary 
(such as a double-pit formation), lapping off the 
surface and re-etching, and finally comparing the new 
coordinates with the ones previously measured for the 
same feature. The depth of material removed is meas- 
ured with a sensitive (0.0001-in.) dial indicator and a 
measuring microscope. The angle of inclination of the 
dislocations to the normal is in no case greater than 10°. 


IV. EXPERIMENTAL RESULTS 


Measurements have been carried out on a number of 
samples of moderate resistivity, both n-type and p-type. 
Considerable trouble was taken to obtain reliable 
measurements of the bulk diffusion length L, not only 
because this quantity is used in subsequent calculations, 
but also because these measurements supply independ- 
ent experimental verification of the field relations (12) 
and (13). It was found that excellent measurements of 
L can be obtained in this manner, and that the field 
relations are obeyed accurately. Figure 5 shows a plot 
of Ko vs Ey for sample X160-4d. Although Ko varies 
over a wide range, the experimental points give a value 
of L equal to 0.02593 cm, and the scatter is only + 2.5%. 
The solid curve in the figure shows the variation of Ko 
with Ey predicted from (12) by using L=0.02593 cm. 
Similar results were obtained from the other samples. 

The measurements which were made on dislocation 
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Fic, 5. Plot of measured and calculated values of Ko vs sweep 
field Eo for a typical germanium sample. 
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TABLE I. Recombination data for dislocation boundaries 


I d 


p uM 
Sample (ohm-cm) (cm?/volt-sec ) (cm (cm) 


X 160-44 
X160-4b 
X160-4d 
X 46-2 

X 186-2 


0.02584 
0.01776 
0.01615 
0.01615 
0.01615 


0.0284 
0.0259 
0.0259 
0.0475 
0.0453 


1850 
1850 
1850 
1780 
3310 


8.1(n) 
7.1(n) 
8.4(n) 
2.8(n) 
7.7(p) 


boundaries are summarized in Table I. The values of 1 
and uw are measured, and D is calculated from uw by the 
Einstein relation. The quantities sy and s; are obtained 
by means of Eqs. (16) and (20), respectively, and A is 
obtained (23) (24). The cross-sectional 
diameter g is calculated by solving (25) numerically. 
The measurements quoted in ‘Table I represent the 


from and 


average of many measurements made at different values 
of sweep field. Although there is considerable experi- 
mental scatter, and although the measured values of K 
vary over a considerable range, there is no marked 
variation of g with the sweep field. This is to be ex- 
pected, since the drift velocity contributed by the field 
is small compared with the thermal velocity, and thus 
the field contributes little to the average energy of the 
carriers. ‘These results serve in a sense to validate the 
assumptions made in deriving the theoretical results of 
(I), 1.e., that 7, B, and RK are independent of the field 
if pAy«é. It must be noted, however, that the values 


of g given in the table represent an average over the 
thermal energy distribution function of the carriers. 
Figure 6 shows experimental plots of the absorption 
coefficient vs field for two of the samples listed in the 
table; these plots are typical of the data obtained for 


all the samples. Observe that the cross-sectional diam 
eter of the recombination area is of the order of the 
interatomic distance, but that it appears to be different 
for holes (n-type material) and electrons (p-type). The 
result of the measurements on sample X46-2 seems to 
indicate a larger cross section than those obtained on 
the other n-type samples, but the difference is just at 
the limit of experimental uncertainty and it is not clear 
whether this result is due to a dependence of cross 
section on the Fermi level (thus the resistivity) or on 
the dislocation density, or can be explained by experi- 
mental uncertainty. The linear dislocation density on 
this sample is very high, and the separate etch pits can 
be resolved only at very high magnification by using 
oil-immersion objectives, and it may be that the actual 
dislocation density is somewhat higher than the figure 
quoted due to imperfect resolution of the dislocations 
under these conditions. If this were the case, a smaller 
cross section would result. 

The experimental uncertainty is believed to be due 
primarily to local inhomogeneities in the bulk and 
surface properties of the germanium samples, and to 
fluctuations in collector sensitivity caused by the 
ambient atmospheric conditions. The measurements of 
resistivity, mobility, linear dislocation density (except 


Si Sa 
cm/sec) A a) 
236 
3.28 
2.59 
1.24 
2.16 


0.00023 23 
0.0002620 
0.0002849 
0.000809 
0.000836 


2463 
2753 
2993 
8510 
11 496 


071 
1.15 
0,99 ( 
1.46( 


2.87 ( 


t 30°) 
t 14%) 
t+ 15%) 
t 19%) 


in the single case noted previously), and probe distances 
are reliable to a few percent, and may be discounted as 
serious sources of experimental error. It should be 
noted that it can be rigorously shown that surface 
recombination into the results, 
provided that the surface recombination velocity is 


introduces no. error 
constant over the surface of the sample and that the 
injecting light source is a few effective diffusion lengths 
away from the measurement area. If this is the case, 
the measured quantity Z will not be the true bulk 
diffusion length, but rather an effective diffusion length 
which combines bulk and surface contributions. Never 
theless, it is just this effective diffusion length which 
must be inserted for L in the solutions of the « ontinuity 
equation, since they must represent the effective experi 
mental carrier concentrations rather than those which 
if bulk recombination were the only 


would result 


mechanism of injected carrier loss apart from. the 
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hic. 7, Plot of bulk lifetime to be expected on the basis of 
recombination at dislocations vs density of dislocations, when one 
uses the measured values of recombination cross section 


dislocation array. If the value of surface recombination 
velocity varies over the sample surface, however, errors 
are to be expected. With the CP4 etched surface used 
in the experiments, surface recombination velocities in 
the range 50-250 cm/sec are to be expected.® 

The value of the mean thermal velocity for a single 
type of carrier is given by 


(SkT/am*)}, (26) 
where m* refers to the effective mass of the carrier. For 
the mtype samples, the two-carrier approximation’ 
was used to arrive at the mean thermal velocity for 
injected holes. The effective masses were assumed to 
be isotropic, and values m*=0.04mp for the light hole 
and m*=0.30my for the heavy hole were used. It was 
assumed that 4% of the total number of carriers were 
light holes. The values of @ for the two types of carrier 
were computed according to (26) and averaged, weight 
ing suitably to take account of the smaller concentration 
of light holes. For the p-type sample, ellipsoidal energy 
with m,=1.58mo and m, 
0.082my, in accordance with the data of Dresselhaus, 
Kip, and Kittel." The effective value of é was computed 
by calculating the flux across an arbitrary plane using 
Maxwell-Boltzmann statistics and the ellipsoidal energy 
surfaces, and equating the resulting expression to 4.V¢é. 
The calculations are straightforward but very involved 
and the results are not in general isotropic.” The values 


surfaces were assumed, 


*]. P. McKelvey and R. L Phys. 25, 634 
(1954 

* Willardson, Harmon, and Beer, Phys. Rev. 96, 1512 (1954) 

” Goldberg, Adams, and Davis, Phys. Rev. 105, 865 (1957) 

" Dresselhaus, Kip, and Kittel, Phys. Rev. 98, 368 (1955) 

"One would conclude from these results that the form of (25) 
would be altered for nonisotropic ¢. However, the anisotropy 
found for electrons in p-type germanium is not strong, and the 
influence of the effect is further weakened when one averages 
over angle as in (25). Therefore, it is believed that (25) describes 
the relation between A and g, in this case, within the accuracy 
of the measurements 


Longini, J Appl 


of @ which were used in processing the data were 
2.101 107 cm/sec for holes and 2.567 10" cm/sec for 
electrons. These values are computed for 7 = 300°K. 


V. DISCUSSION OF RESULTS 


It has been shown that edge-type dislocations in 
germanium serve as recombination centers for injected 
carriers. The recombination cross sections are those of 
cylinders about 1.15 A in diameter for holes in n-type 
material and about 2.8 A in diameter for electrons in 
p-type material. 

It is possible, with this information, to calculate 
roughly what one should expect the lifetime of a sample 
containing a dislocation density of V cm™ to be, if one 
assumes that no recombination takes place except at 
dislocations. We shall assume for simplicity that the 
dislocation edges are parallel and that they are randomly 
distributed throughout the sample. In this case, the 
average distance between dislocations is just 1/N!=A. 
The average chance of encounter between a dislocation 
edge and a carrier is g/A as the carrier traverses a path 
of length h. The average chance of an encounter as the 
carrier traverses a path of length x is then (g/h)(x/h) 

gVx. The “life path” of a carrier has an average 
length ér, where 7 is the bulk lifetime of the carrier. 
If x=ér, then the probability of encounter is of the 
order of unity. This condition gives \ gér=1, or 


t~1/(N ge). (27) 


Thus, for n-type specimens, we should expect to find 
(at room temperature) 7r=4.14/.V, and for p-type, 
t=1.22/N (cgs units). 

These functions are plotted in Fig. 7. According to 
Faust,* who has examined a large number of melt- 
grown crystals produced in this laboratory, the disloca- 
tion density in crystals of germanium grown without 
special precautions is usually about 10° cm~*. Figure 7 
indicates that one should expect a bulk lifetime of a 
few thousand microseconds in n-type specimens, and 
perhaps 1000 microseconds in p-type specimens, if 
recombination at dominant. These 
figures are in good agreement with the upper values of 


dislocations is 


lifetime usually found in such samples. If the dislocation 


density is greater or less than 10° cm~*, of course, then 
lower or higher upper bounds on the bulk lifetime 
would result. No extensive study of correlation between 
bulk lifetime and dislocation density has been made in 
this laboratory, but no sample the author has studied 


has violated the requirements of Fig. 7. 
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APPENDIX 


It is desired to extend the results of (1) to the case 
where backscattering or ‘‘reflection’’ of carriers may 
take place at the dislocation array; the probability of 
this process in a single encounter of a carrier with the 
dislocation array defines the reflection coefficient R. 
In Fig. 1, a net flux of carriers Ay is assumed to enter 
the neighborhood of a dislocation boundary. A certain 
portion is transmitted through the boundary, some is 
absorbed by recombination with majority carriers at 
the boundary, and some may be reflected or back 
scattered into the bulk. The probabilities for a single 
carrier to undergo any of these processes has been 
represented by the appropriate coefficient. Carriers 
which are reflected or transmitted at the boundary 
enter the bulk regions, where they may wander about 
and eventually be absorbed (bulk recombination), or 


they may diffuse back to the boundary and again enter 


into the processes which take place there. The proba 
bility that the latter eventuality will occur is the bulk 
reflection coefficient B or B’ for carriers departing from 
the boundary into the bulk material to the left or right 
of the boundary, respectively, in Fig. 1. The quantities 
B and B’ are in general not equal, due to the presence 
of the electric field 4». It is obvious from Fig. 1, how 
ever, that the fluxes toward and away from the bound 
ary on either side must obey the relations 


RECOMBINAT 


ION 


Ao+B'Fy, 
TF \+REF,, 
TF,’ +RF;,, 
BF, 


The information contained in (28) is exactly that 
conveyed by writing down individual “multiple retle« 
tion” flux components and summing the series which 
result, as in (1). The statement (28) represents the 
physical situation somewhat more clearly than the 
rather artificial multiple reflection approach, and will 
solve problems of very great generality, such as the 
present one, without the undue complication which 
usually results when the other method is used 

Solution of the simultaneous equations (28) for the 


flux components gives 
Ay(1—RB)/A, 
1o7°/A, 
19(7°B 
Aol B/A, 


R’B+R)/A, 


where 


A=1—RB— RB — BB (T’ 


(3) of (1), 
and algebraic manipulation exactly like that performed 


Equations (29) correspond fully to Eqs 


in Eqs. (4) through (8) of (1) will yield, when performed 
upon (29), Eqs. (1) through (7) of the present article 
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Strong rf power, modulated at a low frequency, was applied to a paramagnetic solid (diphenyl pycril 
hydrazil) in a de field H, of up to 20 gauss. The resulting changes in M, at the modulation frequency pro 
duced a voltage in a coil oriented in the z direction, to provide a measure of M,. A sensitive test of the 


equation of motion of the spin magnetization was achieved by using 19.5-Mc/sec circularly polarized rf of 


up to 6 gauss in the x-y plane, square wave modulated at 280 cps. The observed 280-cps signal was consist 


ent with the Bloch equations, assuming relaxation toward the instantaneous applied magnetic field. As pre 


dicted 


I. INTRODUCTION 


N his original paper on nuclear induction Bloch! 

suggested phenomenological equations of motion 
for nuclear magnetization. It has generally been 
assumed that Bloch’s equations also apply to electronic 
spin magnetization in those solids which exhibit 
Lorentzian magnetic resonance lines as a result of strong 
exchange interaction between spins 

Several writers’* have pointed out that it is reason 
able to modify the Bloch equations so that the relax 
ation terms make the magnetization tend to approach 
its equilibrium value with respect to the instantaneous 
applied magnetic field instead of the fixed field. Such 
a modification is theoretically preferable.’ © When the 
relaxation times 7; and 7» are equal, as is observed in 
diphenyl pyeril hydrazil, and as is expected in general] 
at low fields (if the Bloch equations are valid at all), 


these modified Bloch equations are: 


aM /dt=y¥MxH— (M—xoH)/7), (1) 


where H is the magnetic field, xo the spin susceptibility, 
and y the gyromagnetic ratio. The “unmodified” Bloch 
equations are the same as (1) except that yoH is 
replaced by xoll,.k, where k is a unit vector in the 
z direction (fixed field direction), The modified Bloch 
equations (1) are consistent with experiments in metals’ 
and organi when the applied radio 
frequency magnetic field is small. The form (1) is also 


free radicals?* 


consistent with observed® Debye dispersion in para 
magnetic solids. 
Both the modified and unmodified Bloch equations 


'F. Bloch, Phys. Rev. 70, 460 (1946). 

? Codrington, Olds, and Torrey, Phys. Rev. 95, 607 (1954 

3M. A. Garstens, Phys. Rev. 93, 1228 (1954) 

‘IP. Bloch, Phys. Rev. 105, 1206 (1957). This paper includes a 
detailed treatment of the behavior of a single spin in a large rf 
field. Apparently this treatment is not directly applicable to the 
present case of many strongly coupled spins 

® A. Redfield, 1.B.M. Journal 1, 19 (1957) 

®*R. K. Wangsness, Phys. Rev. 101, 1 (1956) 

7R. T. Schumacker and C. P. Slichter, Phys 
(1956) 

* Gartens, Singer, and Ryan, Phys. Rev. 96, 53 (1954); M. A 
Gartens and J. I. Kaplan, Phys. Rev. 99, 459 (1955). 

°C, J. Gorter, Paramagnetic Relaxation (Elsevier Publishing 
Company, Amsterdam, 1947) 


Rev. 101, 58 


WU, was not zero when H,=0. A Bloch-Seigert effect was also observed 


can be solved exactly* when a fixed field H, and a 
perpendicular circularly polarized rf field H, are applied 
to the solid. For the steady state, the modified Bloch 
equations predict that the magnetization in the fixed- 
field direction is 


(AwT)(yHiT 1) xoll; + {1 + (Aw7";)? loll, 
M, ; 
1+ (Aw7T;)?+ (yH17T;)? 


where Aw is the frequency deviation from resonance, 
vH,—w. 

It is noteworthy that (2) is not zero when H,, the 
fixed field, is zero. In other words, a circularly polarized 
rf field alone can produce a stationary component of 
magnetization perpendicular to the plane in which the 
rf field rotates. This can be understood physically by 
considering a spin which has just relaxed along the 
instantaneous rf field direction. As the field rotates, the 
spin is unable to follow it, and at a later time there will 
be an angle between the spin and the rf field. The spin 
will then precess around the rf magnetic field, out of 
the plane of rotation of the field, and will contribute 
to a stationary magnetization perpendicular to this 
plane. 

This paper reports measurements of the stationary 
component of magnetization M, resulting from a fixed 
field H, plus a perpendicular linearly or circularly 
polarized rf field. This magnetization is made observable 
by amplitude-modulating the rf field; the resulting 
changes in M, induce a voltage in a coil whose axis is 
in the z direction. This method has the advantage that 
the pickup system is tuned to detect a frequency very 
different from that of the rf field. This technique is 
related to the transient measurements of Bloembergen 
and Wang," and was suggested by Hahn who also 
performed the earliest experiments." 

This research was undertaken to test the validity of 
the modified Bloch equations for large rf fields, and to 
determine the applicability of the technique in the 
study of paramagnetic substances in general. 


 N. Bloembergen and S. Wang, Phys. Rev. 93, 72 (1954). 
"ke. L. Hahn, unpublished work performed at Brookhaven 
National Laboratory and IBM Watson Laboratory. 
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Il. EXPERIMENTAL METHOD AND RESULTS 


Preliminary measurements on diphenyl! pycril hydrazil 
were made with a linearly polarized 21-Mc/sec rf field 
of up to 2 gauss peak amplitude, sinusoidally amplitude 
modulated at 0.5 Mc/sec. The signal was picked up 
by a 100-turn coil tuned to 0.5 Mc/sec and oriented 
along the z direction (fixed-field direction), and could 
be observed directly with a wide-band oscilloscope. 

Under these conditions the predictions of the modified 
and unmodified Bloch equations are only slightly 
different from each other, and either could be made to 
fit the data equally well by assuming 7) = 7.6.2 10-* 
sec, in agreement with previous measurements. It was 
expected that the variations in M, would lag behind 
the modulation envelope by a phase shift of about 
w», 1°, radians, where w,,/2m7 is the rf modulation fre- 
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Fic. 1. Experimental apparatus. The coils used to produce the 
fixed field /7, are not shown. 


quency (4 Mc/sec). Unfortunately the system was not 
stable enough to resolve this phase shift. 

Since the measurements with a linearly polarized rf 
field failed to give a sensitive test of the modified Bloch 
equations, we undertook to make a similar kind of 
measurement with a large circularly polarized rf field. 

It was a simple matter to produce a circularly polar- 
ized field of up to 6 gauss at 19.5 Mc/sec by exciting 
two hairpins oriented at right angles, each one consti- 
tuting the inductive leg of a tuned circuit (Fig. 1). In 
order to obtain equal amplitudes and a 90-degree phase 
difference, the two tank circuits had to be slightly 
detuned ; this was done by trial and error. To check the 
amplitude and polarization of the rf field, the deflection 
plates of a cathode-ray tube were connected across the 
two hairpins through capacitive dividers. Care was 
taken to see that the phase and amplitude sensitivity 


RESONANCE 








H, (Gouss)——> 


Fic. 2. Observed signal for zero de field and resonant de tield, 
as a function of rf amplitude. The solid curves give the theoretical 
prediction of Eq. (3), assuming 7) = 7,)=6.210°* sec, 
ured previously 


as mecas 


of the cathode-ray tube was the same in both directions 
and that the two hairpins had the same dimensions 
The two tank circuits were tuned to give a circle on the 
cathode-ray tube screen. 

The rf field was turned on and off at 280 times per 
second. Every time the transmitter turned on or off, 
there should be a change in M, of 


AM ,=+(xoH,—M,) 
t yoyw( 1,7)? 
(3) 


1 { (Aw7';)*4 (yH,7 1)? 
This change in magnetization produced voltage pulses 
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Fic. 3. Observed signal as a function of de field, at various 
power levels. The solid curves give the theoretical prediction of 
Eq. (3) for pure circularly polarized rf field. The arrow on 
the upper curve is at the position of the negative peak predicted 
by Eq. (4), and the vertical dotted line shows the expected 
negative resonance condion (//,= —w/7) neglecting the Bloch 
Siegert effect 
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at®280 cps in a 30.000-turn pickup coil. The output of 
the pickup coil was fed into a high-gain narrow-band 


low-noise amplifier and lock-in detector, which had to 
be extensively shielded and rf bypassed. Since the rf 
field was turned on and off in a time short compared 
to the period of the rf modulation (1/280 sec), the 
output of the lock-in detector was proportional to AM,. 

In Fig. 2 are shown experimental data and theoretical] 
curves for zero fixed field and for resonant fixed field. 
The detection system was not directly calibrated; 
instead, the gain of the system was taken to give the 
best fit at resonance (/7, 
of the rf field was measured in three ways: 


w/v) in Fig. 2. The amplitude 
with a 
search coil; by measuring the voltage across the hair 
pins; and by fitting the data at resonance with theory. 
The three calibrations thus obtained agreed within 
10%. The calibration used here is the one chosen to 
vive the best fit for the (/,=w/y) 
These two calibration constants were the only adjust 


curve in Fig. 2. 


able constants used to compare the experimental data 
with theory. The lower curve in Fig. 2 shows that there 
when H,=0, as 
predicted by the modified Bloch equations. 


is a definite fixed magnetization 

Figure 3 shows some typical runs at various rf levels. 
At high power level a small negative resonant peak 1s 
observed, which is due to the fact that the rf field is 
not perfectly circularly polarized, but contains about 
10% oppositely rotating rf field (as inferred from the 
height of the negative resonance). This arises in part 
from imperfections in the production and measurement 
of the field, and in part from the fact that those parts 
of the sample which are off the central axis will not see 
a perfectly circularly polarized field even if everything 
is perfectly symmetrical. For this reason the sample 
was confined to a small radius 


The ,negative resonance peak is shifted from the 
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condition H,=—w/7; this shift is similar to that pre- 
dicted by Bloch and Siegert,” but in this case the shift 
can be calculated more exactly for large H,. It can be 
shown, by transforming to a coordinate system rotating 
with the main part of the rf field, that the small negative 
peak due to the residual oppositely rotating rf field 
should occur when 


VH,=w— (4o 


VHT ;*)!. (4) 


The position of the observed peak is in agreement with 
this prediction. 

The data of Figs. 2 and 3 clearly contradict the 
unmodified Bloch equation but agree very well with the 
prediction (3) of the modified Bloch equations. The 
small discrepancies which are observed are probably 
spurious. 


CONCLUDING REMARKS 


The technique developed here may be useful for 
finding weak and broad paramagnetic resonances at 
low frequencies, because the signal is observed directly 
and not as a shift in the balance between two very 
much larger signals. Hence, with suitable design, it is 
possible to increase the rf amplitude considerably 
without increasing the detector noise. For those para- 
magnetic materials in which a resonance can be ob- 
served, the technique could also be used to measure 
spin susceptibility, and might be considerably simpler 
than other methods which depend on measurement of 
the strength of the paramagnetic resonance.’ 

We wish to thank E. L. Hahn for important contri- 
butions to the earlier phases of this work, and W. 
Jones, R. Blume, and R. L. Garwin for experimental 
assistance and suggestions. 


9 Bloch and A. Siegert, Phys. Rev. 57, 522 (1940). 
RK. H. Silsbee, Phys. Rev. 103, 1675 (1956). 
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Experiments have been conducted in which potassium chloride films have been bombarded with slow 


electrons. Electron absorption and backscattering were studied as a function of bombarding energy. Discon 
tinuities of slope were obtained at characteristic bombarding energies, and these were interpreted in terms 
of decomposition and excitation energies. Three different experimental arrangements were utilized ; a triode 
with a rotating dynode in which the electrons describe a simple straight-line path from source to target to 
detector, a device wherein both the primary and backscattered electron beams followed a cycloidal path 
due to external magnetic field, and an apparatus containing a magnetic velocity analyzer to limit the energy 
spread of the primary beam. General agreement was found in the data regardless of the type of apparatus 
used. The work function for inserting an electron into the potassium chloride film was estimated to be in 
the neighborhood of 0.3 ev 

It has been suggested that the technique of slow-electron bombardment may be used as a tool for analysis 
in thin-film studies and as a means of identifying band structure 


I. INTRODUCTION bombarding energy, the emitted electron current de 


URING the past few years, research in secondary creased, indicating absorption of primaries at_ this 


emission phenomena has indicated that the band 
scheme in solids might be studied experimentally. A 
rather comprehensive survey article by Marton ef al.! 


particular energy. From optical absorption techniques, 
it has been found that the exciton level in potassium 
chloride crystals is approximately 7.0 ey 
discusses characteristic energy losses in solids due to In the report by Wright, other critical energies were 
electron bombardment. The various theories dealing described for various materials, and it was pointed out 
with this phenomenon are summarized. 

In the work of Rudberg, Haworth, and Harrower’ 
it was found for the case of surfaces bombarded with 


that in addition to the exciton level, a correspondence 
could be found in the threshold of secondary emission 
and the optical absorption of an electron raised from 
the filled band to the conduction band. Leder, Mendlo 


electrons in the energy range of one hundred to several 
witz, and Marton® point out a correspondence between 


thousand electron volts, inelastic scattering of primary 
electrons could be observed. The data indicated that *T@Y fine structure and characteristic energy losses in 
the scattered electrons had suffered well-defined losses 
of energy, these losses being independent of the primary 
energy and characteristic of the target material. 

In still another approach to the problem of studying 
the band scheme by electron bombardment techniques, 
a group of experimenters have bombarded surfaces 
with low-energy electrons. In the work reported by 
Hilsch,*? Wright,’ and Bruining® experiments were con- 
ducted in which low velocity electrons were used to 


various solids. 

In the experiments to be described, the low-velocity 
primary electron beam technique was further explored. 
By utilizing more refined methods, discontinuities in 
dynode current and in the collector current due to 
inelastically scattered electrons, as a function of incident 
electron energy, are compared with optical absorption 
data and heat of formation energy. The results obtained 
appear to confirm previous results, indicating that the 


bombard surfaces such as potassium chloride, sodium band structure of potassium chloride may be obtained 


chloride, sodium fluoride, calcium fluoride, and barium 
oxide deposited on metal targets. The ratio of back- 
scattered current to bombarding current was measured 


by electron bombardment. In using electron bombard- 
ment techniques it was found, in addition, that new 
information relating to the structure of solids appeared. 


as a function of bombarding energy. In all of these Il. EXPERIMENTAL METHOD, TRIODE STRUCTURE 


, a decrease in emitted electrons was noted at a 
critical energy for each particular chemical surface. During the course of these experiments, three types 
For instance, for potassium chloride, at about 7.0-ey of apparatus were used. These included (1) a simply 
constructed triode with a rotating dynode, (2) a tube 

Ry Presently with Columbia Broadcasting System Laboratories, in which the primary electrons were deflected in a 
New York. : 

1 Marton, Leder, and Mendlowitz, Advances in Electronics and 
Electron Physics (Academic Press, Inc., New York, 1955), Vol. inelastically scattered electrons were measured directly, 
VI, p. 183. 

2. Rudberg, Phys. Rev. 50, 138 (1936); L. J. Haworth, Phys 
Rev. 48, 88 (1935); G. A. Harrower, Phys. Rev. 102, 340 (1956 for the primary electron beam. 

4K. Hilsch, Z. Physik 77, 427 (1932); O. Krenzien, Z. Physik ‘The first type is illustrated in Fig. 1. The purpose of 
126, 365 (1949) 

‘4D. A. Wright, Brit. J. Appl. Phys. 5, 108 (1954). 

5H. Bruining, Physics and A pplication of Secondary Electron 
Emission (Pergamon Press, London, 1954), p. 93 6 Leder, Mendlowitz, and Marton, Phys. Rev. 101, 1460 (1956). 
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cases 


cycloid path by means of a magnetic field and in which 


and (3) a tube containing a magnetic veloc ity analyzer 


using this construction was to confirm previous meas 
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(0) (c) 


hic. 1. Experimental triode: (A) indirectly heated cathode 
sleeve; (B) oxide-coated cathode; (C) wide meshed grid; (D) 
rotating dynode; (I) potassium chloride to be evaporated; (F) 
nickel sleeve and heater for potassium chloride evaporation; (G) 
getter; (H) mica shield 


urements by Wright and others. In addition, a structure 
such as this, if proven valid, could be used to explore 
rapidly a great variety of materials because of its 
inherent simplicity. 

At exhaust, the cathode was activated and grid and 
dynode further cleaned by induction heating. The 
cathode-contaminated region of the dynode was rotated 
in front of the potassium chloride container and the 
container was degassed to the point of some evaporation 
of the potassium chloride. After this treatment, the 
contaminated portion of the dynode was rotated back 
in front of the cathode, and the cathode, grid, and 
dynode were again heated until they were clean and 
degassed rather completely. The getter was then 
evaporated and the tube sealed from the vacuum 
system. 

The uncontaminated part of the dynode was then 
rotated in front of the cathode and control runs were 
carned out bombarding the metal dynode. The cathode 
was set at ground potential, the (6.3 v) filament at 
about 3 volts, the grid at 150 volts, and the dynode 
potential varied from 0 to +25 volts, with respect to 
the grounded cathode 

Following the control run, the bombarded area of 
the dynode was rotated in front of the potassium 
chloride container and the container was heated at 
successively higher temperatures in order to evaporate 
the potassium chloride onto the dynode. This area was 
In this manner it 
was found that characteristic dynode current vs voltage 
curves developed with increasing thickness of the 


bombarded between each heating 


potassium chloride film 

It should be pointed out that the films deposited 
could not be seen by eye but could only be detected 
electrically. The film thickness during the experiments 
was estimated to be between 10 and 100 atomic diam- 
eters. If the film thickness increased to the point of 
interference colors (10-° cm) the characteristics lost 
reproducibility and displayed signs of surface charging. 

In Fig. 2, we see the results of the control run and 
some of the characteristics displayed by the potassium 
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chloride film. Here, the ordinate is the fraction of the 
cathode current measured in the dynode circuit 
[ (Ip/Tc)X10*], where Ip is the measurement of elec- 
trons going into the dynode and /¢ is the cathode 
current. 

The abscissa represents the energy of bombarding 
electrons.’ In Fig. 3 further results are indicated. To 
provide additional checks on the results, repeat runs 
were made where the voltages were fixed for various 
lengths of time (i.e., 2 to 15 seconds). Always, the data 
were confirmed. 

In comparing the data obtained in the control run 
on the uncontaminated dynode with the data measured 
on potassium chloride films, the presence of the potas- 
sium chloride films lowers the entire number of electrons 


. 
CONTROL 


ELECTRON VOLTS 


Fic. 2. Electron bombardment of a KC] surface using the triode 
structure. The fraction of the cathode current measured in the 
dynode circuit is plotted as a function of incident electron energy. 


going into the dynode. Another difference exists in the 
shape of the curves. Whereas the curve for the control 
run is relatively smooth, the curves for the potassium 


7 The method of correction for contact potential and thermal 
energies was as follows: At any particular range in current, the 
minimum detectable changes in absorption or secondary emission 
was observed. The dynode was then biased so that the voltage 
giving this amount of current at the start of the voltage run was 
assumed to be zero. For instance, if the readings were made so 
that one microampere of rising or falling current could be detected, 
the zero voltage was assumed to exist at that voltage where one 
microampere change could first be detected. If the scale used 
was such that the minimum detectable change was 10 ampere, 
then the voltage at which 10 ampere could first be detected 
was considered as the zero voltage. This method, admittedly 
empirical, did provide consistent results as illustrated in the data. 
The average correction was approximately 0.5 volt. 





RESONANCE POTENTIALS 
chloride films display certain discontinuities at char- 
acteristic bombarding energies. At about 2.5 ev the 
transmission of electrons through the potassium chloride 
film decreases. At about 4.4 ev there is an increase in 
the number of electrons entering the dynode circuit. 
At 7.25 ev there is another increase of electrons in the 
dynode circuit. At 9.0 ev to 9.5 ev there is a strong 
reversal in current interpreted as the threshold of 
secondary emission, for upon further increasing the 
bombarding energy, the number of electrons trans- 
mitted through the film decreases rapidly and finally 
the current reverses itself to the point where more 
electrons are leaving the dielectric film than entering. 
At this point, one can make the following tentative 
interpretation. The current, /p, represents the measure- 
ment of electrons originating from the cathode and 





rs 
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Fic. 3. Electron bombardment of a KCI surface with the triode 
structure using a dc method (voltages fixed for from 2 to 15 
seconds). The fraction of the cathode current measured in the 
dynode circuit is plotted as a function of the incident electron 


energy. 


losing energy in the potassium chloride film in order to 
enter the dynode circuit. A in Ip would 
indicate that electrons are being backscattered from 


decrease 


the dynode surface film because of the mechanism of 
inelastic collisions. On the other hand, an increase in 
Tp indicates more electrons are entering the potassium 
chloride film in order to reach the dynode circuit. This 


also could be due to inelastic collisions. For instance, 
7.25 ev, the electron energy is 
level of potassium 


suppose that at about 
absorbed due the “exciton” 
chloride. Because of this absorption, the electron is no 
longer scattered from the surface but loses its energy 
in the surface film and then moves on to the dynode 


to 


circuit. There are two such marked regions of increase 
in [p, one at 4.5 ev and one at about 7.25 ev. The first 
could be due to absorption of the energy of the electron 


in decomposing some of the potassium chloride, the 


cn; THIN FTL) 
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Fic. 4. Cycloid path electron tube: (A) indirectly heated 
oxide-coated cathode; (B) cathode heater; (D) first target which 
was coated with potassium chloride; () potassium chloride 
evaporator; (F) shields at the same potential as the cathode; 
(G) second target for collecting electrons reflected from D; (H) 
accelerating anode; (M) iron slug used to rotate the target, D, 
magnetically 


heat of formation of which is 4.5 ev. The second could 
be due to the absorption of the bombarding electron 
energy due to an exciton level in the potassium chloride 
film. In order to test this hypothesis further, a ‘ ycloid 
tube” which the backscattered 
electrons could be measured directly at the same time 


was constructed in 


that the absorbed electrons were being studied. 


III. CYCLOID BEAM EXPERIMENTS 


In this phase of the experiments, by means of an 
external magnetic field, both the primary beam and 
scattered beam had cycloid trajectories and could be 
measured directly. The design of this tube is illustrated 
in Fig. 4. 

The target, D, could be rotated by means of a mag 
netic system utilizing an iron slug. In the open position, 
potassium chloride could be evaporated onto the metal 
surface by means of the potassium chloride evaporator, 
E. Following this, D could be closed so that relatively 
uniform electrostatic fields existed between the bottom 
of the structure Ff’, A 
anode, //. A second target, G, was inserted in the tube 


, and D and the accelerating 
for collecting electrons reflected from the target D in a 
second cycloid path. 

During the run, the cathode was set near ground 
potential through a microammeter. ‘The potential at 
the potassium chloride target, D, could be varied from 
+25 volts. The potential at the second 
target, G, could also be varied from 0 to +25 volts 
The anode, //, was maintained at a fixed potential of 
200 volts. 


The electrons entering D were measured as a function 


near 0 to 


of bombardment voltaye, and characteristic changes in 
absorption (electrons going into the D circuit) and 
backscattering (less current going into D) were ob 
the G, 


maintained at a small fixed positive voltage. An increase 


served Simultaneously second taryet, was 


in the absorption of bombarding electron by potassium 
hor 
instance, if the dynode, D, were at 7 volts and G at 3 


chloride could now be doubly demonstrated 


volts the only electrons which could reach G were those 
which were scattered from the potassium chloride by 
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iG. 5. Electron bombardment of a KC] surface using the cycloid 
structure with the secondary target at 3.0 volts. The currents 


flowing into the first target, D, and second target, G, are plotted 
as a function of the energy of the primary electron beam. 


inelastic collisions. If an energy loss occurred, the 
electrons wquld leave with low initial velocities, and 
since G is more negative than D, secondary electrons or 
electrons which suffer energy loss could not be measured 
in the microammeter in series with the target, G. Thus, 
an increase in the number of electrons going through D, 
and a decrease in the electron current flowing through 
G would indicate that the primary beam was suddenly 
being absorbed by the potassium chloride and_ the 
number of scattered electrons had decreased. 

In Fig. 5, the electron currents flowing into D and G 
were simultaneously plotted as a function of the energy 
of the primary beam striking D. In this case, the target, 
G, was set at three volts positive with respect to ground 
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Fic. 6. Electron bombardment of a KCl surface using the 
eycloid structure with the second target at 7.0 volts. Currents 
flowing into the first target, D, and second target? G, ate plotted 
as a function of the energy of the primary elec tr beam. 
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potential. The current penetrating the potassium 
chloride target (Jp) reaches a maximum between two 
and three volts, reversing its trend abruptly at four volts 
and between six volts shows increased 
absorption. At nine volts the secondary emission 
threshold appears and if the voltage is further increased, 
the current becomes negative. Here the target will be 
operating in the region of true secondary emission, since 
the number of electrons leaving the target is greater 
than the number of electrons entering. The number of 
electrons entering the second target (/g, the scattered 
current) shows a slight decrease in the region of seven 
volts, thus verifying the hypothesis that the increase 
in current J» was due to absorption by potassium 
chloride. 

In Fig. 6, the voltage on the second target was set at 
seven volts positive with respect to ground. At three 
volts both backscattered and absorbed current de- 
crease. This may indicate that electrons were scattered 
from the target film, but lost a small amount of energy 
and were not able to reach G. This region will be studied 
in more detail. Again at seven electron volts primary 


and seven 


Fic. 7. Velocity analyzer tube: (A) semicylindrical velocity 
analyzing chamber; (B) a focusing and accelerating grid; (C) 
indirectly heated cathode; (D) three rotating targets, a carbidized 
tantalum electron collector box, and two platinum targets; (E) 
limiting aperture focusing disk ; (IF) potassium chloride evaporator. 


energy, we see an increase in absorption of the primary 
beam and a simultaneous decrease in current in the 
scattered beam. 

To summarize, these experiments demonstrate that 
at about seven electron volts, there is a sharp increase 
in absorption of electrons by the potassium-chloride- 
coated target and that a measurement of the back- 
scattered electrons can be used to substantiate this 
conclusion, 


IV. VELOCITY ANALYZER STRUCTURE 


In the third type of experimental tubes, use was 
made of a magnetic velocity analyzer.* This provided a 
more monoenergetic beam of primary electrons and at 
the same time arrangements could be made to shield 
the cathode rather completely from the target film. 
The schematic diagram for this experimental tube is 
indicated in Fig. 7. 

The opening in A, B, and E consisted of slits 0.015 in. 
in width and 0.187 in. in length. During the secondary 
emission run, the analyzer voltage was maintained at 


*W. B. Nottingham, Phys. Rev. 55, 203 (1939). 
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about 22 volts, the accelerating grid voltage near 30 
volts, and the cathode filamentary voltage at 4 volts. 
A control run was made using the carbidized tantalum 
chamber as the target, during which Jp, the electron 
current into the target, was measured as a function of 
bombarding energy. 

In Fig. 8, a bombardment run is demonstrated for 
the case of a clean platinum target.’ Following this, 
successive layers of potassium chloride were deposited 
on the platinum until the characteristic curves of the 
potassium chloride appeared. One can conclude that 
the presence of the potassium chloride increased the 
reflection of electrons in the energy range above one 
electron volt. In addition, the discontinuities at 3.2 ev, 
4.75 ev, 6.25 ev, 7.25 ev, and 9.25 ev appear. 

In a modification of this magnetic deflection struc- 
ture, another group of experimental tubes was con 
structed, similar to that described in Fig. 7, except that 
slits were larger in size and during bombardment the 
voltage on A was maintained at 358 volts. This arrange 
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Fic. 8. Electron bombardment of a KCl surface using the 


velocity-analyzer tube. The current in the target circuit is plotted 
as a function of the energy of the primary electron beam. 


ment, although it sacrificed the velocity selection, still 
provided the shielding of the target from the cathode, 
and in addition, because of the higher accelerating 
velocity provided more flexibility in the temperature 
of the cathode. In some instances, see Fig. 9, the data 
were taken with a technique in which the voltage was 
held at each point for approximately 15 seconds. In 
others, the data were obtained by an instantaneous 
method, that is, applying the voltage just long enough 
to take the reading and then switching off the power. 
The results were similar indicating that no effects of 
drift were involved in the measurements. 


*It should be noted that the data reported here agree with 
that reported by Hilsch and Krenzien.* However, in their platinum 
control run the lower energy portion shows a gradual] slope which 
indicates a spread in energy for the electrons at these low energies. 
This spread may very easily mask any inelastic collision effects 
in the potassium chloride film below 5 ev. We do not find the 
characteristic energy losses at 6.5 ev and 10 ev in platinum 
reported by E. Rudberg, Proc. Roy. Soc. (London) A127, 111 
(1930). Rudberg’s experiments were performed with incandescent 
targets and with igor incident energies than those reported in 
our work. 
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Fic, 9. Electron bombardment of a KCl surface using the 
velocity-analyzer tube with a de method (voltage held at each 
point approximately 15 sec). The current in the target circuit is 
plotted as a function of the energy of the primary electron beam 


V. CONCLUSIONS 


In some of the thin films coated on the dynode surface 
of the triodes where the films were not thick enough for 
high secondary emission ratios, evidence of further 
discontinuities was observed at approximately 10 and 
11.5 ev. As the thickness of the film was increased these 
discontinuities were masked by the 9.2-ev peak. In 
Table I, there is listed a summary of the observed 
energies of discontinuities. It should be noted that for 
each energy value, the average deviation is less than 
0.6 ev. 

It is felt that 
since regardless of the type of apparatus used, the 


the results are valid and consistent 


spectrum is repeated within experimental error. The 
presence of the potassium chloride increases the in 
elastic scatter of electrons from the target. The low 
energy changes need further study, but the 2.7-ev 
backscatter may be related to the absorption of light 
by F centers, a phenomenon discussed by Hilsch and 
Pohl, and by Seitz.” At 4.5 ev a strong absorption 
starts. Since the heat of formation of potassium chloride 
is of the same magnitude, we might expect the potas 


sium chloride to start decomposing at this energy." 


FF. Seitz, Modern Theory of Solids (McGraw-Hill Book Com- 
pany, Inc., New York, 1940), p. 567 

uH Jacobs, J Appl Phys 17, 596 (1946) ; Hi 
D. Dobischek, Phys. Rev. $1, 1019 (1951). 


Jacobs and 
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TABLE I. Observed energies of bombarding electrons for which 
discontinuities are observed in dynode current, vs voltage char 
acteristics 


Magnetic velocity 
analyzer 
Number 
of runs 
out of 
total 
of 7 in 
which 
discon 
tinulties 
are ob 
served 


Cycloid structure 
Number 
of runs 
out of 
total 
of 3 in 
which 
discon 
tinuities is ob 
are ob served 
served (ev) 


Iriode structure 
Number 
of runs 

Average out of 

energy total of 

at which 13 in 
discon which 
tinuity discon 
is ob tinuities 
served are ob served 

served (ev) 


5 140.6 


1 3 
11 $.0+0.1 5 
12 4.340.6 b] 
) 
4 


Average 
energy 
at which 
discon 
tinulty 


Average 
energy 
at which 
discon 
tinuity 
is ob 


1.4+0.4 
2.9404 
4.3404 
6.0+0.3 
7.340.2 
0 8.44-0.2 
9140.1 


4 . 
12 7.24+0.3 
4 hart 
12 9340.6 3 
10.340.3 7 ee 0 
11.54+0.5 5 tee 0 


® Root-mean-square deviation is used throughout the table. 


However, Wright and Woods” point out that this 
correlation is not necessary. The process of decomposi 
tion occurs over a small range of energies rather than 
at a sharp energy like that of thé heat of formation. 
During the process of decomposition electrons are 
absorbed rather than backscattered, and the electron 
flow through the target film will increase. 

Another strong absorption of electrons occurs near 
7.2 ev. This is probably due to the exciton level of 
absorption discussed by Wright, Hilsch and Pohl, 
Krenzien, and Bruining. Near 9.2 ev the current 
reverses itself abruptly, indicating that here we have 
the threshold of secondary emission. When the films 
are thin, other breaks downward indicate that deeper 
levels are being tapped which contain a high density 
of electrons. 


”@T). A. Wright and J. Woods, Proc 
1073 (1953). 
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Phys. Soc. (London) 66, 
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For the correspondence of optical and electron 
bombardment techniques to hold, one must require the 
work function for inserting an electron in the material 
to be small, since the electron in entering the film is 
accelerated by this potential. It so happens that for the 
alkali halides, calculations indicate that the work 
function for inserting the electron is small.* In this 
experiment with electron bombardment, the band gap 
is estimated at an average of 9.2 ev while measurements 
of photon absorption indicate 9.49 ev. Therefore, the 
work function for inserting an electron must be in the 
neighborhood of 0.3 ev. In addition, it is to be noted 
that the position of the calculated energy of the exciton 
level is 7.6 ev. By electron bombardment techniques 
the average level is near 7.3 ev. This furnishes further 
evidence that the work function for electron insertion 
is about 0.3 ev, and serves as a verification of the theo- 
retical calculations which show the value to be very 
small. 

Another point worth considering is that this technique 
may be applicable in the analysis of unknown films. 
The electron-bombardment technique offers the ad- 
vantage that in one experimental test a broad range of 
energies may be covered, i.e., from the infrared to the 
soft x-ray region. 
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The thermal conductivity of pure mercury in the normal, superconducting, and intermediate state has been 
measured at liquid helium temperatures and in magnetic fields up to 1000 gauss. The superconducting-state 
thermal conductivity conformed to the results previously reported by Hulm. In the normal state, the thermal 
conductivity was a very strong function of temperature, and, at temperatures below about 3°K, was strongly 
dependent on the applied magnetic field. In the intermediate state, an additional component of thermal 
resistance was present at all temperatures measured. At temperatures near 7',, the excess thermal resistance 
was quite small and in the form of two clearly resolvable maxima. As the temperature was lowered, the mag 
nitude of the excess thermal resistance increased approximately as (7./T), in agreement with Hulm, and 
the resolution of the two maxima was lost. Determinations of the magnitude of the excess thermal resistivity 
in specimens of 0.10-in, and 0.20-in. diameter showed no dependence on size. 


INTRODUCTION 


REVIOUS papers of this series have dealt with the 

temperature dependence of the electrical and 
thermal conductivities of aluminum! and magnesium? 
in the temperature range 1.4°K to 25°K. In this paper 
the results of a number of measurements of the de- 
pendence on temperature and magnetic field of the 
thermal conductivity of pure mercury at liquid helium 
temperatures will be presented. 

The earliest 
tivity of mercury* followed quite shortly after the dis- 
covery of superconductivity in this metal. Although no 
quantitative results were obtained in this first investiga- 
tion, it was clearly established that the thermal con- 
ductivity of the superconducting metal was markedly 
lower than that of the normal metal at the same tem- 
perature. This conclusion was later confirmed by de 
Haas and Bremmer,‘ and by the extensive measure 
ments of Hulm.® 

In most metals, the electrical magnetoresistance and 
the Debye @ remain roughly constant at temperatures 
below 4.2°K. However, recent studies have shown that 
in mercury both these properties have a bizarre tem 
perature dependence. Berlincourt and Lane® found that 
the magnetoresistance of mercury increased by a 
factor of about one hundred as the temperature was 
lowered from 3.5°K to 1.2°K, while Smith’ observed 
that the @ passed through a rather sharp minimum at 
3°K. It is reasonable to expect that both these proper 
ties might influence the behavior of the normal-state 


measurements of the thermal conduc- 


thermal conductivity. 


* Now at Clarendon Laboratory, Oxford, England 

1 Andrews, Webber, and Spohr, Phys. Rev. $4, 994 (1951). 

21D. A. Spohr and R. T. Webber, Phys. Rev. 105, 1427 (1957) 

3H. K. Onnes and G. Holst, Leiden Comm, 142c¢ (1914) 

4W. J. de Haas and H. Bremmer, Physica 3, 687 (1936); also 
Leiden Comm. 243b (1936) 

§ J. K. Hulm, Proc. Roy. Soc, (London) A204, 98 (1950) 

6 'T. G. Berlincourt and C. T, Lane, National Bureau of Stand 
ards Circular No. 519 (U. S. Government Printing Office, Wash 
ington, D. C., 1952), p. 273. 

7P. L. Smith, Proceedings of the 1955 Paris Conference on Low 
Temperature Physics (Institut International du Froid, Paris, 


1956), p. 281. 


The major elements of the investigations on mercury 
reported in this paper are: (1) a verification of Hulm’s 
measurements of the superconducting-state thermal 
conductivity at 
variety of measurements of the dependence of the 


liquid helium temperatures, (2) a 


normal-state thermal conductivity on temperature and 
on longitudinal and transverse magnetic fields of up to 
1000 gauss, and (3) a detailed study of the field de 
pendence of the intermediate-state thermal conduc 

tivity, particularly at temperatures close to the super 
conducting transition temperature. A brief report on 
the early parts of the intermediate-state investigation 
was published in 1953,° at almost the same time as a 
somewhat similar study was reported by Hulm.’ 


EXPERIMENTAL DETAILS 


The calorimetric and thermometric procedures used 
in this investigation were similar to those described 
briefly in an earlier report.’ 


PREPARATION OF SPECIMEN 


The specimen tube which held the mercury was 
0,223-in. o.d., 0.013-in. wall, cold-rolled super-nickel 
(90/10 cupronickel) supplied by courtesy of the Ameri 
can Brass Company. ‘This material was suggested to us 
by Dr. J. K. Hulm of the Westinghouse Research 
Laboratories. Separate testing of this material showed 
that it had no ferromagnetism at liquid helium tem 
peratures’ and that its thermal conduction was negli 
gible compared to that of the contained mercury. 

The upper (open) end of the specimen tube passed 
through an annular bulb which served as either a 
vapor-pressure or a gas thermometer. A bolt-ring flange 
and a gold-ring gasket at the top of the thermometer 


° R T We bber and ID \ Spohr, Phys 

*J. K. Hulm, Phys. Rev 90), 1116 (1953 

” This conclusion was confirmed by the more recent magnetic 
studies of a variety of cupronickel alloys by Guthrie and Goldman, 
Proceedings of the National Science loundation Conference on Low 
Temperature Physics and Chemistry, Baton Rouge, Louisiana, 
December, 1955 (unpublished). Also, J. Goldman (private 
communication). 


Kev. 91, 414 (1953) 
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bulb provided a vacuum-tight seal to the rest of the 
calorimeter can, 

The two thermometers used to measure the tem- 
perature gradient were Allen-Bradley carbon-composi- 
tion resistors from which the Bakelite covering had 
been removed. Thermal contact was obtained by ce- 
menting the resistors into closely fitted copper sleeves 
previously soldered to 1-mm diameter platinum rods 
which passed through the wall of the specimen tube 
and protruded into the mercury. The heating coil was 
also connected to the mercury by a platinum rod. 
Except for the vacuum-tight seal between the specimen 
tube and the top of the vapor pressure bulb, no super- 
conducting solders were used in the specimen tube 
assembly. 

The mercury was introduced into the specimen tube 
from the closed end through a thin plastic tube so that 
no air bubbles could be entrapped. ‘To minimize con- 
tamination, the mercury was frozen at once by touching 
the lower end of the specimen tube with liquid nitrogen. 
The solidification progressed from this point to the 
upper end of the tube in about 10 minutes. After most 
of the mercury was frozen, a superfluid-tight seal was 
provided between the top of the mercury column and 
the specimen tube by passing a soldering pencil around 
the edge, using a little “Ruby-Fluid” as flux. Edch 
specimen was maintained in a frozen state until jall 
measurements had been completed. 


MERCURY 


The mercury used in all the experiments reported 
here was commercially available cp reagent (Eimer 
and Amend, Catalogue No. M-141) stated by the 
suppliers to contain less than 0.00019 base metals, 
and less than 0.005% noble metals. Through the cour- 
tesy of Mr. S. H. Cress of the Metallurgy Division of 
the Naval Research Laboratory, spectrographic analy- 
ses were performed on the original metal as supplied, 
as well as on the first four specimens, with the results 
given in Table I. It is evident that silver from the hard 
solder used to attach the platinum rods and copper from 
the cupronickel tube dissolved in the mercury in 
measurable amounts. Since the majority of the time of 
contact between the liquid mercury and the specimen 
tube occurred after the completion of the thermal con- 
ductivity measurements, the amounts of impurity 


TABLE I. Spectrographic analysis of specimens. 


Other base 


elements Ag Hg 


99,9954 % 
99.994 % 
99.995+ % 
99.9 % 

99.99-+ % 


Original Hg 
Hg 1 
Hyg 2 
Hg 3 
Hg 4 


trace 


0.005 % 
trace 
0.05 % 

faint trace 


trace 
faint trace 


0.05 © 
trace 


R. Clement and E. H, Quinnell, Rey. Sci. Instr, 23, 213 


uy 


(1952). 
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Fic. 1, Thermal conductivity of mercury in the superconduct 
ing state. Specimen Hg 3. The curve H-2 gives the results for 
Hulm’s specimen 2 containing 0.002% cadmium; H-3 is for 
Hulm’s specimen 3 containing 0.007% cadmium. 


shown in Table I should be regarded as upper limits. 
The purity of the mercury in all of the specimens at 
the time of measurement was probably close to 99.995%, 
Additional evidence for this contention is cited in the 
following section. 

In all probability the specimens of mercury formed 
in this way were polycrystalline with randomly oriented 
grains, an assumption which was partially verified by 
the observation that the thermal resistance of one of 
the specimens at 2.5°K and 757 gauss was independent 
of the orientation of the magnetic field in the plane 
transverse to the specimen. Since mercury possesses an 
anisotropic crystalline structure, variations in thermal 
resistance for various directions of magnetic field, 
similar to those observed in crystals of zinc, would be 
expected if any predominant crystal orientation existed. 


RESULTS AND DISCUSSION 
Superconducting State 


The supereonducting-state thermal conductivity of 
Hg specimen 3 is plotted as a function of temperature 
in Fig. 1. Also shown in Fig. 1 are the superconducting- 
state results of two specimens of Hulm® containing 
deliberately added contaminations of 0.002% and 
0.007% cadmium. It is interesting to notice that the 
three specimens exhibited nearly identical thermal 
conductivities at temperatures near the superconducting 
transition temperature (7'.), whereas at lower tempera- 
tures a strong dispersion occurs. It seems fairly certain 
that this dispersion arises from different amounts of 
impurities in the mercury. Since the impurity content 
should not markedly influence the lattice conduction 
at these temperatures, we can conclude that the maxi- 
mum in the superconducting-state thermal conductivity 
must arise primarily from electronic conduction. The 


” P. B. Alers, Phys. Rev. 101, 41 (1956). 
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maximum itself must then be a result of the different 
temperature dependencies of the scattering of the elec- 
trons by impurities and by lattice vibrations just as in 
normal metals. 

The nearly identical values of thermal conductivity 
of the three specimens given in Fig. 1 at temperatures 
near 7, would be a consequence of the fact that at these 
temperatures in specimens of such relatively high 
purity the scattering of the electrons is predominantly 
due to the lattice vibrations. This contention is verified 
from the normal-state thermal conductivity given in 
Fig. 2 and discussed in the following section. 

From the fact that our data at lower temperatures lie 
between the curves for Hulm’s two specimens, we can 
conclude that the purity of our specimen Hg 3 at the 
time of measurements was significantly higher than 
indicated in Table I. Data on the superconducting- 
state thermal conductivity of our remaining specimens 
were rather sparse, but in all cases fell in the area of 
Fig. 1 bounded by the upper and the middle curves. 
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Fic. 2. Temperature dependence of the thermal conductivity 
(K) of normal-state mercury in transverse magnetic fields of 491, 
737, and 859 gauss. The low curve gives the zero-field (super- 
conducting state) thermal conductivity. Specimen Hg 3. 
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Fic. 3. Demonstration of the 7* dependence [see Eq. (2) ] of 
the thermal resistivity of normal-state mercury at temperatures 
below 2.5°K. Specimen Hg 3 


Normal State 


The influence of longitudinal and transverse mag 
netic fields of up to 1000 gauss in suppressing the ther- 
mal conductivity of normal-state mercury at liquid 
helium temperatures is demonstrated in Figs. 2, 4, and 5. 

The upper three curves in Fig. 2 give the temperature 
dependence of the normal-state thermal conductivity 
(K,,) in transverse magnetic fields of 491, 737, and 859 
gauss. It is evident that the effect of magnetic field, 
although negligible at temperatures near 4°K, becomes 
pronounced at the lower temperatures. The maxima 
shown by the three normal-state curves at temperatures 
below 2°K are qualitatively similar to those observed" 
in a wide variety of pure, normal metals at low tempera 
tures. or most metals, A, at temperatures less than 
6/20 (6 is the Debye characteristic temperature) can 
be fitted quite accurately by the theoretical relation 


WwW, K n aT? } Bp i ie (1) 
where the first.term accounts for the thermal resistance 
introduced by the scattering of the electrons by lattice 
vibrations and the second term gives the resistance due 
to impurity scattering. Analysis of the data in Fig. 2 
showed that Eq. (1) was unsatisfactory. At tempera 


tures below 2.5°K, however, an excellent fit could be 
obtained from the relation 


W,=K,'=a'T'+6'/T, (2) 


as demonstrated in the plot of W,7 vs T® in Fig. 3 
The parameters 1/a’ and f’ proved to be proportional 
to the magnetic field. Evaluating the constants of pro 
portionality using watt units and gauss gave 


1/a’ = 205 +8. 20% 10 *77. 


(3 
8! = —0.0174+3.34K10-4H, 


These equations for a’ and #’ are based on only three 


points (one for each isomagnetic line in Fig. 3), and 


4’P. G. Klemens, Encyclopedia of Physics (Springer-Verlag, 
Berlin, 1956), Vol. 14, pp. 23%-247. 
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hic. 4. Dependence of the thermal resistivity (W) of normal- 
state mercury on magnetic fields transverse (7) and longitudinal 
(L) to the specimen axis at 3.1°K. The upward break at fields 
below about 200 gauss marks the onset of superconductivity (see 
Vig. 7). Specimen Hg 1. 


prebably will not prove applicable to measurements 
over a much wider range of magnetic field. For example, 
Eqs. (2) and (3) yield negative values of W, for H=0 
and 7<1.3°K. 

In order to develop a theoretical explanation for the 
unexpected 7* term in Eq. (2), it will be necessary to 
include in the calculation the very strong temperature 
dependence of the thermal magnetoresistance demon 
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Fic. 5, Dependence of the thermal resistivity of normal-state 
mercury on magnetic fields transverse (7) and longitudinal (ZL) 
to the specimen axis at several temperatures. Specimen Hg 2. 
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strated in Figs. 2 and 5, and the recently discovered 
temperature dependence of the Debye characteristic 
temperature.” 

In the course of studying the thermal resistance in 
the intermediate state, measurements were made of the 
dependence of W, on longitudinal and transverse mag- 
netic fields in the range 400 to 1000 gauss at a variety 
of temperatures. Some of these W, vs H isothermals 
are shown in Figs. 4 and 5. 

The isothermals for longitudinal and transverse 
magnetic fields at 3.1°K, Fig. 4, demonstrate the diffi- 
culty in assigning a unique and meaningful value of W,. 
This problem becomes even more severe at lower tem- 
peratures. It is also evident that the increase of thermal 
resistance due to the transverse field is roughly three 
times larger than that due to the longitudinal field. 
This is consistent with observations of Mendelssohn 
and Rosenberg" in polycrystalline specimens of several 
other metals. 

An attempt was made to analyze the dependence of 
W,, on transverse fields in terms of the formula derived 
by Sondheimer and Wilson'® from a two-band model: 


alf’ 


W ,(H)—W,(0) 
W’,(0) 


(4) 
1+bH? 


where W,,(0) is the thermal resistivity of the normal 
metal in zero magnetic field, and a and 6 are parameters 
proportional to [TW (0) }-*. It was found that Eq. (4) 
permitted a satisfactory fit for our data at temperatures 
above about 2°K where the total change of resistance 
was small. The data at temperatures below 2°K (see 
Fig. 5) showed no tendency toward saturation, as re- 
quired by Eq. (4). Instead, W, at the higher fields 
appeared to be rising linearly with H/. All of the data 
reported here, as well as much of that previously 
reported,”:'* can be fitted satisfactorily by arbitrarily 
modifying Eq. (4) to give 


W.(H)-W,(0) a’? 


W (0) 


: (5) 
1+0'H 


where H is considered as a scalar quantity. 

A total of seven W, vs H curves taken on three 
specimens for transverse fields in the temperature range 
1.8°K to 3.7°K were analyzed so as to evaluate W,(0), 
a’, and b’ in Eq. (5). It was found that [7TW, (0) Pa’ 
was approximately a constant with values lying in the 
range 1 to 3X10~7 in units of watts and gauss. The 
parameter [7W,,(0) 6’ was not independent of tem- 
perature. Its magnitude increased from about 5X10~° 
(in units of watts and gauss) at 1.8°K to about 2104 
at 3.1°K. 


4K. Mendelssohn and H. M. Rosenberg, Proc. 
(London) A218, 190 (1953). 

'® FE. H. Sondheimer and A. H. Wilson, Proc. Roy. Soc. (London) 
A190, 435 (1947). 
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Intermediate State 


The course of the thermal resistance during the 
superconducting to normal transition at 3.1°K in 
longitudinal and transverse magnetic fields is given in 
Fig. 6. The transition in longitudinal field occurs over 
a relatively short range of magnetic field and shows no 
anomalous characteristics of the sort found by Sladek 
in indium-thallium alloys.'® 

At first sight, the transverse field curve in Fig. 6 
appears to descend linearly from W, at 4H, to W, at 
H,. Careful scrutiny, however, reveals that, over much 
of the intermediate state, the values of W actually 
observed are in excess of the linear thermal resistance 
W, which is defined by 


W,.=W,+(W,—W,) (1—2h), (6) 
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Fic. 6. The thermal resistivity of mercury during the super 
conducting to normal] transition in transverse (7) and longitudinal 
(L) magnetic fields. The average specimen temperature for the 
T curve was 3.13°K; for the L curve 3,10°K. Specimen Hg 1. 


where h=H/H, is the reduced critical field. Plotting 
the excess thermal resistance, W—W_, against h yields 
curves of the sort given in Fig. 7, where the lowest 
curve represents the same set of data given in the 
transverse field curve of Fig. 6. The detailed form of the 
W—Wy, was quite unexpected. At temperatures above 
about 2.4°K, this excess thermal resistance, instead of 
forming a single maximum as had been previously 
observed in Pb,'7"* Sn," and In,'* unquestionably takes 
the form of two clearly resolved maxima at h values of 
approximately 0.60 and 0.85. These double maxima are 
demonstrated for a variety of different Hg specimens 
in Figs. 7-10. At temperatures below 2.4°K, the magni 


RK. J. Sladek, Phys. Rev. 91, 1280 (1953); 97, 902 (1954) 

17K. Mendelssohn and J. L. Olsen, Proc. Phys. Soc, (London) 
A63, 2 (1950); also, Phys. Rev. 80, 859 (1950). 

146 R. T. Webber and D. A. Spohr, Phys. Rev. 84, 384 (1951). 

 T). P. Detwiler and H. A, Fairbank, Phys. Rev, 86, 574 (1952) ; 
88, 1049 (1952). 
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lic. 7. The excess thermal resistivity (W—W,) of mercury in 
the intermediate state plotted as a function of the ratio (4) of 
applied transverse magnetic field to the critical field. Specimen 


Hg 1. 


tude and width of the two maxima increase to such an 
extent that the resolution is lost and only a single, 
somewhat unsymmetrical maximum remains, as shown 
in Figs. 7, 8, and 10. 

The data represented in Figs. 7, 8, and 10 were taken 


under conditions of constant heat flow, so the average 


temperature changed by a few hundredths of a degree 


and the temperature gradient changed by a factor of 
5 to 10 during the superconducting to normal transi 
tion. Although it was difficult to see how these changes 
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Fic. &. The excess thermal resistivity of mercury in the inter 
mediate state at several temperatures in specimen Hg 2 





WEBBER 

















hic. 9 thermal resistivity of intermediate-state 
mercury measured under nearly isothermal conditions. Specimen 


Hg 5 


The excess 


could lead to phenomena of the sort observed, it was 
felt to be desirable to repeat the data under more 
strictly isothermal conditions. This was made possible 
by attaching a second heater between the bath and the 
region of the specimen where the temperature gradient 
is determined. The power dissipated in this auxiliary 
heater as well as the power in the lower gradient heater 
were continuously controlled so as to keep the average 
value of the temperature constant to within about 
0.001°, and the AT constant to about 0.0002°K. Calcu 
lating the variation of the thermal resistance from the 
power dissipated in the gradient heater yielded iso 
thermal curves, Fig. 9, which once again clearly demon 
strated a double maximum, 

The relative magnitude of the excess thermal re 
sistance, (W—W_), compared to the thermal resistance 
in the superconducting state, W,,, is only of the order of 
a few percent at temperatures where the double maxi- 
mum is found, so we cannot overlook the possibility of 
this effect arising from strictly geometrical peculiarities 
such as the presence of the platinum links to the ther 
mometers or the deviation of our cylindrical specimen 
from truly ellipsoidal form. Either of these factors 
could lead to a deviation of the volume of normal-state 
material from linear dependence on magnetic field in 
the intermediate state,” an assumption essential to the 
derivation of Eq. (6). However, the double maxima 
have been observed in all five specimens, and in the 


* 1). Shoenberg, Superconductivity (Cambridge University Press, 
New York, 1952), pp. 26 and 34. 
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three different specimen tubes in which the effect was 
sought, so we are inclined to regard it as a genuine 
phenomenon associated with the properties of the inter- 
mediate state of mercury. 

_ Since the first observations of the excess thermal re- 
sistance of superconductors in the intermediate state,'’ 
& variety of mechanisms have been suggested*9!7~!921.2 
as possible explanations. Elementary calculations show 
that no excess thermal resistance will arise from ordi- 
nary scattering processes in a mixture of normal and 
superconducting domains, providing the specimen shape 
can be regarded as ellipsoidal and providing the domains 
are large compared to the free paths of the electrons and 
phonons responsible for the heat conduction. Both 
theory” and experiment” have demonstrated that the 
domain structure of pure superconductors consists of 
thin laminations, which for the geometry obtaining in 
the measurements reported in this paper, should have 
an average thickness of 0.1 to 0.2 mm. Schawlow has 
demonstrated” that the laminations in a tin rod trans- 
verse to the magnetic field are oriented with their planes 
perpendicular to the axis of the rod. He has also estab- 
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Fic. 10. The excess thermal resistivity of intermediate-state 
mercury measured in specimens of 0.10-inch diameter (circular 
points) and 0,.20-inch diameter (triangular points). Specimen 
Hg 4. Using the (7./T)* rule to correct for the small difference 
(~0.02°K) in the average temperatures of the two specimens 
brings the upper two curves more nearly into coincidence. 


“FH. J. Cornish and J. L. Olsen, Helv. Phys. Acta 26, 369 
(1953). 

22S. J. Laredo and A. B. Pippard, Proc 
51(2), 368 (1955) 

*%1. M. Lifschitz and U. V. Sharvin, Doklady Akad. Nauk 
(U.S.S.R.) 79, 783 (1951) 

* A. G. Meshkovski and A. I. Shalnikov, J. Phys. (U.S.S.R.) 
11, 1 (1947); also J. Exptl. Theoret. Phys. (U.S.S.R.) 17, 851 
(1947). 

*» A. L. Schawlow, Phys. Rev. 101, 573 (1956). 
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lished** that the laminations in a mercury bar are very 
similar to those found in tin. The thickness of the 
laminations is less than the phonon free path to be 
expected in superconducting material at temperatures 
considerably below 7. The very large excess thermal 
resistance found in intermediate-state tin at 0.5°K* 
is accounted for in this way.” 

At temperatures near 7°,, however, the heat conduc- 
tion in both the normal and superconducting states is 
almost exclusively electronic in origin, and yet the 
electron free path in mercury is at least an order of 
magnitude smaller than the probable laminar thickness, 
so some other explanation of the observed excess 
thermal 
resolutions of this difficulty have been: (1) the possi- 
bility® that the excess thermal resistance is due to the 
fine structure which Meshkovski and Shalnikov™ found 
to be interspersed within the normal laminations in 


resistance must be sought. Two suggested 


their measurements on large tin spheres, and (2) the 
possibility’ that the critical dimension for electron 
scattering is the estimated width of the superconducting- 
normal boundary layer, about 5 107° cm. 

Hulm® showed that the excess thermal resistance of 


mercury was proportional to (7./7)° in the tempera 
ture range 1.3° to 2.1°K. He concluded that such a 
temperature dependence might arise from his boundary 
layer hypothesis combined with considerations of the 


two-fluid model. The maximum excess thermal re- 
sistivity as given in Figs. 7-10 is found to be in fair 
agreement with Hulm’s (7./7)° rule, although the 
actual values of the maxima are from 0.01 to 0.03 
watt units higher than found by Hulm. Attempts to 
derive the double maxima shown in Figs. 7-10 in terms 
of laminar scattering of electrons and/or phonons 
have not proved successful. 

The theory of the intermediate state* predicts that 


the thickness of the normal and superconducting 


26 A. L. Schawlow (private communication). 
27S. J. Laredo, Proc. Roy. Soc. (London) A229, 473 (1955). 
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laminations should be proportional to the square-root 
of the dimensions of the specimen. Since the various 
thermal resistance models described above, with the 
possible exception of the fine-structure sugyestion, 
should yield an excess thermal resistance which is a 
function of the laminar thickness, an obvious course of 
investigation is to study the dependence of the excess 
thermal resistance on the specimen geometry. 

We have made a preliminary attempt in this dire 
tion by examining the intermediate-state thermal re 
sistance in a mercury specimen cast in a tube which 
was necked down so that the upper portion had an i.d 
of 0.20 in, 
in. The same heat current passed through both speci 


and the lower portion had an i.d. of 0.10 


mens and the temperature gradients were determined 
by three carbon thermometers (one of them placed at 
the junction of the two specimens). The excess thermal 
resistance of these two specimens at two different tem 
peratures is given in Fig. 10. When correction is made 
for the small difference in average temperatures be 
tween the two specimens, it is concluded that within 
experimental error there is no difference in the magni 
tude of the observed excess thermal resistivity exhibited 
by the two specimens, although differences in’ the 
field evident. 


Before the theoretical significance of this conclusion 


detailed dependence on magnetic are 
can be exploited, it will be desirable to make further 
measurements over a much wider range of specimen 


diameters 
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Hyperfine Structure of Positronium in Its Ground State*} 
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The energy difference between orthopositronium and para 
positronium in the ground n=1 state, which is called the hyperfine 
structure separation Av, has been determined in an experiment 
similar to that of Deutsch, Brown, and Weinstein. The frequency 
difference between the M= 4-1 and the M=0 Zeeman levels of 
orthopositronium was measured in a static magnetic field of 8000 
gauss at which it is about 2460 Mc/sec. A resonance curve was 
taken with fixed frequency by varying the magnetic field, and 
an observed fractional line width, Al/o/Ho,, of about 4.5 10-4 was 
obtained. The principal part of the line width (3.6 10%) is due to 
the annihilation lifetime of positronium; microwave power broad 
ening and magnetic field inhomogeneity account for the remainder 
No Doppler broadening is present despite the high velocity of the 


1, INTRODUCTION 


HE most critical tests of the validity of quantum 

electrodynamics to date, and, in particular, of the 
contributions of virtual radiative processes, have been 
measurements of the energy levels of a single electron in 
an external Coulomb field! (Lamb shift) and in an ex- 
ternal magnetic field? (anomalous magnetic moment of 
the electron). At present there exists a smal] discrepancy 
of 0.65 Mc/sec between the observed value of the Lamb 
shift in hydrogen (1057.774-0.10 Mec/sec) and_ the 
theoretical (1057.124+-0.16 Mc/sec). A similar 
discrepancy exists for deuterium. For singly ionized 
helium the observed value of the Lamb shift (14 043+ 13 
Mc/sec) is in agreement with the theoretical value 
(1404343 Mc/sec), The observed valye of the spin 
magnetic moment of the electron, g,/g1, is derived from 
two measurements. One is the measurement of the 
electronic g value in the ground state of hydrogen 
relative to the proton g value, gy/g,, and the other is the 


value 


measurement of the orbital g value of the free electron 
relative to the proton g value, g,/g,. The quantity 
g/g» has been measured to an accuracy of about 1 part 
per million (ppm), but the quantity g./g, has been 
measured to an accuracy of only 12 ppm. If the average 
of the two measured values of g:/g, is used, the experi 
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' Triebwasser, Dayhoff, and Lamb, Phys. Rev. 89, 98 (1953); 
Novick, Lipworth, and Yergin, Phys. Rev. 100, 1153 (1955); E. EF. 
Salpeter, Phys. Rev. 89, 92 (1953); earlier references will be found 
in these three papers 

* Koenig, Prodell, and Kusch, Phys. Rev. 88, 191 (1952); R 
Beringer and M. A. Heald, Phys. Rev. 95, 1474 (1954); J. H. 
Gardner, Phys. Rev. 83, 996 (1951); P. Franken and S. Liebes, 
Jr., Phys. Rev. 104, 1197 (1956); R. Karplus and N. Kroll, Phys. 
Rev. 77, 536 (1950). 


positronium atoms, because the mean free path of a positronium 
atom in the gas is small compared to the wavelength of the 
microwave radiation. The value of Av was computed from the 
observed values of the frequency and magnetic field at resonance 
by use of the Breit-Rabi formula to give the result: Av= (2.0333 
+-0.0004) X 10° Mc/sec. The error quoted is 5 times the statistical 
error and is believed to represent an upper limit to possible system- 
atic errors. The value agrees with the values of Deutsch et al. of 
(2.0338 4-0.0004) X 10° Mc/sec and (2.03354-0.0005) & 10° Mc/sec, 
obtained with fields of 9500 and 9000 gauss, respectively, and 
hence confirms the use of the Breit-Rabi formula. The experi- 
mental values agree with the theoretical value for Av of 2.0337 
10° Mc/sec computed to order a4 ry by Karplus and Klein 


mentally determined value of g,/gi is 2(1.001156) with 
an error of about +10 ppm. This value agrees with the 
theoretical value g,/gi= 2(1.0011454), but the experi- 
mental error is sufficiently large so that a convincing 
test of the fourth-order (a’) radiative correction is not 
provided. 

Both for the Lamb shift and the anomalous magnetic 
moment experiments the electron is in a hydrogen atom 
or a hydrogen-like atom. For a pure test of quantum 
electrodynamics, of course, the presence of the proton 
in hydrogen introduces certain complications. Even 
though the field of the proton can be treated as a 
classical Coulomb field to a very good approximation, 
small but appreciable effects arise which require a more 
adequate theory for the proton. 

Positronium, the bound state of an electron and a 
positron, is an ideal system for a test of quantum 
electrodynamics because no particles foreign to the 
theory are present. Furthermore, the bound-state two 
body system requires a certain extension of the theory, 
which is described by the Bethe-Salpeter equation,’ as 
compared to the single electron in a classical external 
field. The study of positronium provides the principal 
test of the Bethe-Salpeter equation. A two-body equa 
tion for the electron and the proton is used to calculate 
a relativistic reduced mass correction to the Lamb shift 
in hydrogen, but the correction is of the order of the 
present discrepancy between the theoretical and experi- 
mental values of the Lamb shift, and hence this applica- 
tion does not provide any confirmation for the two-body 
equation. 

The energy separation in the ground n=1 state be 
tween orthopositronium (4S, state) and parapositronium 
(‘Sy state), which is called the hyperfine structure 
separation, is the important quantity which has been 


+E. E. Salpeter and H. A. Bethe, Phys. Rev. 84, 1232 (1951); 
M. Gell-Mann and F, Low, Phys. Rev. 84, 350 (1951). 
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determined for positronium. The theoretical value of the 
hyperfine structure splitting has been computed to 
order a’ ry (a= fine structure constant) on the basis of 
the Bethe-Salpeter equation.‘ A measurement of the 
hyperfine structure splitting has been reported by 
Deutsch, Brown, and Weinstein,® which is in agreement 
with the theoretical value and provides a confirmation 
of the theory to order a’ ry. The experiment reported in 
the present paper was begun at about the same time as 
the original experiment of Deutsch and Brown. It was 
decided to complete our experiment despite the publica- 
tion of a value by Deutsch ef al., because it was felt that 
an independent redetermination of this important 
quantity would be valuable. This paper contains a 
complete report of the hyperfine structure measure- 
ment, which has so far been discussed only in abstract 
and letter form.§ 


2. THEORY OF THE EXPERIMENT 
2.1. Energy Levels 


The energy separation between orthoposit ronium and 
ry. Part of the 
splitting is due to a magnetic spin-spin interaction term 
analogous to that which gives rise to the hyperfine 
structure splitting in the s states of hydrogen. For 
positronium this term is of order «@ ry rather than of 
electron mass, M = proton mass) 


parapositronium is of the order a’ 


order (m/M jc ry (m 


as in hydrogen, because the positron has a magneti 
moment of 1 Bohr magneton whereas the proton has a 


magnetic moment of only 2.8 nuclear magnetons. A 
second interaction term is present in positronium, It is 
the virtual annihilation interaction characteristic of a 
particle-antiparticle system,® and it contributes about 
one half of the hyperfine structure splitting in posi- 
tronium. The contribution to the positronium hyperfine 
structure splitting of order a’ ry arises from processes 
involving two photons and from the vacuum polariza- 
tion corrections to one photon exchange and virtual 
annihilation. The theoretical value for the hyperfine 
structure splitting in the ground state of positronium 
has been computed to the order a’ ry’* and is given by 


i 16 a 
( + nd) 
6 9 T 


2.0337 10° Mc/sec. (1) 


AW/h Ap a’ (ry,/h) 


4R. Karplus and A. Klein, Phys. Rev. 87, 848 (1952). 

5M. Deutsch and S. C. Brown, Phys: Rev. 85, 1047 (1952); 
Weinstein, Deutsch, and Brown, Phys. Rev. 94, 758(A) (1954); 
Phys. Rev. 98, 223(A) (1955 

§A preliminary report of the experiment described in this 
paper has appeared. Marder, Hughes, and Wu, Bull. Am. Phys 
Soc. Ser. IT, 2, 38 (1957) 

®H. J. Bhabha, Proc. Roy. Soc. (London) A154, 195 (1936). 

7 See reference 4; references to earlier work in which the a ry 
term was calculated are given in this paper 

86S. DeBenedetti and H. C. Corben, Annual Review of Nuclear 
Science (Annual Reviews, Inc., Stanford, 1954), Vol. 4, p. 191. 
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A direct transition between the 4So and 4S; states of 
positronium would occur at a wavelength of about 1.5 
mm. Since positronium is shorelived and since the 
transition is a magnetic dipole transition, a microwave 
magnetic tield of the order of a gauss would be required 
The attainment of such a large field at a 1.5-mm 
wavelength is probably possible, but it would present a 
difficult problem and would probably require pulsed 
operation, A transition at a lower frequency at which 
adequate cw power is available and from which the 
hypertine structure splitting Av can be determined is 
obtained by utilizing the Zeeman effect of positronium 
The ratio of the natural radiative width to the resonant 
frequency is the same for the Zeeman transition as tor 
the direct Av transition, and hence there is no funda 
mental advantage gained by studying the direct) Av 
transition. (See Sec. 2.3.) 

The Hamiltonian for positronium ina static magnet 


field JJ) can be taken as 


ICot Mog-S Hy 4 Hog ,S, H, 


Ky is the Hamiltonian term which is independent of 


magnetic field and which leads to the zero field energy 
level scheme for positronium; wy is the Bohr magneton ; 
g and g, are the electron and positron gyromagnetu 


ratios, respectively, including radiative corrections” 


g=2(1+a/29— 2.97 3a?/mr*) = 2(1.0011454) ; 
s_ and 8, are the electron and positron spin operators, 
respectively. Diagonalization of this Hamiltonian yields 


the Breit-Rabi formula for the energy levels.°2” 


1(W O+Wo) +4 (AW) (1+27)!, 


(.4) 


Wi and Wo" 
field of orthopositronium and = parapositronium, re 
spectively, AW =W,% —-Wo" 2guoll/ AW. It is 
seen that the M=-+1 states of orthopositronium are 
unperturbed by the magnetic field. Figure 1 shows the 


are the energy values at zero magnet 


,and a 


energy levels as a function of magnetic field. The energy 
Q and the M=--1 substates 
of orthopositronium is the quantity accessible to meas 
Irequency 1s 


difference between the M 
urement, and the corresponding Bohr 
given by 


(Av/2)| (142° (4a) 


t)x?, for small values of a (4b 


fy o~ (Av 


For a magnetic field of 8000 gauss x~0.22, and thus 
fyyo@w 2400. Me / sec that are 
of sufficient intensity to effect an observable transition 


\licrowave magnetic field 
are readily available at this frequency 


77, 536 (1950) 


Oxford University Press, 


*R. Karplus and N. Kroll, Phys. Rev 
oN. F. Ramsey, Molecular Beam 
London, 1956), p KS 
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hic. 1. Zeeman energy levels of positronium in its ground n=1 
state. Av is the hypertine structure separation between the 45, and 
‘So states of positronium at zero static magnetic field. The M 
values designate the magnetic substates. x= 2gyollo/ (Adv). (See 
Sec. 2.1 for definition of quantities.) 


2.2. Decay Modes 


The observation of a transition between the M=+1 
and M =0 substates of orthopositronium depends on the 
different modes of annihilation of the states in a static 
magnetic field." A pure singlet state annihilates with the 
emission of two gamma rays each having an energy of 
mc*. A pure triplet state annihilates with the emission of 
three gamma rays whose energies sum to 2mc® and 
whose energy distribution is continuous up to the 
maximum energy of mc*.” In the presence of a magnetic 
field the M=-+-1 states of orthopositronium are pure 
triplet states and hence will decay by three quantum 
annihilation. On the other hand, the M=O0 state of 
orthopositronium is perturbed by the magnetic field to 
include a mixture of singlet state. By the use of first 
order perturbation theory the wave function for the 
M=0 state of orthopositronium in a magnetic field is 
found to be 


Vi,0 


in which 9 is the zero field eigenstate of M=0 
orthopositronium and wo, is the zero field eigenstate of 
parapositronium. The total annihilation rate of the 
state ¥,o is given approximately for small x by 


1 + (4x)? ] Huy o4 Axuo,), (5) 


vo= Vet (4x)"%,, (6) 


in which y4( = 7.21 108 sec 
a pure triplet state and y,( 
" Hughes, Marder, and Wu, Phys. Rev. 98, 1840 (1955); M. 
Deutsch, Progr. Nuclear Phys. 3, 131 (1953). 
A. Ore and J. L. Powell, Phys. Rev. 75, 1696 (1949). 


!) is the annihilation rate of 
8.03 10" sec!) is the 
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annihilation rate of a pure singlet state. The branching 
ratio, B, of the number of two-quantum annihilations to 
the number of three-quantum annihilations is 


B= (4x)?(y./¥2). (7) 


For a field of 8000 gauss Eqs. (6) and (7) give yo and B 
to an accuracy of about 1%, which is adequate for the 
applications to the present experiment. The branching 
ratio is 13.5 for y= 8000 gauss, and hence 0.93 of the 
decays will be two quantum annihilations. Thus, if a 
positronium atom in the magnetic field undergoes a 
transition from either of the M=-+1 states of ortho- 
positronium to the M =0 state of orthopositronium, the 
decay will change from a three-quantum annihilation to 
a predominantly two-quantum annihilation. The re- 
verse transition from the M=0 state to either of the 
M = +1 states is also observable, of course, but, as will 
be discussed in the following section, this transition is 
much less probable. 


2.3. Natural Line Shape: Simple Theory 


The experiment consists in the observation of the 
fraction of positronium atoms which decay by two- 
quantum annihilation as a function of the static mag- 
netic field for a fixed value of the microwave frequency. 
The principal factor determining the resonance line 
shape is the lifetime of the states due to the annihilation 
process. Other factors which must be considered are 
microwave power broadening, Doppler broadening, col- 
lision broadening, and broadening due to the inhomo- 
geneity of the magnetic field. 

The resonance line shape due to the annihilation 
lifetime of positronium will be discussed first. The 
derivation of the results to be stated is given in Ap- 
pendix I. The Hamiltonian for positronium in a steady 
magnetic field Ho in the z direction and a microwave 
magnetic field H, coswt linearly polarized in the y 
direction is 


K=Ko } Mog_8. -Ho+ Mog+84 ‘Hy } 5’ (2), (8) 
in which 


5K’ (t) (8a) 


Mog—S -H, coswl + Hog 484 -H, coswl. 


For low microwave fields and near resonance, the decay 
rate of the M = +1 state of orthopositronium is given by 


— —=¥.+y7', (9) 
al (wor es w)?+ (470)? ] 


v1 vet 


where wo,;= 2fo,, and V is the amplitude of the matrix 
element of 3C’(1) between the M=-+1 and the M=0 
states of orthopositronium. The matrix element V is 
given by 

) = +-[ix/(4V2) |uogH, (9a) 


where terms of higher order in x have been neglected. 
The expression for 7’ neglects terms of relative order 
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¥1/v0(~0.07). The decay rate, yo, of the M=0 state is 
(4x)*y, in this approximation. In the absence of a 
magnetic field the M=-+-1 state decays with the pure 
triplet state decay rate y;. The second term y’ represents 
the additional decay rate due to the microwave mag- 
netic field and corresponds predominantly to two- 
quantum annihilations. Provided the microwave power 
level is sufficiently low so that y’“v7,, the fraction, P,, of 
the decays that are two-quantum annihilations is given 
by 


P, y'/ Vt (10) 


The microwave magnetic field also induces transitions 
from the M=~—1 state to the M=0O state of ortho- 
positronium. The same expressions (9) and (10) apply. 
The fraction of the M=0 state decays that are con- 
verted to three quantum decays by the microwave field 
is less than that given by Eq. (10) by a factor of order 
v+/Yo, and hence can be neglected in the approximation 
considered. The fraction ?; as a function of applied 
frequency w is the resonance line shape due to the 
annihilation lifetime. The line shape is Lorentzian with a 
width Af between half-intensity points of (4x)*(y,/2m) 
cps or a corresponding fractional half-width Af/ fo, of 
y./(2rAv)(=6.3X%10~%), obtained by using Eq. (4b) 
for for. 

In practice the applied frequency w is held fixed and 
the magnetic field Hp is varied through the resonance. A 
useful expression for the line shape in this case is 
obtained from Eq. (10) by use of Eq. (4a), which relates 
the resonant frequency to the magnetic field value. 
Since the fractional variation of 11) over the resonance 
line is small and since x is small, the line shape is given 
to a good approximation by 


A 
P; (11) 
(Ho— Hor)? +40? 


¥ LL or (uogll)? Vfl or 


1287 ,h2(wAv)? 4ndv 


Ho, is the resonance value of the static field correspond- 
ing to the microwave frequency w as given by Eq. (4a). 
This expression was derived by retaining only the lowest 
nonvanishing terms in x and Ax. The resonance line 
given by Eq. (11) is Lorentzian in shape and has a total 
width AH» between half-maximum points of y,//o, 
(4rAv) in gauss or a corresponding fractional half-width 
AH o/Ho, of y./(4rAv) (= 3.1% 10-4). Slight deviations 
of the line shape from this Lorentzian form arise because 
of the inadequacy of the approximations that x and the 
fractional variation of /7> over the resonance line are 
small. These effects will be discussed in Sec. 2.4. 


2.4. Line Shape: Higher Order Effects 


There are many factors which modify the simple 
natural line shape given in Eqs. (9), (10), and (11) of the 
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last section. We discuss first the modifications obtained 
by a more accurate treatment of the effect of the 
annihilation lifetime. Corrections of relative order y¥¢/7o 
are present to Eqs. (9) and (10) for the fraction of 
M=-+1 or of M=—1 positronium atoms decaying by 
two photon annihilation. In addition, in the computa 
tion to this higher accuracy, the effect of the microwave 
field in modifying the decay of the M=0 state of 
orthopositronium must be considered. The total change, 
Py, in the number of orthopositronium atoms which 
decay by two photon annihilations due to the microwave 
field divided by the number of M=+1 and M 1 
orthopositronium atoms formed is the quantity observed 
experimentally. The expression for Pr is derived in 
Appendix I for the limit of low microwave fields 
[| V|/h«&4 (yo -y.) | and is given by 
w)?* | 


w)? | 


1 (vot 1) 
{3 (vo t vi}? + (wor 
2L (4 (v0 


Yo Li(vo 


ef ame ’ , 
(Yo tY1) + (woi- w)* (Yo ~ dy0) 
eo 
vYoye s x 
) } (wor w)* 
9 


Pr veel t 
Ye Yo 
(wor 


v1}? ‘ 


vo}? + (wor 


Yo2 | Yo Ye 
€ (12) 


Yo w)? | 


Yo2€ 


Yor Ye . : 
} (wot Ww " 
2 


in which 
(|V| /h)? 


w)*+ [ (Yo 


» Yor=( hx)*y, 


(wor Yt) P 


Vox is the two-quantum decay rate of the M=0 state 
of orthopositronium. The first and the last two terms 
refer to the M=-+1 and the M=0 states, respectively. 
The contribution to Py from the neglected terms of 
higher order in the ratio (| V|/h)/4(yo- 7.) will amount 
to about 4% at the microwave power level used. 
Pr is symmetrical with respect to frequency variations 
on either side of the resonance frequency wo, but the line 
shape is not Lorentzian. The half-width is about 1.15 
times the half-width of the line given by Eq. (10) or 
Af/fu=7.2K 10". 

A line shape can be derived from Eq. (12) with the 
assumptions used to derive Eq. (11) from Eq, (10), 
which is applicable to the actual experiment in which 
the magnetic field // 1s varied and the microwave fre 
quency w is fixed. This line shape is symmetrical in field 
about the resonant value but is not Lorentz shaped. Its 
half-width is 1.15 times the half-width of the line given 
by Eq. (11) or AHy/Ho, is 3.6K 10~*. This half-width 
will be the natural width of the resonance line due to the 
annihilation lifetime of positronium. The inaccuracy 
introduced in the derivation from Eq. (12) of the line 
shape as a function of //) by the neglect of higher order 
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terms in x and Ax alters the line width by only about 
1%. Furthermore, numerical machine calculations dis 
5.2 have established that the center of the 
resonance line given in Eq. (11) agrees with the reso- 
nance value of the field given by Eq. (10) to within an 
accuracy of 1 part in 20000, which is sufficient for the 
applications in this paper. A similar agreement can be 
expected between the resonance field given by Eq. (12) 


dussed in Sec. 


and the center of the resonance line derived from Eq. 
(12) with the assumptions that « and Ax are small. 

Power broadening of the natura] resonance line will be 
present at sufficiently high microwave fields. The effect 
of power broadening to the lowest order in | V | /h can be 
derived from Eq. (9). The expression for P, given in 
Kq. (10) neglects the effect of power broadening because 
its derivation used the condition y’<vy_. If this condition 
is not valid, P; is given by 


Py=V'/(yit+7’). (13) 


This expression includes the effect of power broadening 
on the simple natural line shape 

The velocity of the positronium atoms in the gas will 
determine the Doppler width of the resonance line 
Positronium is formed by the capture of an electron 
from a gas atom by a positron, and it is expected that 
most positronium atoms will be formed with a kinetic 
energy of several electron volts.!* If a geometrical cross 
section is used for the collision of positronium with an 
argon atom and if a pressure of one atmosphere of argon 
is assumed, a positronium atom formed in the M=-+1 
states of orthopositronium will undergo some 10° elastic 
lifetime of 10°77 sec. 


positronium has so small a mass, however, it may be 


collisions during its Because 
expected to retain a kinetic energy of about 1 ev during 
its lifetime. Measurements!‘ of the angular correlation 
between annihilation quanta from positronium decays 
in argon at pressures of 17 and 28 atmospheres confirm 
that singlet positronium, which has a lifetime of 107” 
sec, decays while having a kinetic energy of 1 or 2 ev. 
lurthermore, these angular correlation measurements 
made in argon at 28 atmospheres in a static magnetic 
field of 10 kilogauss indicate that the M=0 state of 
orthopositronium retains about 0.3 ev during its lifetime 
of 5X10 sec. These observations confirm the expecta- 
tion that under our conditions with a pressure of 1 or 2 


atmos positronium will retain a kinetic energy of about 


lev. At this kinetic energy positronium has a velocity of 


410? cm/sec, and a fractional Doppler broadening of 
210°" might be expected. However, collisions of the 
positronium atom with gas atoms occur with a mean 
free path 1 which is small compared to the wavelength 
of the resonant radiation involved. In this case only a 
reduced Doppler width is observed.'® The fractional 


‘HH. S. W. Massey and C. B. O. Mohr, Proc (Lon 
don) A67, 695 (1954 

“4M. Heinberg and L. A 
l, 168 (1950) 

RR. H. Dicke, Phys 


R. H. Dicke, Phys. Rev 


Phys. So 


Page, Bull. Am. Phys. Soc. Ser. IT, 


Rev, 89, 472 (1953); J. P. Wittke and 


103, 620 (1956) 
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reduced Doppler width is given by: (2.8L/\)X (normal 
Doppler width). Under our conditions L~~10™ cm and 
A™12 cm, so the reduced Doppler width is negligible. 
Collision line broadening or line shifts are not ex- 
pected to be important because the energy levels in- 
volved are not easily perturbed by electric forces and 
magnetic forces are small. In Appendix II some theo- 
retical considerations on collisions are presented, but it 
should be emphasized that reliable theoretical estimates 
of collision effects are difficult to make. Experimentally, 
measurements of the positronium hyperfine structure 
separation in various gases and at various pressures 
have indicated no significant effect of gas or pressure on 
the position of the center or the width of the resonance 
line. 


2.5. Gamma-Ray Annihilation Spectra 


An analysis of the gamma-ray energy spectra can be 
made to determine the fraction P,; of M=-+1 ortho- 
positronium atoms which decay by two quantum an- 
nihilation due to the microwave field. Equations similar 
to Eq. (6) of reference 11 can be written for the peak and 
valley counts for the three cases: (0) with a small ad- 
mixture of NO in the principal gas, (1) with a microwave 
frequency off the resonance line, and (2) with a micro- 
wave frequency on the resonance line. 


P= N gptNakptNo£p, 
V°=N hp tNahptNohkp, 
P= N pBntNagptNogo, 
Vi=N yhpt+NalptNoho, 
P?=N poo tN abot Noll 
V2=N hytNohtpt Noll 


Ps) got VoP ip, 
Phot VoP Ap. 


The notation and: underlying assumptions for these 
equations are similar to those of reference 11 and will 
only be briefly summarized here. The quantities Va, Vp, 
and No are the number of free positron-electron two- 
quantum annihilations, the number of positronium 
two-quantum annihilations, and the number of posi- 
tronium three-quantum annihilations, respectively. A 
strong static magnetic field is assumed to be present for 
all three cases. Hence the number of three-quantum 
annihilations, Vo, is due principally to the M=+1 
substates of orthopositronium, and the majority of the 
annihilations of the M=0 substate of orthopositronium 
are included with the two-quantum annihilations NV ». P; 
is the fraction of the M=-+1 orthopositronium three 
quantum annihilations that are converted to two quan- 
tum annihilations by the microwave field. The small 
fraction of M=0 orthopositronium decays that are 
converted to three quantum decays by the microwave 
field is neglected in Eq. (14). The factors gp, go, Ap, and 
hy are the efficiency factors for the detection of two- 
quantum and three-quantum annihilations in the peak 
and in the valley regions, respectively. 
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Solution of Eqs. (14) for P; yields, without ap- 
proximation, 
P,=y/(1+y), (15) 
where 


y=p(R'— R*)/(R°— R°), 
in which R=V°/P, R'=V'/P', R?=V?/P*, and 


p=f'/P*. If the microwave frequency in case (2) is 
actually off the resonance curve, y=0 and P,=0 as it 
must. If the change in valley to peak ratio within the 
resonance curve (R'—R*) is small compared to the 
change (R'— R®), which corresponds to complete con- 
version of three-quantum annihilations to two-quantum 
annihilations, then y is small and the series expansion is 
valid : 

P,\=y—-y4 (16a) 


Py~p(R'— R*)/(R?— R°). (16b) 


Thus it is seen from the leading term that P, is pro- 
portional to the change (R!— R*) in the valley to peak 
ratio. The departure from proportionality is of the order 
y and in practice amounts to about 10%. (See Sec. 5.1.) 
Several further comments can be made about the 
approximations implied by the use of Eq. (14). The 
values of Va, .V,, and Vo may be different for case (0) 
than for cases (1) and (2) due to the presence of the NO 
gas,'® but if the total number of positrons annihilating 
is the same in all cases, as can be expected, then Eq. (15) 
is still valid. The different angular distribution of the 
gamma rays from the three-quantum annihilations of 
the different magnetic substates of orthopositronium! 
need only be considered insofar as there is an appreciable 
fraction of three-photon annihilation from the M=0 
state of orthopositronium ; its effect is negligible in the 
present experiment. Background gamma rays from 
positrons annihilating in the cavity walls will be the 
same for cases (0), (1), and (2), and can be included in 
the number of free positron-electron annihilations N4q. 
The effect of the small conversion of M =0 state two- 
quantum annihilations to three-quantum annihilations 
by the microwave field can be included by a modification 
of Eq. (14). If the ratio of the fraction of two-quantum 
annihilations V, converted to three-quantum decays to 
the fraction of three-quantum annihilations No» con- 
verted to two-quantum decays is denoted by 7, the 
solution to the appropriately modified Eq. (14) is 


Pr=P\(1—Njn/No)=y/(1+y), (17) 


in which P7 is the change in the number of 3-quantum 
decays divided by the number of M=+1 and M 1 
positronium atoms formed. Actually the quantity 7 
varies with position on the resonance curve, but it is 
approximately equal to y:/yo (see Appendix I). Since 
NN, it is seen that Pr differs from P; by about 7%. 
The experimentally determined value of Pr obtained 


16 Gittelman, Dulit, and Deutsch, Bull. Am. Phys. Soc. Ser. II, 
1, 69 (1956). 
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from Eq. (17) is to be compared with the theoretical 
value for Pr given by Eq. (12). 


3. APPARATUS 


The apparatus consisted of a cavity in which posi 
tronium was formed together with an associated gas 
handling system ; a scintillation spectrometer to measure 
the energy spectrum of the annihilation y rays; a 
microwave system to provide a microwave magneti 
field in the cavity and to monitor its power and fre- 
quency; an electromagnet and equipment to measure 
the magnetic field. Part of this apparatus has been 
described previously" ; further information will be given 
in this section. 


3.1. Magnetic Field 


An electromagnet with a pole-face diameter of 9 in 
and a gap of 23} in. was used. The coils were connected 
in series and were run from a 20-volt source of 10 series 
connected 2-volt submarine batteries. The magnetic 
field of about 8000 gauss was obtained with a current of 
220 amperes, which could be supplied by the batteries 
for some 12 hours before excessive drifting set in. Series 
connected brass water-cooled trombones served for 
adjustment of the current and also for manual moni 
toring of the field during a run. Rose shims of conven 
tional design!’ were used to improve the homogeneity of 
the field. The magnetic field was measured with a proton 
resonance probe!’ having a volume of about 0.5 em? (0.1 
normal solution of CuSO, in H.O), and the frequency of 
about 34 Mc/sec was measured to 1 part in 20 000 with 
a General Radio 620 A Heterodyne Frequency Meter. 
The 60-cps field modulation was supplied by small 
auxiliary Helmholtz coils placed on either side of the 
proton sample; the modulation amplitude was suffi 
ciently low so that the field at the probe was modulated 
by less than 1 part in 10‘. The field inhomogeneity was 
about 5 parts in 10‘ over a region 1 in. in diameter and 
# in. in length (measured in the direction of the field) 
Photographic studies of the distribution of electrons 
from G'’ in the cavity with a pressure of 1 atmosphere 
and with a magnetic field of 8000 gauss indicated that 
this is the region from which the annihilating gamma 


rays are observed. 


3.2. Cavity and Microwave System 


Because the lifetime of positronium is very short due 
to the annihilation process and because the transition to 
be induced is a magnetic dipole transition, microwave 
magnetic fields of up to 10 gauss are required. A 
schematic diagram of the microwave system is shown in 
Fig. 2. The power source was a cw fixed-frequency 
magnetron (Raytheon QK390) with a rated power out 


put of 850 watts at 2460 Mc/sec. The tube was generally 


™M.E 
BR V 
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Rose, Phys. Rev. 53, 715 (1938) 


Pound and W. D. Knight, Rev. Sci. Instr. 21, 219 
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operated with an output power of about 600 watts. 
Since a substantial fraction of the magnetron output 
power must be delivered to the cavity, the coupling 
between the magnetron and the cavity was strong. 
Considerable difficulty was experienced in the design of 
the microwave circuit because of the interaction be- 
tween the magnetron and the cavity; for the final 
circuit shown the VSWR is less than about 1.6 and a 
power between 100 and 200 watts is supplied to the 
cavity. The tapered waveguide adapts the magnetron 
output to an S-band wave guide. The phase shifter’ 
was required for impedance matching to obtain stable 
magnetron operation. The water load served merely to 
dissipate power and thus to reduce the power reflected 
to the magnetron. The magnetron signal taken from the 
20 db directional coupler was used to monitor the fre- 
quency. This signal was mixed with a harmonic at 2480 
Mc/sec from the Columbia frequency standard and the 
beat frequency was observed on a National Company 
HRQO-50 radio receiver which was calibrated against the 
General Radio 620 A Heterodyne Frequency Meter. 

The cavity shown in Fig. 3 was a circular cylinder 
14.745 cm in diameter and 3.912 cm in length with 
silver plating on the inside to a depth of 0.0005 cm. The 
cavity was mounted in the magnet gap so that its axis 
was in the direction of the static magnetic field. It 
operated in the 7Mj,9 mode and the dimensions given 
correspond to a resonant frequency of 2480 Mc/sec. 
This mode has the advantages of providing a strong 
microwave magnetic field transverse to the static mag- 
netic field at the center of the cavity and a field con- 
figuration independent of the ¢ (axial) coordinate, and 
of requiring reasonably small dimensions for a given 
wavelength. Throughout a region of 3-in. radius from 
the axis of the « avity, which should include most of the 
observed positronium atoms, the microwave magnetic 
field is a linearly polarized field of constant amplitude to 
within an accuracy of about 10%. Coarse tuning of the 
cavity to the magnetron frequency of about 1% was 
accomplished by insertion of an appropriate amount of 
Teflon in the form of a spoked wheel } in. in depth, 
which was held in place by friction. A circular depression 

% Microwave Transmission Circuits, edited by G. L. Ragan, 
Massachusetts Institute of Technology Radiation Laboratory 
Series (McGraw-Hill Book Company, Inc., New York, 1948), 
Vol. 9, p. 514. 
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at the center of this Teflon piece 3 in. in diameter and 
jy in. deep was provided to hold the positron source 
which was clamped in place by a Teflon ring with an 
inside diameter of yg in. The source was a copper disk 
0.001 in. thick and % in. in diameter which had been 
bombarded at the Brookhaven pile to produce about a 
90-mC source of Cu". Finer tuning was provided by 
movement of a Teflon plug 13 in. in diameter and 1 in. in 
height. The movement of about 3} in. was controllable 
external to the cavity via a bellows arrangement and 
provided a tuning of about 1 part in 10’. 

The input loop to the cavity had an area of about 0.5 
cm? and was designed empirically so that the cavity 
presented at resonance a matched load of 50 ohms witha 
VSWR of less than 1.5. The input connector which held 
the input loop was a UG-30C/U type NV vacuum-sealed 
connector modified with a flange and O-ring groove so 
that it could be screwed into the cavity wall making an 
O-ring seal. The output coupling loop which was placed 
diametrically opposite the input loop had an area of 
about 0,025 cm? and was held by a similar connector. A 
third hole in the side of the cavity provided for evacu- 
ating and filling of the cavity. The cavity had a meas- 
ured O of” about 11 000 as compared to the theoretical 
Q of 18 000 when perturbing effects are neglected. If an 
input power of 150 watts is supplied to the cavity, the 
amplitude of the microwave magnetic field at the center 
is about 11 gauss. The output loop was connected 
through a 20-db attenuator to a bolometer. A typical 
value of the bolometer power reading was 30 mw, which 
implies a field at the center of the cavity of 22 gauss. 
This field determination was subject to considerable 
error as an absolute determination due to lack of 
knowledge about the exact effective output loop area 


Fic. 3. Microwave cavity. A, external bellows control for tuning 
plug; B, Teflon tuning plug; C, rf input loop; D, rf output loop; 
E, gas inlet; F’, radioactive source of Cu“; G, Teflon source holder ; 
H, Teflon piece for tuning and for support of source; /, O-ring. 

* C. G. Montgomery in Massachusetts Institute of Technology 


Radiation Laboratory Series (McGraw-Hill Book Company, Inc., 
New York, 1947), Vol. 11, p. 333. 
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and due to uncertainty about the absolute calibration 
of the attenuator and bolometer. Copper tubing was 
soldered to the outside wall of the cavity to permit 
water-cooling. 


3.3. Gas Handling System and Gamma-Ray 
Spectrometer 


The gas handling system was the same as that 
described before." The cavity was evacuated to a 
pressure of about 5X10~5 mm of Hg, and then filled 
with the gas to pressures from % to 2 atmospheres. 
Ordinary commercial-grade tank gases were used with- 
out purification. 

The energy distribution of the annihilation gamma 
rays was observed with a Nal(Tl) scintillation spec- 
trometer using a Dumont 6292 photomultiplier. The 
geometry associated with the collimation was the same 
as that used previously. The wall of the cavity through 
which the gamma rays reach the crystal was cut to a 
thickness of only } in. to reduce Compton degradation. 
The pulse-height analyzer of the earlier reference was 
replaced by a commercial Atomic Instrument Company 
Model 520 twenty-channel differential pulse-height ana- 
lyzer. Spectra of the type shown in Fig. 2 of reference 11 
were observed. The ratio of the number of counts in the 
valley region from about 345 kev to 390 kev to the 
number of counts in the peak region from about 485 kev 
to 530 kev is essentially proportional to the ratio of the 
number of three-quantum annihilations to the number 
of two-quantum annihilations; and if a transition is 
induced in a strong static magnetic field from the 
M = +1 states of orthopositronium to the M =0 state of 
orthopositronium, this ratio will decrease. 


4. PROCEDURE 


The basic experimental data are values of the valley 
counts V and the peak counts ?, observed as a function 
of the static magnetic field 179 with the microwave fre- 
quency and power fed into the cavity held constant. A 
typical resonance curve is shown in Fig. 4. For each 
point approximately 10 000 counts were taken for the 
valley region and 70000 counts for the peak region. 
Both valley and peak regions were observed simultane- 
ously with the 20-channel differential pulse-height 
analyzer. Hence the statistical accuracy of a single value 
of the valley to peak ratio is about 1%. A single point 
could be obtained in 4 to 10 minutes and an entire 
resonance curve involving some 25 points could be 
taken in 2 to 3 hours. A curve was usually obtained by 
varying the static magnetic field through the resonance 
in one direction and then back through the resonance in 
the opposite direction to obtain points located at field 
values intermediate between those of the first traversal. 
A range in field of about 2°, was covered with a spacing 
between points of about 0.05°7, over a central range of 
1% and with several points at the limits of the range. 

The static magnetic field was measured with the 
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Fic. 4. Typical resonance curve. Values of the ratio of gamma 
ray counts in the valley region (345 kev to 390 key) to counts in 
the peak region (485 to 530 kev) are shown versus magnetic field, 
measured with a proton resonance probe, for a fixed microwave 
frequency of 2457.9 Mc/sec. Statistical counting errors are in 
dicated for the experimental points. The solid curve is the 
Lorentzian curve of the form given by Eq. (11) which gives the 
best least-squares fit to the experimental points. 


proton resonance probe which was placed outside the 
cavity on the axis of the cavity and magnet about 1} in. 
from the center of the active volume of the cavity. The 
field was monitored to about 1 part in 20 000 during the 
counting time for each point by manually adjusting the 
trombone rheostat. This monitoring was found neces- 
sary primarily near the end of a run to compensate for 
battery drift. After taking a resonance curve the cavity 
was removed, and, without being turned off, the mag 
netic field was measured in the region of the field from 
which positronium annihilations were observed as well 
as at the position occupied by the probe while the 
resonance curve was being obtained. The field difference 
between these two positions was about 3 parts in 10, 
and was quite constant from run to run. The variation 
of the magnetic field throughout the region from which 
positronium annihilations were observed was also meas 
ured occasionally after taking a resonance curve, and 
was found to be quite reproducible and equal to about 5 
parts in 10‘. Many auxiliary studies were made on the 
magnetic field inhomogeneity at times other than during 
a run, and it was found that the field inhomogeneity 
pattern was very reproducible from day to day. The 
pattern was independent of magnetic field value over 
the range of fields involved in the experiment, and, 
furthermore, it did not exhibit any hysteresis effects. 
Several slightly different positionings of the Rose shims 
were employed to obtain somewhat different inhomo- 
geneity patterns for different runs. 

The magnetron frequency was measured often during 
a run and was seldom found to vary by more than 1 part 
in 20000. The output power from the cavity was 
measured for each point and was found to change in a 
random manner during a run, usually by about 45% 
but occasionally by as much as + 10%. Zero drift of the 
bolometer was often troublesome, and a 1N21A crystal] 
was sometimes substituted as a detector after the power 
had first been measured with the bolometer. Attempts 
to maintain the power level constant by tuning the 
cavity or by varying the phase shifter were unsuccessful, 
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hic. 5, Mlustrating the least-squares fit of the theoretical 
Lorentzian curve of Eq, (11) to the experimental data. The curve 
on the left shows the sum of the squared deviations of the experi 
mental points from the theoretical curve as a function of the 
assumed resonance value [,, Each point represents the smallest 
sum obtained by varying the other parameters A and I of the 
theoretical curve. The curve on the right shows the sum of the 
squared deviations over a small region of H/o, near the resonance 
value chosen, The several values shown for a particular Ho, 
correspond to different choices of the other parameters of the 
theoretical curve. The ordinates are in arbitrary units 


because such adjustments changed the magnetron 
frequency. 


5. SUMMARY OF DATA AND RESULTS 
5.1. Analysis of Data 


Kach experimental curve of the form of Fig. 4 was 
analyzed by fitting a Lorentz-shaped theoretical curve 
as given by Eq. (11) to the observed points by the 
method of least squares. The amplitude, width, and 
resonant field were varied to obtain a curve which gives 
the best least-squares fit to the observed points. This 
computation is very laborious to perform by the use of 
desk computers and it was programmed for an IBM 650 
magnetic drum decimal computer.” The program was 
arranged with suitable intervals of parameter variation 
to obtain the resonant field to about 1 part in 30 000, 
which is about the accuracy with which the magnetic 
field was measured. This corresponds to choosing the 
resonant field to 1 part in 100 of the line width and to 1 
part in 15 of the spacing between successive observed 
points. A typical curve showing the sum of the squares 
of the deviations as a function of the resonant field is 
given in Fig. 5. Checks were made to indicate that the 
final resonant field chosen is independent of the initial 
values taken for the parameters of the curve. Sufficient 
computations were made to be sure that no false 
minima were obtained. For each fitting some 400 sets of 


*% We are indebted to the IBM Watson Scientific Computing 
Laboratory for the opportunity to use their computing machine. 


values of the parameters were tried, and the machine 
time required for the fitting of a single curve was about 
2 hours. Computations made for several runs using 
different energy widths (number of channels) for the 
valley and peak regions yielded no significant differences. 

The solid curve drawn through the experimental 
points in Fig. 4 is a Lorentzian curve of the form of 
Eq. (11) which represents the least squares fit to the 
experimental data. The center or minimum of the 
theoretical curve is taken as the resonant field Hy, and 
the corresponding value of Av is computed using Eq. 
(4a). The observed change in V/P at resonance corre- 
sponds by use of Eq. (16b) to a probability of about 0.25 
for a positronium atom in the M=-+1 substates of 
orthopositronium to die by two quantum annihilation.” 
This value of P, corresponds to a microwave field of 11- 
gauss amplitude, which is consistent with the accuracy 
of the field measurement described in Sec. 3.2. The line 
width between half-intensity points, A/7o/Ho,, is seen to 
be 4.2 107%. The theoretical value for the half-width of 
the resonance line due to the annihilation lifetime is 
3.6 10-8 as given by Eq. (11) with the correction factor 
of order y:/yo obtained from Eq. (12). For the high 
microwave field of about 10 gauss amplitude used, 
power broadening will increase the expected half-width 
to 4.0%10~*, This figure is obtained by adding arith- 
matically to the natural width of Eq. (11) the extra 
width due to power broadening obtained from Eq. 
(13) and the extra width of order y;/yo obtained from 
Eq. (12). The additional observed width of 0.2 10~* is 
attributed to the field inhomogeneity of about 0.5 10~¢ 
over the active region. The average fractional half-width 
of all the resonance lines given in Table I is 4.5 10™*, 
which is in good agreement with the theoretical half- 
width as just computed. 

A list of the data obtained is given in ‘Table I. Eleven 
curves in all were obtained for the gases A, No, and SI's 
at several different pressures between % and 2 atmos- 
pheres. Column IV indicates the microwave power level 
in the cavity. The power level varies by about a factor 
of 2, which represents the practical limit available, 
because lower powers gave insufficient signal and the 
higher powers indicated were the maximum ones 
achieved with our system. The number of points taken 
for the curves is indicated in column V. Relative weight 
factors are given in columns VI and VII. The weighting 
factor w is proportional to the root-mean-square devia- 
tion for a point on the curve. The total relative weight 
assigned to a curve is proportional to the product of w 
by the square root of the number of points on the curve. 
It varies from 1.0 to 3.1. 

Values obtained for the width between half-intensity 
points and for the hyperfine structure separation corre- 
sponding to the resonant field chosen are given in 


# The values of 0.075 and 0.82 are taken for R® and p, re- 
spectively, These are typical measured values with an accuracy 
of about 10%. See reference 11 for further discussion of these 
quantities. 





Hfs OF 


POSITRONIUM 


943 


TABLE I. Summary of experimental data. Each row, which is designated by its run number, corresponds to a single resonance curve. 
Columns IT and ITI list the gas and pressure at which the particular run was taken; column IV gives the average microwave power level 
in the cavity read by the bolometer in the circuit arrangement described in Sec. 3.2. Column V gives the number of points on the curve 
Column VI lists the values of a partial weighting factor, w, which is proportional to the root mean square deviation of the observed 
points from the best-fit Lorentzian curve. Column VII lists the over-all weighting factors which are proportional to w times the square 
root of the number of points. Column VIII lists the values of the total half-width between half-intensity points of the best-fit Lorentzian 


curve. Column IX gives the values of Ap. 


Ill IV Vv 
Microwave 
power 
(bolometer 
reading in of 
milliwatts) 


Pressure 
(atmospheres) 


1.2 28 19 
2.0 27 24 
2.0 30 26 

32 19 
2.0 32 29 
1.2 31 11 
1.2 31 28 
0.7 24 16 
2.0 17 16 
2.0 19 30 
2.0 20 19 
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Half-width Ar 
(AHo/ Hor in (in units 
Relative units of 
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weight 10% 108 Mc/sec) 
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2.03306 
2.03332 
2.03262 
2.03372 
2.03362 
2.03200 
2.03338 
2.03291 
2.03362 
2.03343 
2.03257 


coor 
— 
a ~Ithr 


3 


xune 

— eR wh te 
conor weS 
nS wD 


x 


ba pm feeb te ed beet AD Oe Ot AD oe 
So SO = ee : 
i) 
o 


eww eone uu S&S & 


-_ 
_ 
= 


Half-width, AHo/H]or= (4.5+0.03) X10 (average and standard deviation of weighted values) 
Av = (2.03317 +4-0.00012) K 10® Mc/sec (average and standard deviation of unweighted values) 
Av = (2.03327 +0.00008) X 10° Mc/sec (average and standard deviation of weighted values) 


columns VIII and IX, respectively. The observed varia- 
tions in Av and in half-width are believed to be due 
primarily to statistical variations in the number of 
valley and peak counts. The average half-width of 
4.5X10~-* is accounted for by the line width factors 
discussed for Fig. 4. The unweighted average of the 
values for Av is (2.03317+0.00012) & 10° Mc/sec, where 
the standard deviation of the group of values is given. 
The weighted average and standard deviation of the 
values of Av is (2.03327+-0.00008) 10° Mc/sec. A 
histogram of these weighted values together with a 
Gaussian curve which has been matched in area to the 
histogram and which has the central value and rms 
deviation of the data is shown in Fig. 6. The values of 
the weighted averages for the different gases A, No, and 
SF, are 2.0331 10° Mc/sec, 2.0335 10° Mc/sec, and 
2.0329 10° Mc/sec, respectively. These values agree 
within their statistical accuracies, and hence indicate 
that there is no dependence of the Av value on the gas 
used to within the experimental] accuracy. Nor are there 
any significant variations with pressure for the indi- 
vidual gases. The last three runs were taken with 
significantly lower microwave power than all the previ- 
ous runs. The weighted average of these three runs is 
2.0332 105 Mc/sec, which is in agreement with the 
average Avy from all the data, and hence indicates that 
there is no dependence of Av on the microwave power 
level used. 


5.2. Estimate of Error 


The observed variation in the value of Av from run 
to run is believed to be primarily random in nature and 
due to the limited number of counts obtained for each 
point on a curve. A measure of the error to be expected 


from this cause is, of course, the standard deviation of 
the weighted Av values for all the runs taken as a group. 
Its value is 0.00008 K 10° Mc/sec as given in Table I 
The inhomogeneity of the magnetic field could con 
tribute a significant systematic error. The variation of 
the magnetic field over the active region is about 5 
parts in 10*. The value of the field in the region near the 
axis of the cavity and magnetic field and opposite the 
viewing hole for the gamma rays has been taken as the 
correct field value, Because the positronium decays 
arise mostly from this region and because the microwave 
power is highest near the axis, this choice of field value 
seems to be the reasonable one. The distribution of 
positronium decays is expected to be symmetrical about 
the axis, but no particular symmetry is expected along 
the axial direction. The distribution of magnetic field 
inhomogeneity need have no special symmetry through 
out the active volume. With this situation obtaining, an 


2.03327 


Observations 


of 








Weighted Number 





| 
2.0340 
AV (in units of 10° Mc/sec) 


1 
2.0330 2.03535 


lic. 6. Histogram of weighted Av determinations. The solid 
curve is a Gaussian curve which has been matched in area to the 
histogram and which has the rms deviation of the data. The 
weighted average value of Av is indicated. 
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asymmetry could be introduced in the resonance curve 
which would result in an apparent shift in the resonance 
value. The principal means of assuring that this error is 
small has been to take a considerable body of data, 
especially with some variation in the conditions of 
magnetic field inhomogeneity, and thus to tend to make 
this error a random one. No diamagnetic effects of any 
kind are sufficiently large to be a concern. 

A deviation of the theoretical curve from the Lorentz 
form given by Eq. (11) could cause a systematic error. 
In the derivation of Eq. (11) from Eq. (10), higher 
order terms in Ax and x were neglected. Their inclusion 
would alter the Lorentzian form of the theoretical 
curve. Estimates of the effect of these terms on the 
curve indicate that the amplitude of the curve is 
changed by considerably less than the statistical error of 
the points. Furthermore, for five runs numerical compu- 
tations were made of the resonant field using a theo- 
retical curve corresponding to Eq. (11) but including 
higher order corrections in x and Ax. The values of Av so 
obtained were in agreement with the values obtained 
from Eq. (11) to 1 part in 20000. This agreement is 
within the accuracy to which the machine computation 
had been programmed. No calculations were made to fit 
the experimental data by the more exact theoretical line 
shape given by Eq. (12). All of the theoretical line 
shapes [ Eqs. (10), (11), and (12)] are symmetrical 
about the resonance value of frequency or field, and it is 
believed that the same resonance value of field will be 
obtained with Eqs. (10) and (12) to well within the 
experimental accuracy. The principal importance of 
Eq. (12) is that it indicates that the half-width of the 
resonance curve should be somewhat larger than that 
predicted by Eq. (10). 

A lack of proportionality between the change in the 
observed ratio of valley counts to peak counts and the 
fraction ?, of positronium atoms formed in the M=+1 
states of orthopositronium which decay by two-quantum 
annihilation could also cause a systematic error. Exact 
computations were made for several runs in which P, 
was obtained from Eq. (15) rather than from the leading 
term of Eq. (16b). These calculations were made with 
the IBM 650 using both the theoretical line shape of 
F.q. (11) and the more exact form derived from Eq. (10) 
including higher order terms in x and Ax. The values 
obtained for Av agree with the value obtained using 
Eq. (15). 

Shifts in the energy levels given by Eq. (3) due to the 
annihilation process are of the order of (y,/2rAv)*™~4 
«10-°*8 and hence can be neglected. Furthermore, 
energy shifts due to the large microwave magnetic field 
are negligible, as is pointed out in Appendix I. 

The final value for Avy obtained from the present 


experiment is: 
Av= (2.03334-0.0004) X 10° Mc/sec. 
The error estimate is about five times the standard 


» O. Halpern, Phys. Rev. 94, 904 (1954). 
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deviation of the data. It corresponds to choosing the 
center of the resonance line to about 1/40 of its half- 
width. Since the resonance line is appreciably broadened 
by inhomogeneity of the magnetic field, which could 
introduce a systematic error, it is felt that the quoted 
error is a realistic upper limit of error.|! 


6. DISCUSSION 


The present paper has described a determination 
of the hyperfine structure separation of positronium 
in its ground state by a method essentially similar 
to that of Deutsch, Brown, and Weinstein. The experi- 
ments of Deutsch et al. were done at static magnetic 
field values of 9000 gauss and 9500 gauss and yielded 
the values Av= (2.03354-0.0005) 105 Mc/sec and 
(2.0338+ 0.0004) X 10° Mc/sec, respectively. The ex- 
periment reported in the present paper was done at a 
magnetic field of about 8000 gauss and yielded the value 
Av= (2.0333+0.0004) X 10° Mc/sec. All of these values 
for Av agree within the experimental limits quoted and 
hence confirm the theory of the dependence of the 
energy levels on magnetic field. The average of these 
three determinations of Av is (2.0336+-0.0002) x 10° 
Mc/sec, in which a standard deviation of the three 
values is given. 

The theoretical value for Av has been computed to 
order a® ry by Karplus and Klein‘ [see Eq. (1) ] and is 
equal to 2.0337 X 10° Mc/sec. The experimental value is 
in excellent agreement with this theoretical value, and 
hence provides strong confirmation of the theory of 
positronium based on the Bethe-Salpeter equation. It 
may be noted that the first neglected term in the theory 
is of order a‘ ry. Since the leading term is of order a? ry, 
the first neglected term is of relative order a or 1 part in 
20 000. Hence the magnitude of the a‘ ry term is ap- 
proximately equal to the present experimental uncer- 
tainty, and, since numerical factors in the theory might 
make it somewhat larger, an extension of the theory to 
the order a‘ ry appears desirable at this time. 

It is a pleasure to acknowledge several stimulating 
discussions with Professor Breit about the theory of the 
resonance line shape. 


APPENDIX I. THEORY OF RESONANCE LINE SHAPE 


The theory of the resonance line shape is similar to 
that for the hydrogen fine structure transitions.* A 
quantitative expression for the positronium line shape 


|| Note added in proof.—The recent discovery that positrons 
originating from beta decay are preferentially polarized along 
their direction of emission [T. D. Lee and C. N. Yang, Phys. Rev. 
105, 1671 (1957); L. A. Page and M. Heinberg, Bull. Am. Phys. 
Soc., Ser. II, 2, 172 (1957), and preprint of article for Phys. Rev. ] 
does not alter the final value quoted for Av. The fact that the 
magnetic substates of positronium are not all formed with equal 
probability because of the polarization of the positrons will 
change slightly some of the discussion of the theoretical line shape 
and of the analysis of the gamma ray spectra, but will not affect 
the value of Av quoted. See forthcoming note on the effect of the 
polarization of the positrons on positronium experiments. 


* W. E. Lamb and R. C. Retherford, Phys. Rev. 79, 549 (1950). 
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will be derived in this appendix. Halpern has discussed 

the effect of static and alternating magnetic fields on 

positronium decay, and his results will be useful.” 
Consider the Hamiltonian 


H=H,+KH' (1), 


in which %, is the time independent part of the Hamil- 
tonian including the interaction with the static magnetic 
field Ho in the z direction, and %’(t) is the interaction 
with the microwave field H, coswt, which is linearly 
polarized in the y direction [see Eq. (8) ]. It is con- 
venient to express the microwave field in the form: 


H, coswl) = — (iH,/4) (+19) (et'#!-+-e-*) 


+ (iHi/4) (Big) (eres), (18) 


in which # and @ are unit vectors in the « and y direc- 
tions. 3¢’(t) has nonvanishing matrix elements between 
the M=-+1 and the M=0 states of orthopositronium 
and between the M=—1 and M=0 states of ortho- 
positronium. 

Consider first the two magnetic sublevels M = +-1 and 
M =0 of orthopositronium, which are eigenstates of K, 
with energies W,,,; and W;,o, respectively. Denote their 
probability amplitudes by a; and do. The two state 
functions, u;,,; and yo, are normalized and are orthogo- 
nal to one another. We consider only that part of 1’ (t) 
which has a nonvanishing matrix element between these 
two states and which leads to a resonance term in 
Eq. (27). The states M=+1 and M=0 of orthoposi- 
tronium annihilate with the emission of gamma radia- 
tion at rates y; and yo, respectively. The equations of 
time-dependent perturbation theory are*® 


thd, = ayV et * exp[_+ (i/h)(Wi,1- Wot] 
—ih(}7.)a, 

ihiig= a, V *e~ *! exp + (1/h) (Wi,0—W,, 1) ] 
~ih(4yo)do, 


(19) 


where 


Ver iot= (my | wog(s_— 84) 


-(—iH,/4) (&+i9) |r oer". (20) 


It will suffice for the purposes of this paper to use an 
approximate expression for V which is obtained by 
using the value of ¥;,9 given in Eq. (5) and obtained 
from first-order perturbation theory : 


ix 


av2[1+ (}x)")) 


~~ - 


1. (21) 


The notation used in Eqs. (19), (20), and (21) is defined 
in Secs. 2.1 and 2.2. 

The decay of the state amplitudes due to the annihi- 
lation process is treated phenomenologically in Eqs. (19) 

2°W. Pauli, Handbuch der Physik (Verlag J. Springer, Berlin, 
1933), second edition, Vol. 24, Part I, p. 158. The probability 
amplitudes a; and dp» are defined similarly to the a,’s in this 
reference. 
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by the introduction of damping terms. A complete 
treatment should include the description of the posi- 
tronium annihilation into a final state consisting of 
photons. The phenomenological treatment of the annihi- 
lation process is similar to the treatment of the optically 
decaying 2p level in the theory of the Lamb shift 
measurement, whose justification has been 
sidered.* A detailed justification of the phenomeno- 
logical treatment of the annihilation process in the 
positronium case has not been given. However, this 
treatment is believed adequate for the present appli- 
cation. 
The general solutions of Eqs. (19) are: 


con- 


a= A, exp(—4,;— fyil+ Az exp(—d2 


ay= (—h/iV){ —6,A, exp (—4, 
6A, exp ( be by )t+ i (wot 


byt, 
byt 1(wo1 wl } (22) 
w)t]), 


where A, and A, are constants and 
+i (wow) +4 (Yo 0) 
sid 2 
t }([i(w~—wor) +4 (vio) P—4V V 8/7, 
and wo;= (W;,9— W,1)/h. 


Consider a positronium atom formed in the M= +1 
state of orthopositronium. The initial conditions which 
determine the constants A; and A,» are then: 


(23) 


ay l dy 0, at l 0. (24) 


This gives 
A 1 +-A 2 i 
5,4, +624 2=0, 
whence 
A, bo l(b (25) 


51), Ag 5:/ (62-44). 


The fraction P; of these positronium atoms that decay 
by two-quantum annihilation is the quantity directly 
related to the experimental measurements: 


P,; f dt| ao|*vo2, 
0 


in which 7o2 is the two-quantum decay rate of the M=0 
state of orthopositronium. By integration, 


(26) 


me |ds*|d0|%) 1 1 
P, Yoz 


[V|? |ba—81]? (oi +ds*+-7¢ dy+5,*+7, 


1 1 | 


bi*+betye bitba* +71 
This expression is exact provided only the two states 
M=0 and M=-+1 of orthopositronium are considered 


2% G. Wentzel, [/andbuch der Physik (Verlag J. Springer, Berlin, 
1933), second edition, Vol, 24, Part I, p. 752; ¢; Breit, Revs. 
Modern Phys. 4, 504 (1932); G. Breit and E. Teller, Astrophys. J. 
91, 215 (1940). 
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and provided the nonresonant terms in Eq. (18) are 
neglected. The interaction with the microwave field 
has a matrix element connecting the M=-+-1 state 
of orthopositronium and the M=0 state of paraposi- 
tronium, but this matrix element will contribute a non- 
resonant term to /; and can be neglected. 

Consider next a positronium atom formed in the M=0 
state of orthopositronium. The initial conditions are 
now 

a,=0, do=1, at ¢=0. (28) 


, 


The fraction Py of the annihilations of the M =0 state of 
orthopositronium that are two-quantum annihilations 
is found to be 


; Yo2 |6,|? | 52? 
| by 6, |? bi +5)" +72 bet+52*+7, 
5:*b, 


bit +bety, bitbs*+y,) 


6;65* | 
(29) 


If only the two magnetic sublevels M = —1 and M=0 
of orthopositronium are considered and if nonresonant 
terms are omitted, then expressions identical to Eqs. 
(27) and (29) are obtained for P_, and Po, respectively. 

Since the actual microwave magnetic field includes al] 
the terms in Eq. (18), it is clear that all the three states 
of orthopositronium are coupled by interaction with the 
microwave field. Hence the expressions (27) and (29) 
obtained for Po, P;, and P_, by neglect of this actual 
coupling of the three states are incomplete. The applica- 
tion of Eqs. (27) and (29) will be for the case in which 
the microwave power is low, which corresponds to 
retaining only the lowest nonvanishing power of V. It is 
clear that the corrections to Eqs. (27) and (29) due to 
the coupling of the three states will involve higher 
powers of V and hence can be neglected. 

The quantity to be compared with experiment is the 
change, Py, in the number of orthopositronium atoms 
which decay by two photon annihilation due to the 
microwave field divided by the number of M = +1 and 
M 1 orthopositronium atoms formed : 


Pr=}(Pit+P_i+4P»), (30) 
in which APo=2(Po—ye2/yo) is the change in two- 
photon annihilation of the M=O state due to the 
microwave field. The factor of 2 arises from the separate 
Oand M=+1 


-1 orthopositronium 


consideration of transitions between M 
and between M=0 and M 
states in the approximation applicable to low micro- 
wave fields that the coupling of the three states can 
be neglected. This expression will be used only in the 
limit of low microwave power. 

The principal effect of the nonresonant terms arising 
from the field of Eq. (18) is to produce a small shift 
in the energy levels of orthopositronium. This shift is of 
the order of (2,/H»)*. For typical field values of 


MARDER, 


AND WU 
H,=10 gauss and Hy= 8000 gauss, this shift is about 1 
part in 10° and hence is negligible.’ 

For further consideration of the line shape given by 
Kkq. (30), the approximations applicable to the actual 
experimental situation can be employed. The microwave 
power level is sufficiently low so that an important 
simplification is possible. By reference to Eq. (23), it 
is seen that the expansion parameter is (2|V|/h)/ 
[4(yo-vs)]. In our case, with H,~10 gauss and 
H¢~~8000 gauss, this ratio is about 0.28. The error 
introduced in the expression for the resonance line will 
be of relative order 4{(2|V | /h)/(4(vo—72) ]}’, which is 
about 0.04. An additional approximation will be made 
for the expression to be derived now, namely that 
¥1(=0.72X 10")<ryo( = 1.0 108). The error introduced 
will be of relative order y;/7yo(=0.07). It should be 
noted that neither of these approximations alters the 
condition that the line shape will be symmetrlcal with 
respect to the variation of w on either side of the reso- 
nance value wo. If these approximations are employed 
in Eqs. (23), (27), (29), and (30), Pr is found to be: 


Pr=Py=9'/(vet+ 7); (31) 


in which 


(3x)?y.| V |? 


: wl (wo —w)?+ (x%,/8)*] 


U 


(31a) 


In deriving this expression, yo is replaced by (}x)*y, in 
order to retain consistently the approximation 7<vyo. 
The effect of power broadening of the resonance line is 
contained in Eq. (31). If the microwave power is 
sufficiently low so that y’<vy,, then P; becomes 


Pi=7'/¥t. (32) 
This expression gives the non-power-broadened natura] 
line shape. 

A more exact expression for Py can be obtained by 
including the correction of relative order y;/7o. In this 
approximation AP» contributes. Use of Eqs. (23), (27), 
(29), and (30), and retention of terms to the order 
(y+/Yo)* in the power series expansion yield Eq. (12) of 
Sec. 2.4. 


APPENDIX II. EFFECT OF COLLISIONS 


For the experiment reported in this paper, positronium 
atoms are formed in a gas having a pressure of‘about one 
atmosphere, which is required to slow down the posi- 
trons emitted at high energies from the radioactive 
source. Under these conditions the kinetic mean free 
time between collisions of a positronium atom with gas 
molecules is between 10~” and 10~ sec, which is short 
compared to the annihilation lifetime of orthoposi- 
tronium. Hence it is important to consider the effect of 
collisions on line broadening and line shifts. 

Since the transition studied is a magnetic dipole 
transition, the magnetic fields present during a collision 


27 F, Bloch and A. Siegert, Phys. Rev. 57, 522 (1940). 
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are of interest. The molecules of the gases used——A, No, 
and SF¢—have no electronic paramagnetism, and hence 
have a magnetic moment due only to the nuclei and to 
molecular rotation, which will be at most of the order of 
a nuclear magneton. At a distance of ay(~0.5X 10% 
cm) the magnetic field is about 50 gauss. The magnetic 
field resulting from the motion of the positronium atom 
with respect to the electric field of the gas molecule will 
be about 10000 gauss at a distance of do for a posi- 
tronium atom with a velocity of 4X 107 cm/sec (which 
corresponds to a kinetic energy of 1 ev). The perturba- 
tion during a collision can be treated as a sudden 
perturbation” as regards transitions between the hyper- 
fine levels of the ground state of positronium, because 
the collision time is short (~10~'* sec). A transition 
from a magnetic substate of orthopositronium § to 
parapositronium, which is more probable than a transi- 
tion between two magnetic substates of orthoposi- 
tronium will have a probability of only about 10~° per 
collision. Hence during the annihilation lifetime of 1077 
sec, in which some 10! collisions occur, the transition 
probability is 10-7. This small value implies that there 
will be no appreciable line broadening due to these 
collisions. 

The electronic diamagnetic moment induced in a gas 
molecule by the external magnetic field is considerably 
less than a nuclear magneton and hence has a negligible 
effect on the line broadening. 

Although collisions with gas molecules do not con- 
tribute significantly to line broadening, a shift in the 
line center may occur in a manner similar to that dis- 
cussed by Wittke and Dicke for their hydrogen hyper- 
fine structure measurement.” The kinetic energies of the 
gas molecules and of positronium are too low to allow 


inelastic collisions which transfer positronium from the 


1s to the 2p state. However, the strong electric fields due 
to the gas molecule which are present in a collision will 


2%. I. Schiff, Quantum Mechanics (McGraw-Hill Book Com- 
pany, Inc., New York, 1949), p. 207. 
29]. P. Wittke and R. H. Dicke, Phys. Rev. 103, 620 (1956). 
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cause a substantial perturbation of the positronium 
ground-state wave function which may be considered as 
primarily an admixture of 2p state. Owing to the high 
velocity of the positronium atoms and the corre 
spondingly short collision time, the collision cannot be 
treated strictly as an adiabatic collision as was justified 
for the application of Wittke and Dicke, nor, on the 
other hand, is the sudden approximation applicable 
here. Because of the difficulty of the problem, only an 
order of magnitude theoretical result can be expected in 
a simple calculation, and the adiabatic treatment will be 
used. From the assumption that the positronium atom 
is entirely in a 2p state during a collision and from the 
observation that the hyperfine structure separations are 
considerably smaller in the 2p state than in the 1s 
state, it follows that a measurement of the ground-state 
hfs splitting which takes place over a time interval 
including many collisions will yield a value equal to the 
true hfs of positronium multiplied by the fraction of the 
time that the positronium atom is unperturbed by 
collisions. If the collision time is taken as 10°!'® see and 
the time between collisions as 107" sec, the measured 
hfs will differ from the true hfs of free positronium by 1 
part in 10°. Because of the roughness of this approxi 
mate calculation the result should only be regarded as 
an indication that a measurement of the hfs splitting to 
such an order of magnitude requires an experimental 
study of the effect of the gas used and of its pressure on 
the hfs value determined. It has been pointed out in 
Sec. 5.1 that no systematic differences in Av were 
observed for the different gases and gas pressures used 
within the quoted error of 1 part in 5000, Line broaden 
ing due to these electric perturbations of positronium in 
collisions can only arise from statistical variations in the 
time average effect and is quite negligible. 

Because of the ionization produced in slowing down 
the energetic 
source, an electron-ion density of some 10!/cm* will be 


positrons from the strong radioactive 


present in the cavity. This charge density is too small to 
influence appreciably either the line center or the line 
width, 
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The structure of the line 5535 A, 6s? 1S, 


6s6p'P,, of Bat has been investigated by means of a multiple 


atomic beam of high collimation (28:1) and a single Fabry-Perot etalon with a spectral range of 62.5 mK; 
the combined instrumental and Doppler width was approximately 2 mK. The line was found to have four 
well resolved components at 0.0, +3.8, +9.9, and +18.4 mK with apparent intensities of approximately 
20:4.5:2.5:1, This result is consistent with that of Kopfermann and Wessel, who, using a single atomic 
beam of collimation 10:1, found a structure consisting of a strong main component with wing extending to 
about +25 mK, but it cannot be reconciled with the results of Arroe obtained by comparing wavelengths of 
the line emitted by enriched isotopes in a hollow cathode tube. 

This structure can be explained in terms of isotope shifts alone but the differences between the observed 
and calculated intensities are rather large; a more satisfactory explanation can be obtained if a small hfs 


(10 mK) is assumed for the odd isotopes. 


INTRODUCTION 


HE structure of the resonance line of Bal was 
investigated by Kopfermann and Wessel! first in 
the absorption of an atomic beam of collimation 10:1 
and later’ in the emission of an atomic beam of collima- 
tion 4:1 excited by fluorescence. Both methods yielded 
the same result; there was no actual resolution of the 
structure of the line; but it was shown to consist of a 
strong main component with a wing extending to 
approximately +25 mK from the center of the main 
component. (1 mK=10°-* cm™'.) This structure was 
explained as being due to isotope shifts alone, the hfs 
of splitting of the components due to the odd isotopes 
being assumed to be small compared with the isotope 
shifts. The more abundant isotopes of barium are 138, 
137, 136, 135, and 134 and their abundancies are: 


138: 137:136:135:134=71.7:11.3:7.8:6.6: 2.4. 


The main component was assumed to be due to the 
isotope Ba"™* and the wing was attributed to the other 
four isotopes, which were assumed to give components 
with isotope shifts of approximately 7, 12, 18, and 24 
mK, in descending order of mass number. But, as can 
be seen from the reproductions of their curves (Fig. 1) 
of intensity distribution the existence of the component 
at +24 mK was not well established and need not be 


+ es =e 

10 20 30mK 0 10 20mK 

1. Structure of 5535 A line of barium. (Kopfermann and 
Wessel) (a) absorption; (b) emission. 


1H. Kopfermann and G. Wessel, Nachr. Akad. Wiss. Gottingen, 
Math.-physik. KI. No. 2, 53-55 (1948). 

*H. Kopfermann and G. Wessel, Nachr. Akad. Wiss, Gottingen, 
Math.-physik. KI. No. 3, 1-5 (1951). 


assumed to be required by the experimental obser- 
vations. 

The isotope shifts in this line were later investigated 
by Arroe; the light source was a cooled hollow cathode 
tube containing either natural barium, or barium en- 
riched in one of the less abundant isotopes. The differ- 
ence in wavelength of the line emitted by the various 
enriched specimens and natural barium was measured 
by means of Fabry-Perot etalons of plate separations 
between 10 and 40 mm. 

The isotope shifts derived by Arroe were +-2.2, +4.4, 
+-5.2 and +7.4 mK (0 for mass number 138) and were 
not in descending order of mass number but in the 
order 136, 134, 137, and 135; they were thus in agree- 
ment with those of Kopfermann and Wessel only with 
regard to the direction of the shift, the most serious 
difference from the experimental point of view being 
that the range over which they extended was less than 
half of that required by the atomic beam observations. 

The work described below was undertaken to remove 
this uncertainty concerning the structure of the reso- 
nance line of barium, and the isotope shifts; although 
it appeared most improbable that the experimental] 
results of Kopfermann and Wessel could be in error as 
was suggested by Arroe’s conclusions, it was evident 
that a more complete resolution of the structure 
should be attempted. The method chosen was the 
atomic beam in absorption, but with the use of a much 
higher collimation to reduce the Doppler width to less 
than 2 mK, the great weakening of the absorption 
being compensated by the use of a large number of 
beams traversed successively. 


SPECTROSCOPIC APPARATUS 


The spectroscopic apparatus consisted of a Littrow 
spectrograph and an externally mounted Fabry-Perot 
etalon. The etalon was illuminated through a collimator 
of 100-cm focal length, with a slit 20X2 mm on to 
which was projected an image of the glow from the 
cavity of a hollow cathode tube (containing barium). 
Associated with this collimator was an arrangement of 
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two concave mirrors which caused the light to traverse 
the atomic beam absorption chamber, placed immedi- 
ately behind the collimator slit, three times before 
reaching the etalon. 

The etalon was of the conventional type, having 
plates of fused silica held by adjustment springs against 
a fused silica spacer. The plates had 7-layer cryolite- 
zinc sulfide multilayer dielectric coatings with a re- 
flectance of 0.95, giving a finesse of 1/60 order. A separa- 
tion of 8 cm, giving a spectral range of 62.5 mK was 
used; this was chosen since it was the greatest which 
could be used without overlapping in adjacent orders 
of the edges of the wings of the barium (emission) 
resonance line intentionally widened to approximately 
55 mK to permit the observation of absorption com- 
ponents out to 25 or 30 mK on either side of the center. 

The etalon was enclosed in an airtight container to 
eliminate the effects of change of atmospheric pressure 
and also to allow the air pressure to be set so that the 
absorption components would appear near the center 
of the fringe system, where dispersion is greatest and 
the resolving power is highest, due to the smaller spread 
of the rays. An achromat of 100-cm focal length was 
used for forming the image of the fringe system on the 
spectrograph slit. Since it was necessary to observe 
over a range of only 25 mK, which was brought near to 
the center, this focal length was long enough to give an 
adequate dispersion to avoid loss of resolution due to 
the finite grain of the photographic plates. 

Although the aperture of the etalon plates was 5 cm, 
it was necessary greatly to reduce this to eliminate loss 
of resolving power due to maladjustment of the etalon 
or cutting off of the higher orders of reflection of the 
rays. The arrangement by which the light was made to 
traverse the atomic beams three times limited the 
aperture horizontally to 1.5 cm; and it was limited 
vertically to 1 cm, by a screen placed before the etalon. 
By this means it was possible to realize an instrumental 
width of about 1 mK very near the center of the fringe 
system and about 1.5 mK at 1.5 mm from the center 
(the furthest from the center at which highest resolution 
was required), where the fortieth reflected ray emerges 
from the etalon 10 mm above or below the point 
of entry. 


LIGHT SOURCE 


The light source used for producing the resonance line 
of barium, in which the absorption of the atomic beams 
was to be observed, was a water-cooled hollow cathode 
tube. The carrier gas was neon, at a pressure of 5 mm 
of Hg; the hollow-cathode cavity was a cylindrical hole 
5 mm in diameter and 15 mm deep, drilled in a block 
of aluminum; a small piece (about 100 mg) of metallic 
barium was placed in the cavity. With currents up to 
40 ma the resonance line of barium was emitted with 
good intensity but without self-absorption broadening, 
its width being approximately equal to the calculated 
Doppler width of 20 mK. But the results obtained by 
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Kopfermann and Wessel indicated that components 
might be expected out to as much as 25 mK from the 
main component; it was therefore necessary to widen 
the emission line to ensure that outer components would 
be observed against a satisfactory background. This was 
effected by increasing the current to 160 to 180 ma, 
when the line assumed the favorable flat-top contour, 
with sharply falling edges, and a width of 50 to 60 mK 
which was wide enough for observing absorption com- 
ponents out to 25 mK on either side of the center, and 
also sufficiently narrow to avoid overlapping of the 
edges in adjacent orders of the etalon of 8-cm plates 
separation (spectra range 62.5 mK). The intensity was 
such that with etalon stopped down to 15X10 mm 
(focal length 100 cm), and with the mirror system 
which gave the triple traverse of the atomic beam and 
caused a loss of intensity of about 60°, the time of 
exposure was six to eight minutes. 


THE ATOMIC BEAM 


The atomic beams were produced in three steel tubes, 
the lower ends of which could be heated by means of a 
triple platinum resistance furnace, while the upper ends 
were sealed with piceine into three tubes which extended 
downwards from the atomic beam absorption chamber. 
At a point 1 cm above that at which the tubes emerged 
from the furnaces, they were divided into three parts, 
so that each tube formed three atomic beams, the width 
of the three compartments forming the beam being 
12 mm, and the depth (in the direction of the line of 
sight) being 3.5 mm; their length was 100 mm, giving 
a collimation of 28:1. The lower ends of the tubes 
extended to a distance of 5 cm below the top of the 
furnaces, so that it was possible to cool them immedi- 
ately above the furnaces to a temperature of about 
30°C, while maintaining the lower ends at a temperature 
high enough to evaporate barium sufficiently rapidly to 
make satisfactory atomic beams. About 2 g of com 
mercial metallic barium was placed in each of the tubes. 

A preliminary experiment with a single atomic beam 
traversed three times, formed in a steel tube 15 mm in 
diameter, and with a cooled part of 23 cm long, and 
thus giving a collimation of 15:1 showed that this 
type of steel-tube atomic beam apparatus operated 
satisfactorily with barium. At low densities of the beam 
a single narrow absorption line appeared, with a com- 
bined instrumental and Doppler width of approximately 
2.5 mK; with increased density, this single line de 
veloped a wing (just resolved) at about +4 mK; 
a further increase of temperature widened the main 
component, and made observation of the close satellite 
difficult, but it also gave indications of other, weaker 
satellites further removed from the main component. 
lor these reasons it was decided to increase the collima 
tion by a factor of almost two, so that greater absorption 
could be used without loss of resolution of the close 
satellite; and to increase the number of beams from 
one to nine (traversed three times), to ensure that a high 
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enough absorption could be produced for satisfactorily 
observing the weak outer satellites. 

The oscillator strength of the resonance line of barium 
is probably similar to that of potassium, with which an 
easily observable absorption is given by component 
with an intensity of one-twelfth of the total by a single 
atomic beam of collimation 25:1, or with an intensity of 
one-fiftieth of the total by three beams of collimation 
35:1; it could therefore be expected that with an atomic 
beam of barium with a collimation of 30: 1 an observable 
absorption would be given for a component of one 
tenth of the total intensity; consequently nine beams 
traversed three times should give an observable absorp- 
tion of a component of one three-hundredth of the total 
intensity. The atomic beam apparatus was therefore 
considered to be capable of producing a strong absorp- 
tion of the line of the isotope 134 (abundance 2.4%) or 
of 135 (abundance 6.6%) even if it were split into hfs 
components; but the isotopes 132 and 130 (each of 
abundance 0.1%) could not be expected to give a 
detectable absorption, 

The Doppler width given by an atomic beam of 
barium of collimation 28:1 at a temperature of 700°C 
is 1.4 mK (assuming that the width is reduced in pro 
portion to the collimation factor) ; the limit of resolution 
of the etalon (1 to 1.5 mK) was thus just sufficient to 
avoid serious weakening of the absorption lines due to 


inadequate resolving power. 


LINE STRUCTURE OBSERVED IN THE ABSORPTION 
OF THE ATOMIC BEAM 


The absorption of the atomic beams was observed 
over a wide range of furnace temperature, and corre 
spondingly wide range of density of the beams. Figure 2, 
(a) to (f), shows tracings of microphotometer curves of 
six typical interferograms of the absorption, the density 
of the beams increasing from (a) to (f). The absorption 
increases towards the top of the traces. The main 
component and the three satellites are marked A, B, C, 
and D; the ill-defined kinks marked X in curves (b), 
(ce), and (f) are not due to absorption of the beams, but 
are gaps, between successive orders, in the emission 
background, the hollow-cathode current having been 
rather less than in the other exposures, so that the short 
wave wing in one order does not quite run into the long 
wave wing in the next, 

At a furnace temperature of 850°C (the temperature 
of the barium in the lower ends of the steel tubes was 
probably 200 to 250° less, due to loss of heat by con 
duction) the main component A was strong while the 
satellite, B, was well developed and clearly resolved, 
and a second satellite, C was also visible [ see Fig. 2 (a) }. 
An increase in temperature of 50° made the main com 
ponent broaden, and B was less well resolved ; C became 
strong, and a third satellite, D appeared [ Fig. 2 (b) 
and (c) |. A further similar increase of temperature 
made A and B run into each other, while C became 
stronger with marked widening, and D became fairly 
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strong, but without widening [Fig. 2 (d) and (e)]. 
Under these conditions the absorption in the blend of 
A and B was very strong (more than 90%). At the 
highest temperature (furnace temperature 1050°) the 
three components A, B, and C all ran together, while D 
became very strong (about 80% absorption) but not 
much widened [ Fig. 2 (f) ]. 

A large number of photographs was made at these 
densities, so that the positions of the four components 
could be determined accurately, and their growth in 
width and intensity followed. At low densities the 
measurements were referred to the component A; but 
at higher densities, when B ran into A, they were 
referred to D, which remained narrow and whose posi- 
tion (+18.4 mK) was known from the measurements 
at lower densities. 

The intensities were determined from the ratios of 
the absorption coefficients which were obtained from 
the measured reduction in the intensity of the emission 
background; this was effected in two stages A:B:C 
and C:D. The mean of six such measurements was 
A: B:C: D=20:4.5:2.5:1, with a mean deviation of 
20% of the ratio. These ratios refer to the maxima, and 
may therefore be liable to systematic errors which may 
be greater than the mean deviation. Thus the satellite 
B is so close to the main component that its apparent 
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iG. 2, Structure of 5535 A line of barium, showing components 
1, B, C, and D. Density of atomic beams increases from (a) to (f). 
Zero of scale refers to the component A. 
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intensity is increased by the wing of the latter; while 
the satellite C appeared to be wider than the others so 
that the intensity of the maximum would tend to be an 
underestimate of the total absorption. 


MEASUREMENTS OF POSITIONS OF COMPONENTS 


The interferograms were measured visually with a 
comparator to determine both the relative wave num- 
bers and the widths of the four components. The 
reduction of the measurement was simple, since the 
fringes could be measured on both sides of the center, 
giving their radii directly, and the stronger components 
could be measured in two or more orders, and the fringe 
constant could be found from the difference of the 
squares of the radii of the fringes of a component in 
adjacent orders of a component. 

Table I contains a summary of all the measurements 
of interferograms made at low beam densities, with 


TABLE I. Observed structure of Ba 1 5535 A 


Component 


Wave number (mK) 
Width (mK) 

No. of measures 
Mean deviation (mK) 


all four components resolved. The width of A was as 
little as 2.0 mK when the density of the beams was so 
low that C and D did not appear, and it increased to 
3.0 mK at the higher densities. 

A series of measurements was made of twelve inter- 
ferograms made with the density of the beams high 
enough for A and B to run together, but low enough 
for C to be resolved from B [e.g., Fig. 2 (e) |. The posi- 
tions of the inner and outer edges of the blend (A+B) 
and of the component C were measured with reference 
to the center of D (18.4 mK), which was little widened, 
its width being about 3.0 mK. The blend (A+B) 
extended from —3.5 to +6.0 mK and C from 7.5 to 
12.5 mK. This is the average of all measurements made 
at any density at which A and B were run together and 
C was resolved, which covered a considerable range; 
there was a variation in the limits measured of approxi- 
mately +0.5 mK, the absorptions being wider or 
narrower according to the density of the beams. 


COMPARISON WITH EARLIER INVESTIGATIONS 


An examination of the curves given by Kopfermann 
and Wessel, both in absorption and emission, allowing 
for their much greater line width, shows good agree- 
ment with the new results. The absorption curve was 
interpreted by Kopfermann and Wessel as indicating 
components at about 7, 12, 18, and 24 mK. As there 
was no actual resolution a fairly large margin of error 
may be expected, particularly in the case of the close 
satellite B. The component at 24 mK, as can be seen 
from the absorption curve was derived from a small 


SPECTRUM OF Ba 


TABLE IT, Possible isotope shifts in Ba 1 5535 A 
assuming no hyperfine structure. 


Isotope shifts (mK Intensity ratios 


138 137 136 135 B 


A 
0 99 “4 18.4 20; (2.2 +-0.7) 
0 “4 (4) 99 20: (3.2 +18 
0 3.8 (10) (10 & 20 3.2 


“tail” which does not appear in the emission curve and 
may be omitted as far as the evidence of their curves is 
concerned, In the present work, exposures were made 
with very high density of the atomic beams, such as 
that shown in Fig. 2 (f{) to determine whether there 
might be a component beyond the component, D; the 
complete absence of any “kink” in the region 20 to 
30 mK, while the absorption due to the component D is 
as high as 80%, indicates that any further component 
must have an intensity less than one percent of the 
total. Thus apart from the absence of the component 
at 24 mK, Kopfermann and Wessel’s analysis of the 
incompletely resolved wing is now shown to have been 
substantially correct. 

The conclusions of Arroe with regard to the isotope 
shifts must be regarded as untenable. The range over 
which his isotope shifts extend is less than one-half 
of that over which clearly resolved components have 
now been observed; and even if the structure were 
in part due to hfs of the isotopes of odd mass num- 
ber, there would still be required an isotope shift 
of approximately 15 mK for at least one of these 
isotopes. It appears not unlikely that the displacements 
which he observed, and from which he calculated the 
isotope shifts were too low as a result of incomplete 
blending of the components. For complete blending the 
line width must be at least three times as great as the 
separation of the blended lines, whereas his line width 
was approximately 20 mK. 


INTERPRETATION OF THE OBSERVED STRUCTURE 


Of the two terms, 6s?'So and 6s6p 'P;, of the line 
5535 A of barium 1, the former cannot have hfs since 
it has the 7 value of zero, while the latter can have hfs 
only in so far as there are departures from Russell 
Saunders coupling. If it is assumed that the latter are 
so small that the hfs splitting is negligible (i.e., not 
greater than one or two mK), then the structure of the 
line must be due to isotope shifts alone. Normally a 
fairly even distribution of the shifts, in order of mass 
number would be expected, the irregularity to be 
expected being that the isotopes of odd mass numbers 
would have their components rather nearer those of 
the even isotope of lower atomic number. The observed 
structure cannot be explained on either of these simple 
distributions; if the distribution were nearly equal, 
there would need to be 4 satellites, of decreasing in 
tensity, spaced fairly evenly over a range out to 20 mK, 
i.e., at about 5, 9, 14, and 18 mK; but there is a con 
spicuous absence of the necessary component at 14 mK; 
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Taswe IIT. Isotope shifts in Ba 1 5535 A assuming hyperfine 


structure in lines of Ba™ and Ba’. 


Isotope 
shift 


Components (mK) 


0.0(71.7) 0.0 
1.0(1.9) 3.2(3.8) 10.5(5.6) 49 
4.2(7.8) 4.2 
7,911.1) 11.9(2.2) 18.4(3.3) 14.5 
8.0(2.4) 8.0 


and if the odd isotopes had their lines displaced so 
much towards those of the even isotopes of lower 
mass numbers that they would form blends with these, 
then only two satellites would appear. 

Some other Jess simple solution must be sought. 
‘Table II gives the possible values of the isotope shifts 
which would give components in the observed positions, 
and with intensities of the same order as those observed, 
on the assumption that the structure is due to isotope 
shifts only. The figures in parentheses refer to two 
components blended ; since there may be a difference of 
two or three mK in the shifts of the two components of 
the blend, the individual shifts may differ by two mK 
from the average. 

The first allocation is made on the assumption that 
Arroe’s conclusions are qualitatively correct, but it can 
hardly be with the observed structure 
(Table 1); B is too weak and D is too strong, and C is 
not a blend. The second is also unsatisfactory, in that C 
is not a blend and D is rather too weak. ‘The third is the 
most satisfactory; C is a blend (in agreement with the 
observed greater width) and might therefore have an 
observed intensity not much greater than the greater 
of the two components, but D is rather too weak; B is 
also rather too weak, but the observed intensity may 
have been increased by the effect of the wing of A. 

Although the last of the above allocations agrees 
best with the observed structure, it is not wholly satis- 
factory, and it is possibly of some interest to consider 
the effects of hfs. If it is assumed that the term 6s6p 'P; 
has normal hfs with total splittings of 10.5 and 11.5 mK 
for the isotopes 135 and 137 a structure is obtained 
which agrees rather well with that observed. ‘Table II 
shows the positions and intensities (in brackets) of the 
components of the five isotopes, and the associated 
isotope shifts. If it is assumed that components sepa- 
rated by less than 2.5 mK are not resolved, the blends 
shown in Table [IV would be observed. 


reconciled 
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When allowance is made for the enhancement of the 
component 3.8 mK by the wing of the main component, 
the agreement between this structure and the observed 
structure is very satisfactory ; the intensities are within 
the limits of the observations, and the widths of the 
blends are of the right order; and the weak component 
at —1.0 mK can explain the tendency of the main 
component to widen towards long wavelength at high 
densities of the beams. It is also apparent that the 
isotope shifts, though about twice as large, agree 
qualitatively with Arroe’s. Moreover the isotope shifts 
which follow from this allocation are similar to those 
found by Arroe for the resonance lines of the first spark 
spectrum of barium 4934 A and 4554 A (6s 2Sy— 6p ?P,, ) 
which were respectively 0, 6.0, 4.8, 11.1, 9.6, and 0, 6.4, 
5.4, 12.6, 10.8 mK. The assumption of hfs in the upper 
terms of the odd isotopes thus results in an allocation 
giving a structure in rather better agreement with that 
observed and also in better agreement with the indica- 
tions of Arroe’s displacement measurements. The prin- 


TABLE IV. Blends in the structure of Bar 5535 A with isotope 
shifts and hyperfine structures as in Table IIT. 


Blends (mK) 10;0.0 3.2;4.2 7.9; 8.0; 10.5; 11.9 
Center of gravity (mK) 0.0 3.8 9.9 
Intensity 3.2 2.9 


cipal objection is that it seems unlikely that the hfs 
would be as large as assumed since, the total splitting 
of the term 6s6p*P2 is only 180 mK, and the inter- 
action between the singlet and the multiplet terms 
must be small, the triplet interval ratio being 2.37:1 
and thus close to the normal 2:1. Moreover the assump- 
tion of normal interval ratios for the hfs is perhaps 
questionable. 

Although the structure of the line is now fairly well 
established, the allocation of the components to the 
various isotopes is uncertain; this can only be settled 
with certainty by means of measurements with enriched 
isotopes which are sufficiently accurate to give isotope 
shifts which give components to agree with the ob- 
served, resolved structure, or alternatively, by an 
investigation of the possible hfs of the odd isotopes. 

The author takes this opportunity to thank Professor 
P. Jacquinot for making available the laboratory 
facilities which made this work possible, and Professor 
Kopfermann and Monsieur J. Blaise for valuable 
discussions, 
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Ratio of the Magnetic Moments of In" and In" 
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A new measurement of the ratio of the nuclear magnetic resonance frequencies of In'* and In!" in a 
solution of In(C]O,4)s yields w(In"™*) /u(In™4) = 1.0021437+-0.0000012. This can be combined with the hfs 
measurements of Eck ef al. to determine the hfs anomalies. 


ECENT measurements by Eck and others! of the 

ratios of the hfs splittings of the indium isotopes 
In"® and In"* have made a more precise determination 
of the magnetic moment ratio desirable. The best value 
so far published for this moment ratio is* 


w(In!!®) /u (In!) = 1.002134+- 0.00004, 


and represents the direct ratio of the two resonance 
frequencies in a given magnetic field, using a super- 
regenerative rf spectrometer. This precision is insuf- 
ficient to determine the existence and magnitude of an 
hfs anomaly. 

We have made a new determination, using the record- 
ing oscillating rf spectrometer? and a permanent 
magnet. Precautions were taken to minimize, and 
correct for, drifts of thermal origin in the static field. 
The sample, a solution of In(ClO,4)3, approximately 1M 
in 1.3M acid, was prepared by dissolving 2 g powdered 
indium in 30 ml of boiling 70% HC1O,, filtering on a 
sintered glass suction filter, and dissolving the precipi- 
tate in several ml water.‘ The points of zero slope in the 
nuclear magnetic resonance lines were determined by 
recording their derivatives with the spectrometer 
steadily scanning in frequency, making frequency 
marks every 10 cps for the In" line and every 20 cps 
for In"*, as determined by heterodyne methods based 
on our quartz crystal standard. ‘The ratios of deflection, 
measured peak-to-peak, to rms noise fluctuations were 
55:1 and 20 55:1, or 1100: 1, for In'’ and In"®, respec- 
tively. The line widths between points of maximum 
slope were both about 800 cps or 0.86 gauss. The 
relaxation time 7), determined by the saturation 
method is 0.33107 sec, nearly equal to the value 
T,=0.24X10 sec obtained from the line width, if 
one assumes Lorentzian line shape. The rate of sweep 
through each line was about 100 cps/min. There was a 


Ube gery in part by the joint program of the Office of Naval 


Research and the U. S. Atomic Energy Commission. 

1 Eck, Lurio, and Kusch, following paper [ Phys. Rev. 106, 954 
ST T. G. Eck and P. Kusch, this issue bPhye Rev. 106, 958 
(1957) ]. 

2H. E. Walchi, Oak Ridge National Laboratory Report 
ORNL-1775 (unpublished) ; Yu Ting and D. Williams, Phys. Rev. 
89, 595 (1953). 

3G. Watkins and R. V. Pound, Phys. Rev. 82, 343(A) (1951). 

‘Other compounds were tried, but none yielded comparable 
signal-to-noise ratios. Aquaeous and acidified solutions of com- 
mercially obtained InCl,; and InBr; gave no indium resonance; 
and the resonance was very weak and broad in a solution of 
purified In(OH),; in HCI. We are indebted to Dr. J. W. Meadows 
for suggesting the chemical method used. An alternative method 
for preparing In(ClO,4)3 which proved satisfactory was the solution 
of purified In(OH); in HCIO, and water. 


small lag introduced by the integrating time constant 
in the recording system (RC in two cascaded 
stages). Because of the similarity in sweep rates and line 
widths, the lag is by the same amount for each line. 
Resonance frequencies were compared only for pairs of 
lines swept through in the same sense. The modulation 
field was sinusoidal at 280 cps, with a peak-to-peak 
amplitude of 0.82 gauss. 

The accuracy with which any individual point of 


06 sec 


zero slope could be read was 2 cps per 6.7 Mc/sec, or 
about 0.3 ppm (parts per million) for the In'® lines, 
and 20 cps per 6.7 Mc/sec, or about 3 ppm for the In" 
lines, being limited by noise in the latter case, and by 
the unevenness of sweep rate in the former. The poten 
tially largest source of error, the thermal drift of the 
static field of the permanent magnet— amounting to 
approxunately 1 gauss per °C--was minimized by 
completely surrounding the magnet with Styrofoam. 
Alternate measurements were made of the two lines, 
maintaining the same sense of frequency sweep; in 
each of two runs (which differed in sense of frequency 
sweep) the In'!® line was observed six times and the 
In! line five times. The In'!® resonance frequencies were 
interpolated to the times of observation of the In" line. 
Since the drift was quite steady, the error introduced 
by the interpolation is of the same order (~0.3 ppm) 
as the observational error for these lines. 
The average of the ten values yields 


u(In!®) /u(In™*) = 1.00214374-0.000001 2, 


where the error (~1,2 ppm) is the rms deviation. ‘The 
values obtained by Eck and others for the hfs splitting 
ratios in the 7, and ?/, states are, respectively, 

ay(In"®) /ay (In!) = 1002136144 0.00000028 
and 


ay (In!) /ay (In!) = 1.002167534- 0.00000028, 


Following the definition of Schwartz of the hfs 


anomaly, A= (a;/1) (42/2) 
and 2 refer to the lighter and heavier isotopes, respec 


1, where the subscripts 1 


tively, the two values for the anomaly are 


Ay=(+7.5+1.3) 10 
and 
Ay= (—23.84+1.3) 10-6, 


We are indebted to Professor Kusch and Dr. Eck 
for suggesting this problem and for communicating 
their results to us before publication. 


6 Charles Schwartz, Phys. Rev. 99, 1035 (1955). 
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The hfs splittings of the 5 #/’y states of In'* and In™ have been measured by the atomic-beam magnetic 


We find 


resonance method 
Av In'*) 


[11 409.75064 (20) | 10°* sec™ 


’ 


Av(In") = (11 385.4300+ (20) | 10° sec™, 


A comparison of the ratio of the dipole coupling constants of the two isotopes in the Py; state and in the 
P; state with the ratio of the nuclear g; factors yields the following hfs anomalies: 


Ay= (7,541.3) 10-6, 


Ay= —(23.841.3)X10°*, 


The fractional change in the nuclear radius between In'* and In", 6R/R, is found to be 3.6610 as 
compared to 5.8510 * calculated on the assumption of an incompressible nucleus. 


INTRODUCTION 


NDIUM has two stable isotopes, In"® and In", 

each of which has a nuclear spin of 9/2. Within the 
precision of previous determinations of the ratio of 
their nuclear magnetic moments! (4 parts in 10°) and 
of the ratio of their magnetic dipole interaction con 
stants in the /; state* (1 part in 10*), these two isotopes 
have shown no hfs anomaly. Rice and Pound* have 
recently measured the magnetic moment ratio to a 
precision of one part in 10° by use of the method of 
nuclear magnetic resonance. We have measured the 
zero-field hfs splitting in the P, states of In'® and In" 
to about one part in 5X 10°, These measurements yield 
the hfs anomaly in the 5 */; state of indium, approxi 
mately 7 parts in 10°, 

The present work was undertaken as part of a de 
tailed investigation of the hfs of the 74,4 ground state 
doublet of In" and In’. In the course of the investi- 
gation the magnetic dipole coupling constants in the 
P, state have been determined.‘ We shall compare the 
experimental and theoretical values of the anomaly for 
these two states and from this comparison obtain an 
estimate of the variation in nuclear radius in going 
from In" to In', 


THEORY 


In the presence of an external magnetic field the 
energies of the magnetic hfs levels of the Py state of 


* Submitted by T. G. Eck in partial fulfillment of the require 
ments for the degree of Doctor of Philosophy in the Faculty of 
Pure Science at Columbia University 

¢ This work was supported in part by the Office of Naval 
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t Present address: Department of Physics, Case Institute of 
Technology, Cleveland, Ohio. 

§ Present address: Department of Physics, Yale University, 
New Haven, Connecticut 

'Y. Ting and D. Williams, Phys. Rev. 89, 595 (1953 

*'T. C. Hardy and S. Millman, Phys. Rev. 61, 459 (1942). 

4M. Rice and R. V. Pound, preceding paper [Phys. Rev. 106, 
953 (1957) } 

*T. G. Eck and P. Kusch, following paper [Phys. Rev. 106, 
958 (1957) ]. 


indium are given to a good approximation by the 
Breit-Rabi formula.’ Deviations from this formula 
appear principally as small additional terms in Av 
which do not occur through the coefficient ay in the I- J 
interaction and as a change in the apparent value of g7, 
the nuclear gyromagnetic ratio. These deviations, which 
arise from perturbations of the , state by the /y state, 
have been considered by Clendenin® for a nucleus 
possessing only a magnetic dipole moment. The modifi- 
cation of the theory to include the effects of configur- 
ation interaction and its extension to the case where 
the nucleus possesses an electric quadrupole moment 
are given in reference 4. 

The transitions observed in this experiment were 
those for which AF=+1, Am=+1, where F=/+}. 
lor small fields these transitions give rise in the case of 
each isotope of indium to 18 lines. There are & doublets 
(1+-5, mol —4, m—1; 144, m—1¢91—34, m) each with 
a frequency separation 2g;o/l/h and with a mean 
frequency given with sufficient precision for our pur- 


pe ses by 


F, m->F—-1,m-—1 
( 
Fy m—1«9F—1,m 


’ ’ 


~ (2m? —2m-+1) 
™ iat (1) 
(27+1)? 


where 
x= (gy—gr)poll /hAv. 


These doublets are entirely unresolved at the magnetic 
fields at which the observations of the present experi- 
ment were made. The frequencies of the two single 
lines 5, 54,4 and 5, —5«o4, —4 are given by the 
same expression with the additional term + gyyofl/h 
for the two lines respectively. 


* Millman, Rabi, and Zacharias, Phys. Rev. 53, 384 (1938). 
®* W. W. Clendenin, Phys. Rev. 94, 1590 (1954). 
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Hfs ANOMALIES 


APPARATUS AND PROCEDURE 


The measurements of Av for In"® and In" were 
made on an atomic-beam magnetic-resonance apparatus 
of conventional design, the general features of which 
have previously been described.’ The small relative 
abundance of In™* (4.2) led to the choice of an 
arrangement of the deflecting fields in which both the 
gradient and the field in the A and B magnets were in 
the same direction. An atom is then refocused at the 
detector only when it has made a transition in the C 
field which results in a reversal in the sign of the 
magnetic moment at high fields. An A field of about 
15 000 gauss and a B field of about 10 000 gauss left 
only a small background of intensity at the detector in 
the absence of transitions and gave satisfactory §re- 
focusing of atoms which had made the transition 
5, 5<04, 4 or any of the transitions which lead to the 
doublets. The line 5, —5«+4, —4 was observed for In!!® 
as a small negative intensity peak corresponding to a 
reduction in the background beam. We attribute this 
to the fact that the 4, very 
effective moment for the B field which was used. 

The high-frequency power was generated by a 
Varian X-13 klystron, stabilized in a manner previously 
discussed.* The klystron frequency was measured by 
conventional methods against our secondary frequency 
standard which was in turn checked against WWV. 
That part of the high-frequency rf circuit in which the 
transitions occurred (the hairpin) was constructed from 
X-band wave guide tapered along its short dimension 
to permit insertion into the 0.635 cm gap of the C 
magnet. The oscillating magnetic field was then perpen 
dicular to the C 


4 state has a small 


field and only m transitions were 
induced. The C field never exceeded 5 gauss. It was 
large enough so that nonadiabatic transitions among 
the magnetic levels did not occur in the region between 
the two deflecting fields. It also gave excellent resolution 
between adjacent lines since the interval between such 
the rate of 187 kc sec™! - 


Finally, it was low enough so that terms in the expres- 


lines increases at yauss 
sion for the frequency, quadratic in the field, were 
very small. The natural line width of approximately 
20 kc/sec did not allow the resolution of the doublets, 
since at the highest field, 5 gauss, the doublet separation 
is only 9 ke/sec. 

A set of data consisted of a number of measurements 
of the klystron frequency corresponding to several of 
the peaks. All the measurements of a set were taken 
at a nominally identical C field and those sets for which 
field drift 


discarded. A value of Av was found by a least-squares 


there was evidence of appreciable C were 


adjustment of the measured frequencies in the set to 


the expressions for the frequencies | Eq. (1) |. 


. R. Zacharias, Phys. Rev. 61, 270 (1942). 
. Lurio and A. G. Prodell, Phys. Rev. 101, 79 (1956). 
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IN STABLE 


ISOTOPES OF In 955 


TABLE [. The results of measurement in separate runs of the zero 
field hfs splitting of indium in the */y state 


Isotope Number of peaks measured 10°* & Ap (sex 


115 9 
115 9 
115 10 
113 9 
113 9 


11 409.75204 
11 409.74964 
11 409.75024 
11 385.42944 
11 385.43074 


RESULTS 


Three sets of data for In"® and two for In' were 
taken under good observational conditions and free of 
obvious systematic error such as that introduced by a 
drift of the C field. The values of Av obtained from 
these sets are tabulated in Table I. Here, as elsewhere 
in this paper, the number in parentheses is the uncer 
tainty in the last-quoted figure of the result. The 
uncertainty assigned to each value of Av is the probable 
error given by the least-squares calculation. We give 


Av(In!!*) 
Av(In"!*) 


| 11 409.7506+ (20) | 10° sec ! 
[11 385.4300+ (20) | 10° sec !. 


To the stated precision, possible systematic errors in 
the comparison of our frequency standard with WWV 
and possible errors in WWV itself are negligible. 

The value of Av(In'*) agrees within experimental 
error with its best previous determination® of [ 11 387 
t (3) |X 10° sec. In the case of In'®, however, there 
is a discrepancy between the present value and a value 
[11 409.50+ (10) |< 10° sec ! previously obtained? from 
measurements at 17 OOO gauss that is two and one-half 
times the stated uncertainty. This discrepancy is 
discussed in the following paper and is found to arise 
from field-dependent deviations from the Breit-Rabi 
formula that are negligible at very weak fields but not 
for a field of 17 000 gauss. When these deviations are 
taken into account, the zero-field and intermediate 
field determinations of Av(In!*) are in good agreement. 


HFS ANOMALY: EXPERIMENTAL 


The hfs anomaly constant, A, is defined by the 


a’(1) yf gr(2) 
Pn nl ne 
a’ (2) Sher (1) 


where 2 refers to the heavier of the two isotopes, a’ is 


expression 


the dipole coupling constant for the electronic state 
considered, and g;, is the nuclear gyromagnetic ratio. 
The primed notation is that adopted in the following 
paper and indicates that the corrections due to P44 
mutual perturbations and to configuration interaction 
have been taken into account. The expression relating 
the dipole interaction constant in the /; state of indium 
to the measured value of Av is given in the following 


*H. ‘Taub and P. Kusch, Phys. Rev. 75, 1481 (1949), 
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paper. From this expression we obtain 
ay’ (In) = [2281.95536-+ (40) ] 108 sec, 
[ 2277.09117+ (40) |X 10° sec", 


0).99786841+ (28). 


ay’ (In!) 

ay’ (In"™*) /ay/(In"*) 
For the /; state we have‘ 
ay’ (In!) /ay’ In") = 0.997837 16+ (28). 


When combined with gy, ratio,’ 


gr (In"®)/g,(In"*) = 1,0021437+ (12), 


the dipole interaction constant ratios give 


Ay=(7.541.3)X10-%, Ay= — (23.841.3) X10, 


The uncertainties in 4, and Ay come principally from 
the uncertainty in the g; ratio. The quantity 


Ay— dy [ay (In")/ay/ In") 


[gr (In"*)/g7(In"") | 


ay’ (In"*) /ay/(In"®) | 
(31.3240.40) x 10-6, 


which is independent of the exact value of the g; ratio, 
is the most useful quantity for comparison with the 
detailed theory of the hfs anomaly in indium. 


HFS ANOMALY: THEORETICAL 


For a point charge, point magnetic dipole moment 
nucleus, A would have a null value. Nonzero values of 
A arise from the finite distribution of both the charge 
and the magnetization within the nuclear volume. The 
former effect has been treated by Breit and Rosenthal” 
and the latter by Bohr and Weisskopf" and by Bohr.” 
A calculation of the distributed moment anomaly based 
on the single particle model of the nucleus" gives a 
value that is about 9% of the observed anomaly for 
indium. Since the uncertainty in this calculation is 
large and the apparent magnitude of the distributed 
moment anomaly is less than the uncertainty in the 
theoretical value of Agr, the anomaly due to the 
distributed charge, we shall neglect the distributed 
moment anomaly in the following discussion. 

Using the expression given in reference 10 for the 
magnetic dipole interaction for a finite charge distri 
bution in terms of that for a point charge, we obtain 
the following theoretical expression for Agr: 


Apr 


2(j7—p)p(2p+1) (—)" 
1)[1'(2p+1) P 


ay 


(2j 
XLR(2)?'—R(1)°"*], 


where dy is the radius of the first Bohr orbit in hydrogen, 
Z is the atomic number, p= (1—Z%e*)!, @ is the fine 
structure constant, R(2) is the nuclear radius of the 


” G. Breit and J. E. Rosenthal, Phys. Rev. 41, 459 (1932). 
"A. Bohr and V. F. Weisskopf, Phys. Rev. 77, 94 (1950). 
2A. Bohr, Phys. Rev. $1, 331 (1951). 
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heavier isotope, 7 is the quantum number taking the 
values —1, 1, —2, 2, «++ for 54, py, py, dy, «++ electrons, 
respectively. The parameter p is defined by the require- 
ment that the dipole interaction integral from r=0 for 
r= for a distributed nuclear charge be equal to the 
integral from r= pR to r= ~ for a point-charge nucleus. 
Crawford and Schawlow™ find p&¥8/9 for a uniform 
distribution of nuclear charge and p&10/9 for all the 
charge on the surface of the nucleus. Setting R(2) 
=R(1)+6R and expanding to terms linear in 6R/R, 
we have 


(3) 


Apr 


a 1§R 
(2j—1)[1' (2p +1) P R 


an 
Since 6R/R is of the order of 10-*, higher order terms 
in the expansion are negligible. 

Only sy and py, electrons will contribute to the 
anomaly, since only for these states does the electronic 
wave function have an appreciable density within the 
nuclear volume. Assuming a uniform charge distribution 
(p=8/9) and taking R=1.2K10~"%A* cm, we find for 
indium 


Apr(py)=141XK10%5R/R, Apr(s)=16.81K10%R/R. 


The value of Anr(py) has been reduced by a factor of 
1.22 from the value given by Eq. (3) to take account 
of the shielding of the p, electron by the core electrons." 

Since a p, electron has a negligible density at the 
nucleus, the anomaly in the /; state of indium must be 
due to the lack of purity of this electronic state. 
Schwartz'® has discussed the anomalies in the 4?P4, 
states of gallium assuming that all of the Py anomaly 
is due to the admixture of electronic configurations in 
which one of the 4s electrons of gallium is excited to a 
higher s state, s’. The theory is equally applicable to 
indium and thallium. Under the stated assumption 
Schwartz derives the following expressions for the 
effective electron density at the nucleus for the Py and 
P, states in terms of bp; and 6,, the density at the 


TaBLe II. Comparison of theoretical and experimental hfs 
anomaly ratios in the ground state of group III elements. 


t/ 


by ot 
Isotopes 6 ay/ay4 be/by (by ott —b4 ott) Ay/ (44 — 44) 


7.02» 
9.423 
80.5¢ 


Ga%7 
In™4 6 
‘T]4 


1.10% 
1.30% 
2.416° 


35.05 
11.90 
3.41 


—0.79 
—0.762 
0.939 


—0.80 +0.09%4 
—0,760+-0.043 
—0.939+0,001%¢ 


* by/bp, =k(1 +p)/3(1 —p), where & is the correction factor which takes 
account of the shielding of the 4 electron. 

> C, Schwartz, Phys. Rev. 97, 380 (1955), 

© See reference 8. 

4R, T. Daly, Jr., and J. H. Holloway, Phys. Rev. 96, 539 (1954), 

¢G,. Gould, Phys. Rev. 101, 1828 (1956). 


4M. F. Crawford and A. L. Schawlow, Phys. Rev. 76, 1310 
(1949). 

4 C, Schwartz, Phys. Rev. 105, 173 (1957). 

°C, Schwartz, Phys. Rev. 99, 1035 (1955). 
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nucleus for a py and sy electron, and a,/a;, the experi- 
mental ratio of the dipole interaction constant in the 
P, state to that in the P, state: 


by ott= (1—By)bp5+Byb,, by ott =Byd,, 


where 
y= (1--50a4/a,)/(1 +50), By=—(ay dy). 


6 is a relativistic correction factor. The applicability of 
the theory can be tested by comparing the experimental 
value of Ay/(4,— Aj) with the calculated value of 


by ott/ (04 ott — 04 ott) = By/[By—Byt+ (1—By)bp4/O, ]. 


In Table IT we have listed the results for gallium, indium, 
and thallium along with the values of the quantities 
necessary for the calculation. The good agreement 
between the calculated and experimental ratios is strong 
support for Schwartz conclusion" that it is the (s—s’) 
excitation of the s electrons that is most important and 
that the alternative mode of excitation (s—d), which 
may be of importance in boron, can safely be ignored 
in the heavier group III elements. 

In order to obtain a numerical value for the theo- 
retical anomaly it is necessary to know how the nuclear 
radius changes in going from In!* to In", i.e., we must 
be able to evaluate 6R/R. Though the relation R= 1.2 
10-41! cm may be expected to give the gross behavior 
of Ras a function of A, we cannot expect it to give the 
correct value of the variation of R between two isotopes. 
An apparent value of 6R/R can be obtained by equating 
the theoretical and experimental values of A,— Aj. 
Using 


Ai Aj; : (1 —B,)Apr( py )+- (By —B,)Apr(s) 


rN STi 
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we obtain for indium 


6R/R=3.66X 10% 


or about 0.6 times the value of 5.85 10~* obtained 
by assuming an incompressible nucleus [ (6R/R) 

(64/3A) |. This decrease in 6R/R is in agreement 
with the simple theory of nuclear compressibility as 
formulated by Wilets, Hill, and Ford.'® 

It should be pointed out that while there is no 
disagreement in the case of indium within experimental 
error and theoretical uncertainty between the hfs 
anomaly data and the present theory of nuclear com 
pressibility, there is considerable difficulty in inter 
preting the results for thallium. The experimental value 
of A,— A, for thallium®” is (1729.4+0.7) x 10-®. If we 
again neglect the distributed moment anomaly (which 
is only 12% of the observed anomaly), we obtain, 
assuming R= 1.2X10-"A!' cm and p=8/9, 6R/R=4.7 
x 10~*. This is 1.4 times the value of 3.3 10~8 obtained 
by assuming an incompressible nucleus. The theory of 
reference 16 predicts a value of 6R/R equal to approxi 
mately 4 the incompressible nucleus value. Isotope 
shift data for thallium" gives 6R/R= 1.7 10~', in good 
agreement with reference 16 and in marked disagree- 
ment with the hfs anomaly value of 6R/R. 
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The zero-field hfs intervals in the 5*/y state of In'* and In" have been measured by the use of con 
ventional atomic-beam techniques. The magnetic octupole interaction constants for these atomic systems 
are determined from the measured intervals and corrected for perturbations of the electronic states. They are 


c’(In"") 


[0.001702 + (35) ]X 10® sec™, 


c(In""4) = [0,001728+ (45) ]X10° sec. 


The estimated values of the nuclear magnetic octupole moments of In" and In" are compared to the 


predictions of the single-particle and collective models of the nucleus. 


INTRODUCTION 


ECENT measurements of atomic hfs have estab 
lished the 


octupole moments of I*’, Ga®, Ga”, and In"®. ‘That 


existence of the nuclear magnetic 
portion of the hyperfine splittings attributable to a 
nuclear octupole moment is only about one part in 10° 
of the observed hyperfine splittings. The relevant 
theory of atomic hfs must, therefore, be valid to at 
least one part in 10° for the unambiguous identification 
of an octupole interaction. The recent work of Clendenin! 
and of Schwartz? has developed certain parts of the 
theory to this order of precision. However, to interpret 
all observations of the present work, a further extension 
of the theory is required and wil! be developed in a 
later section of this paper. In this and the preceding 
paper is described a detailed study of the hfs of the 
Py and Py components of the ground state doublet of 
In'!® and In"*, The work was undertaken to investigate 
the octupole interaction in these atomic systems, to 
establish and interpret the differential hfs anomaly 
between the ?, and Py states, and to test the validity 
of the present theory of atomic hfs for coupled states 
such as Py and 15. 


ELEMENTARY THEORY 


The ground state configuration of indium is princi 
pally that of a single 5p electron outside of the filled 55 
subshell. This configuration gives rise to a normal yy 
doublet. We shall first sketch the theory of the hfs of 
these states pertinent to the present experiment under 
the assumption that perturbations of one component 
of the doublet by the other, configuration interaction, 
core excitations and other possible perturbing effects 
are negligible. In the present work we shall evaluate 


* Submitted by T. G. Eck in partial fulfillment of the require 
ments for the degree of Doctor of Philosophy in the Faculty of 
Pure Science at Columbia University. 
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'W. W. Clendenin, Phys. Rev. 94, 1590 (1954). 
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from experimental data the interaction constants under 
the stated assumptions and then apply corrections to 
the constants which arise from the perturbations. 

Even in the absence of a detailed theory of the 
nucleus and of the atomic wave function, it is possible 
to express the hyperfine contribution to the atomic 
Hamiltonian as a sum, each term of which is the 
product of an interaction constant and a function of 
the angular momentum quantum numbers. The ex- 
pression for the energy of a hyperfine level referred to 
its energy in the absence of a hyperfine interaction is? 


Wr Ka 3b 
h 2 


4 — 

81 (21 —1)(2J —1) 
«(K (K +1)—4(1)(7+1)J (J +1) } 
(5/4)c 


7 — {K*4+4K? 
I(I—1)(21—1)J (J—1)(2J—1) 


+#KL—37(1+1)J (J +1)4+7(7+1) 


+J(J+1)+3]—41(1+1)J(J+1)), (1) 
where K=F(F+1)—J(/+1)—J(J+1). J, J, and F 


are the nuclear, electronic and total angular momentum 
quantum numbers respectively and a, 6, and ¢ are the 
magnetic dipole, electric quadrupole, and magnetic 
octupole interaction constants in sec’!. Higher order 
interactions are possible only when J and J are both 
greater than 3. For J or J equal to 4, both b and ¢ are 
zero. For both In! and In™’, 7=9/2. We have made 
a direct measurement in the P; state of 


fe (Ws Ws) h, 

fs (Ws, -W,) h, 

fa=(Wa—Ws)/h. 
These three frequencies are sufficient to determine the 
constants a, 6, and ¢ appropriate to the state in question. 
When an external magnetic field, H, is sufficiently 


weak, its effect occurs as a small perturbation. The 
expression for the energies of the magnetic levels to 
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terms quadratic in H has previously been given.’ We 
use the expression to find the zero-field corresponding 
to a transition between two F levels from observations 
of line frequencies at very weak fields. 

For J=}, the expression for the energy for arbitrary 
I and H has a relatively simple form given by the 
Breit-Rabi‘ formula. The measurement of the Av of the 
indium isotopes at very weak magnetic fields has been 
described in the preceding paper. In this paper we 
describe certain measurements of the hfs of the 7; 
state of In" at intermediate magnetic fields. The point 
of interest is that under the assumption of the applica- 
bility of the Breit-Rabi formula, a value of Av and of 
g1/gyz is obtained in disagreement with the zero field 
measurements of Av and with the value of gr obtained 
from nuclear resonance data. To indicate that these 
quantities are subject to correction through the mutual 
perturbation of the two components of the fine structure 
doublet, we shall designate them with double primes in 
the following discussion of certain properties of the hfs 
of the P; state. 

All the lines F', meoF, m—1, for 1+5>m>—(I—}), 
constitute doublets for the two values of F of frequency 
separation 2g;"uoll/h. If m<0, the mean frequency of 
the doublet has a maximum at a characteristic value of 
H. The value of Av’’ can readily be determined from 
the maximum frequency. The details of the analysis 
have previously been discussed.’ In the present work 
the doublet fF, —3<F, 
because its maximum mean frequency occurs at the 
readily attainable field of 17000 gauss. All other 
doublets with the specified property attain a maximum 
mean frequency at much higher fields. Since, in the 
present case, both components have separately a maxi 
mum frequency, the observation of both frequencies 
permits a determination of both Av’’ and of g7’/gy. If 
fm is the mean frequency of the doublet and if 


4 was chosen for observation 


h4 = t £1 poll h, 
then 


f max bay” | 1 tk { 1 344k 


J+ max 
and 


/ max t fa max bv2 Av" | | + 4& h? |, 


1}! is a small negative quantity 


where k=[(gs/gr’’) 
for In!® since g;"’ is negative. Terms containing higher 
powers of k are negligible. 


PROCEDURE AND RESULTS 
P, State 


The apparatus used for the determination of Av” and 
gr’/gy of In" has previously been described.* It is 
characterized by long deflecting fields with a large 
ratio of gradient to field, so that a large deflection of 


?A.K. Mann and P. Kusch, Phys. Rev. 77, 427 (1950). 
4S. Millman ef al., Phys. Rev. 53, 384 (1938), 

5 P. Kusch and H. Taub, Phys. Rev. 75, 1477 (1949). 

6 Logan, Coté, and Kusch, Phys. Rev. 86, 280 (1952). 
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atoms may be obtained at fields of the order of one or 
two hundred gauss. The atoms are thus in a low field 
and the transitions AVF=0, Am= +1 may be detected 
since these lead to a significant moment change at weak 
fields. ‘The transitions are, however, observed in a tield 
at which their frequency is a maximum, about 17 000 
gauss. For // in the vicinity of this value, the frequencies 
of both components of the doublet are almost entirely 
field-independent. Small inhomogeneities in the mag 
netic field have a negligible effect on the widths and 
shapes of the lines and their frequencies can be deter 
mined to a very high precision. 

A measurement of the line frequency was made at 20 
to 30 settings of the current, /¢, in the coils of the C 
magnet in the neighborhood of the current at which 
the line frequency was a maximum. ‘The field is a linear 
function of the current in the magnet coils over a small 
range and the frequency varies with the square of the 
deviation of the field from its value at the maximum 
frequency. By least-squares fitting of an appropriate 
curve to the data, a value of the maximum frequency 
may be determined. It was found that 


f- max = [1629.5099-+- (10) | 10° sec! 


’ 


fy max=[1597.7575-+ (5) |X 108 sec, 


where the uncertainty in the last-stated figure is here, 
as elsewhere in the paper, given in parentheses. The 
uncertainties are approximately three times the prob 
able errors obtained from the analysis of the data and 
are assigned on the basis of estimates of the departure 
from linearity of /7 vs T¢ and of the limits of applica 
bility of the assumed relationship between f and // 
From the values of fy max, we obtain 


1005.218+ (35), 
[11 409.5721+ (39) |x 10° sec! 


[gs ?Py)/er” Jin" 
Av’ (In!"!5) 


‘These results are in agreement with those of ‘Taub and 
Kusch.’ The value of Av’ differs from the value of the 
hfs splitting, Av, measured at weak magnetic fields by 
about thirty times the sum of the uncertainties in the 
two determinations. 


P, State 


Only about 0.02%, of the beam consists of atoms of 
In! in a given magnetic level of the hyperfine structure 
in the Py; state. For the observation of the effect of a 
transition between a pair of magnetic levels of In'™, it 
was thus necessary to use a procedure in which only 
those atoms that had undergone transition between the 
two deflecting fields were refocused at the detector 
For the P, state of indium, high-field conditions set in, 
very approximately, at 3000 gauss. At higher fields the 
field-dependent term in the energies of the levels is 
principally gym poll, and the corresponding magnetic 


moment is —gymyyy. The observable transitions have 


7H. Taub and P. Kusch, Phys. Rev. 75, 1481 (1949) 
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the high field equivalent Amy;=+1 and are of two 
distinct types; the transitions my=}<+—4, observed 
to determine fs, involve a change in the sign of the 
effective moment without a change in its magnitude, 
while the transitions my=}<>} and my=—}<>—}, 
observed to determine fs and /,, respectively, involve 
a change in the magnitude of the moment by a factor 
of 3 without a change in sign. 

The field in the A, B, and C magnets was always in 
the same direction. For observation of lines leading to 
a determination of fs the gradients in the A and B 
fields were in the same direction and of approximately 
For the observation of lines 
leading to a determination of fs and /, the gradients 
in the A and B fields were in opposite directions and 
that in the A magnet was approximately three times 
that in the 8 magnet. With the first of these arrange- 
ments the observed intensity of transition was that 
arising from atoms in either of the two initial states, 
my= +4. With the second arrangement only those 
transitions were observable for which |m,| of the initial 
state was }. The intensities of the lines observed to 
determine fs and f, were thus about }$ of those of the 
lines entering into the determination of fs. 

The apparatus used in the study of the ?; state was 
the same as that used for the low-field measurements in 
the /, state. Two different hairpins were used. Most 
of the measurements were made using a hairpin similar 
in design to the one shown in Fig. 2(b) of reference 7. 
It was possible with this hairpin to observe the 
transitions Af = +1, Am= +1, but not the o transitions 
AF =+1, Am=0. Since ‘this circuit was unshielded 
there existed the possibility of a shift in the frequency 
of a resonance due to a phase shift in the rf along the 
length of the transition region. To test for the presence 
of such an effect, measurements were also made with 
the hairpin constructed* for the determination of Av of 
gallium. Both mw and o transitions were observed using 
this circuit. No significant discrepancy was found 
between the results obtained with the two different 
hairpins. 

All observations of the hyperfine transitions within 
the /’y state were taken in fields of from 2 to 10 gauss. 
The m lines chosen for measurement were pairs of lines 
with the following properties: the linear dependence of 
frequency on H for one member of the pair was equal 
in magnitude and opposite in sign to that of the other 
member ; the quadratic dependence on H was the same 
for both members of the pair; the change in my, of the 
levels at high field allowed the observation of both 
members of the pair for a single arrangement of the 
apparatus as previously described. From observation 
of a pair of lines it was then possible to find the zero 
field interval between the two F levels. The @ lines 
6, 0¢+5,0 and 5,0¢+04,0 were also observed. Their 
frequencies do not involve terms linearly dependent on 


the same magnitude. 


* A. Lurio and A. G. Prodell, Phys. Rev. 101, 79 (1956). 
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the field. To determine the value of a small term, 
quadratically dependent on the field, a pair of m lines 
yas observed at the same field as that in which a o 
line was observed. 

Of all possible pairs of w lines, those were chosen for 
measurement whose frequencies are least sensitive to 
the strength of the magnetic field for weak fields. Thus 
broadening and distortion of the resonance peak due 
to small inhomogeneities in the field are minimal and 
symmetrical for members of the pair. The width at 
half maximum of the observed resonance peaks was 
approximately 20% 10* sec! in good agreement with 
the value predicted in the absence of magnetic field 
inhomogeneities for the 2.54-cm-long transition region. 

A single determination of a hyperfine interval con- 
sisted of about four determinations of the frequency 
corresponding to the resonance maximum for each of a 
pair of w lines or four determinations of the resonance 
maximum of a a line. The results of the measurements 
are tabulated in Table I. The uncertainties given in 
Table I are considerably larger than the statistical 
probable error obtained from the scatter of the indi- 
vidual measurements. They were obtained from esti- 
mates of the uncertainties arising from a number of 
sources, such as the transmission error in WWYV, the 
comparison of our local standard with WWV, the 
comparison of the oscillator frequency with that of the 
local standard, and the possible bias of the observer in 
making observations. We feel that the stated uncer- 
tainties are large enough to encompass the effects of 
all sources of error. 

A previous measurement ,* 


fo(In™) = [1115.807+ (22) ]X 10° sect, 


agrees within the experimental uncertainties with the 
value we obtain. The values of f(In"®) and fs(In'*) 
differ by appreciably more than the stated uncertainties 
from the previously published’ preliminary results. 
These were obtained on the basis of limited data taken 
under experimental conditions that gave a compara- 
tively large noise background. A review of the data 
indicates that the estimates of error placed on the 
preliminary results were overly optimistic. 

From the data of Table I and Eq. (1), we find, in 


TABLE I. Results of measurement of zero-field hfs intervals 
in the */ state in In. 


Hfs Number of 
Interval Isotope determinations 


Frequency in 
10° sec™! 
115 : 1752.6865 + (2) 
113 3 1745.4575+ (5) 
115 1117.1676+ (2) 
113 1115.82534- (5) 
115 668.9631 + (2) 
113 670.9552 + (5) 


*P. Kusch and T. G. Eck, Phys. Rev. 94, 1799 (1954). 
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units of 10° sec", 
a4 (In"*) = 242.164807+ (23), 

ay(In""*) = 241.641040-+ (58), 

b(In"*) = 449.54568 + (21) 

b(In"*) = 443.41568 + (52) 

c(In"5) 


c(In"*) 


’ 


, 


0.000100+ (13), 
0.000151+ (32). 


It is to be noted that these are not the true interaction 
constants but only those calculated under the assump- 
tions implicit in Eq. (1). 


DETAILED THEORY 


We have given values of the interaction constants in 
the Py state derived from experimental data on the 
assumption that the state is pure. Further, we have 
found a value of Av” for the P; state from intermediate 
field measurements under the assumption, again, that 
the state is pure. This value is in conspicuous disagree- 
ment with a value of Av obtained from low-field meas- 
urements under the same assumption. We now examine 
the theory in more detail to obtain better values of the 
interaction constants, particularly c, in the interest of 
obtaining a good value of the octupole moments of the 
indium nuclei. Further, we reconcile the discrepancy 
in the two values of Av for the P, state of In". 


H=0 


The theory of atomic hfs in the absence of external 
fields has been systematically treated by Schwartz.? 
As concerns the derivation of the interaction constants 
from the measured hfs intervals, he finds that the 
elementary theory previously outlined is significantly 
deficient in that it does not take into account the 
mutual perturbations of the Py and Py, state and the 
perturbations of these states by other electronic states. 
These perturbations give rise to second-order corrections 
to the interaction constants. In calculating these second- 
order terms only the matrix elements of the dipole and 
quadrupole interactions need be considered, since the 
magnitude of the corrections arising from the octupole 
interaction are negligible compared to the uncertainties 
of our results. The corrections to a4, a, and 6 are 
small compared to the values of these quantities, though 
many times the experimental uncertainties. However, 
in the expression for the corrected octupole constant, 
c’=c—c™, the absolute value of c® is much larger for 
indium than that of c. 

Schwartz? has derived an expression for c, consider- 
ing only the matrix elements connecting the two states 
of the doublet. The contribution from all other elec- 
tronic levels is difficult to calculate. Estimates of its 
magnitude, however, indicate that it is quite small,” 
and we shall neglect it. The radial integrals of the 
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off-diagonal matrix elements can be related to those of 
the diagonal matrix elements of the Py state and 
therefore to the interaction constants in this state. 


Equation (61) of reference 2 gives 


3\ /I-1\7 5 nb? 
! ( )( )| Ingfayb - » (2) 
10 15 16 2(27—1) 


where £ and n are dimensionless constants of the order 
of one derived from normalization constants and rela 
tivistic correction factors and 6 is the fine structure 
splitting. ¢ is a correction factor which takes account 
of configuration mixing corresponding to the possibility 
of one of the 5s electrons of indium being raised to a 
higher s state, s’ (s—s’). While this type of configuration 
mixing has virtually no effect on the octupole and 
quadrupole matrix elements, it does change the value 
of the dipole matrix elements by a sizeable amount. 
Schwartz has derived an expression for ¢ from the 
experimental value of the ratio ay/ay. However, the 
form of the expression he obtains is correct only if the 
value of ay used in Eq. (2) is the theoretical value, i.e., 
the value that would be obtained experimentally if 
there were no configuration interaction. Since the 
theoretical value of ay is difficult to obtain, we have 
derived an expression for ¢ that can properly be used 
in conjunction with the experimental value. The details 
of this derivation are given in Appendix I. We obtain 


for a Py 4 doublet 
50 16 
Mora) 
Sg 


(ay/a4) 
r=14 
1+-50 


where @ is a normalization and relativistic 
factor. For indium," 


correction 


&=1.0499, 6 
9.423, 06 


6.633% 10" sec, = 1.1085, 
a,/ay 1.3026, t= 2.568. 
Equation (2) yields 

c™ (In"5) 


co (Tn) 


0.001555 & 10° sec 3, 
0.001531 108 sec?. 


There remains the question of the importance of 
configuration interactions other than the one we have 
just considered. Calculations by Schwartz” give a small 


amount of configuration mixing due to excitation of a 
p-electron from a closed shell into the valence shell 
(p—p’, Po). Because of this mixing, the magnitude of 
c™ must be increased in the case of indium by about 
3%" over the value obtained from Eq. (2). The 
estimated uncertainty in ¢™ is then about 2%. 

The values of the second-order corrections to the 
dipole and quadrupole constants were obtained from 


"The values of £, 7, and @ were kindly made available to us 
by C. Schwartz. 
2 ©, Schwartz (private communication). 
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expressions similar to Eq. (2). For these constants we 
have not calculated the effects of the (p-—p’, Po) mode 
The corrected values of the P, state 
interaction constants, which we have denoted by 
primes, are, in units of 10° sec"! 


of excitation 


ay’(In"*) 
b’(1n"*) 
c’(In"*) 
ay’ (In""*) 
b’(In"*) 


c’ (In""*) 


242.165057+ (23), 
449.59656 + (21), 
0,001702+ (35), 
241.641293-+- (58), 
443.46626 + (52), 
0).001728+- (45). 


The uncertainties given for a,’ and b’ are experimental 
uncertainties only, while for c’ the 2% uncertainty in 


c™ is included. 


H #0 


An expression for the energy levels of the P; state of 
a 7,4 doublet in the presence of an external magnetic 
field has been derived by Clendenin' who used single- 
particle, relativistic electronic functions. The 
matrix elements of the Hamiltonian were computed in 
the /, m representation and the resultant secular 
determinant solved to order 1/6, where 6 is the fine 
structure splitting. The only matrix elements off 
diagonal in J that were considered were those of the 
dipole hyperfine interaction and of the magnetic field. In 
the case of indium, where the magnitude of the quadru- 
pole interaction is approximately 4 that of the dipole 
interaction, the effect of off-diagonal quadrupole matrix 
elements on the energy levels of the Py state is by no 
means negligible. calculation has been 
extended™ to include the off-diagonal quadrupole 
matrix elements and the (s—s’) configuration inter- 
action. In the notation of the preceding section, the 


wave 


Clendenin’s 


expression for the energy levels of the P, state is 


27(1+1) 


HW T4h,m Av - 
Li's étay 


gr’ muoll 


{ 
h 2(27+-1) h 


n’b? (1 +-1)(27+4+-3) (-\— oF be 


861 (21 —1) 9) Bh 


Ap 4mx 
{ | 1+ 
) 


t 
(27+-1) 


nbN 


oe 1 )mex 
gy’) (27+-1) 


| 
37 (27 1)d(ey 
| 4 
+ 12m?x?— (47°+-4/74 ll | , (3) 


4A. Lurio, Ph.D. thesis, Columbia University (unpublished). 


ECK AND P. 


KUSCH 


where 


(27+1 


/ ) 2 
Av=ay'(I+})— {i’st6ay}? 


pai 2/43) 3 ea 
~ 6 &Faynb emmennae 


21 16 P21) 
x= (gy—g1')poll /(hdyv), 


r 5 \ttNay nbN 
gi’ eft +( ) on | 
12/7 dg; (21 —1)ég1 


The quantity .V is a normalization constant defined by 
Clendenin! and is very nearly equal to one. For b=0 
and ¢=1, these expressions are in agreement (except 
for normalization and relativistic factors and the sign 
convention for g;) with those of reference 1. a,’ is the 
corrected dipole interaction constant for the P, state. 
If the equation for Av is solved for a,’, the terms 
proportional to 1/6 are the same as those that would be 
obtained by calculating the second order correction to 
a, by the techniques of the preceding section. The 
correction terms proportional to 6/6 within the square 
root of the expression for W744, m arise from cross-terms 
involving the off-diagonal matrix elements of the 
quadrupole interaction and the magnetic field. 

It is now possible, by use of Eq. (3), to correct the 
values of Av’’(In"®) and [gy(@Py)/gr’’ jia"*. The only 
correction terms we need consider are the terms pro- 
portional to 1/6 within the square root of Eq. (3), since 
all other correction terms in the expression for W744, m 
merely shift the center of gravity of the hfs multiplet. 
The simplest procedure is to apply to our measured 
frequencies a correction for the terms in (3) which do 
not occur in the Breit-Rabi formula. The corrected 
frequencies may then be used in the Breit-Rabi formula 
to obtain Av and g,/g;’ exactly as Av’ and gy/gr”’ were 
obtained. Neglecting the terms in Eq. (3) that are 
irrelevant to this discussion and expanding the square 
root to terms linear in 1/6, we have 


Wrim £r'mpoll Av 
4 
h h 


4mx 4 
2 


1+ 4-4 
all ‘caren | 
B 
} | 
21-+4+-4mx/(20-+1)-+22)4 


where # is the sum of the correction terms within the 
square root of Eq. (3). Using this expression and the 
values of x corresponding to the maximum frequencies, 
we find the following corrections for fs aaa’ 


A, +0.02416% 10° sec !, A +-0.02545 & 10° sec}. 


The shifts, introduced by the correction terms, in the 
values of x corresponding to the maximum frequencies 
have a negligible effect on the above calculations. The 





OC TUPOLE INTERACTIONS 


corrected frequencies yield 
[11 409.7474+ (39) |x 10° sec |, 
1005.192+ (35). 


Av(In'!5) 
(gr (2P3)/gr' jin 


The discrepancy between this value of Av(In'>) and 
the value determined from measurements taken at 
weak magnetic fields is well within the experimental 
uncertainties. 


DISCUSSION OF RESULTS 


Now that we have obtained corrected values of the 
interaction constants it is possible to discuss the phe- 
nomena which motivated this investigation. The differ- 
ential hfs anomaly between the P; and P; states of the 
stable indium isotopes has been considered in the pre- 
ceding paper. Here we shall examine the validity of the 
present theory of atomic hfs for the Pj, 4 states of indium 
and obtain a rough estimate of the magnitudes of the 
quadrupole and octupole moments of In!® and In", 


g, Anomaly 


We have already seen that the extended theory of 
the P, state of indium gives agreement between the 
low- and intermediate-field determinations of Avy(In!'!®). 
A more stringent test of the theory is a comparison of 
the theoretical value of the ratio g,’ (atomic hfs)/g7 
(nuclear resonance) and the experimental value of this 
ratio. From Eq. (3) and the values of the constants in 
the equation, we find: 


R*(In"®) = g7’(In"®)/g7(In"*) = 1—0.00581, 


where we havé set V=1 and used Ting and Williams’ 
value" of g7( 1.22976/1836.6). The discrepancy 
between this value of R™ and that given by Schwartz? 
arises from our new treatment of configuration inter- 
action (i.e., ¢ calculation). From the value we have 
obtained for gy(In""®,?P;)/gi'(In"®) and the ratios® 1°16 


3,00729+0.01% , 
1+0.0025%, 


ga(Na,2S;)/g7(In"®? Py) 
Zu (K 25;) gy (Na,2S, ) 


gy (K2Sy)/¢1 (proton) 658.2274+.0,00040,, 


we find 


gr’ (In'")/g7(proton) = 0.217747 +0.011%. 


Ting and Williams" give 


gr(In'!®) gr (proton) 0.219101+0.006%. 


‘Thus the experimental value of R-'(In"*) is 1— [0.00618 

+ (13) ]. The diamagnetic correction has been ignored 

in the ratios, since it cancels out in all comparisons. It 

is difficult to estimate the uncertainty in the theoretical 

value of R™! without knowledge of the magnitudes of 
4 Y,. Ting and D. Williams, Phys. Rev. 89, 595 (1953). 


16 P. Kusch and H. M. Foley, Phys. Rev. 74, 250 (1948). 
16 P. Franken and S. Koenig, Phys. Rev. 88, 199 (1952). 
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effects due to perturbations not considered, such as 
further configuration interaction and the perturbations 
related to the finite size of the nucleus. In view of this 
we consider the agreement between the theoretical and 


experimental values of R-'(In''®) to be quite good 


Quadrupole and Octupole Moments 


A straightforward calculation of the nuclear moments 
from the interaction constants requires a knowledge of 
the electronic wave function. Since this knowledge is 
available only for the simplest of atomic systems, the 
usual procedure is to estimate the magnitude of the 
nuclear moment by comparing the interaction constant 
and a quantity, such as the fine structure splitting, 
that is related in a similar way to the electronic wave 
function. Koster,!’ using such a procedure, has obtained 
values of the quadrupole moment, Q, in In!® and In! 
that have uncertainties of the order of a few percent. 
We have calculated Q for these isotopes of indium using 
values of ay corrected for the (s—+s’) mode of configur 
ation interaction. The results agree within 2°), with 
those of Koster. The value of the quadrupole moment 
ratio can of course be obtained to a much higher 
precision than can the values of the quadrupole 
moments. Except for small differential second-order 
effects, such as those related to the difference in the 
size of the nuclei, 


QO(In") /O (In"8) = 6’ (In!) /b’(In") = 1.0138236+ (13). 
To obtain estimates of the octupole moment, Q, of 
the stable isotopes of indium, we shall use Eq. (72) of 
reference 10, 
cul’ 41.96 10° 
(4) 


ay'IT(1—By)Z? 


In this expression 2 is in units of nuclear magneton 
barns (nmb) and yw in nuclear magnetons. Z is the 
atomic number and 7'//*; is a correction factor that is 
shown graphically in Fig. 3 of reference 10. The ex 
pression for By is given in the preceding paper. Vor 
indium Z=49, T/Fy=0.90, By; 0.3873, w/1(In"*) 
1.22976, and w/J(In"*) = 1.2272 
Q(In"*) = (0 


(In!) 


565+0.012) nmb, 


(0.5744+-0.015) nmb, 


where the stated uncertainty is that arising from the 
uncertainty in c’. These values of the octupole moments 
should probably not be trusted for more than a quali 
tative comparison with nuclear models because of the 
uncertainty in the calculation of polarization effects.” 
The values of 2 predicted by the single-particle mode] 
of the nucleus may be obtained from Eq. (56) of 
reference 2. For indium the predicted value of 92/j»(9’) 
Bohr’s 
asymmetric core model of the nucleus, the single-particle 


is 4.68. For the strong-coupling case of A 


17 G. F. Koster, Phys. Rev. 86, 148 (1952) 
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value of 2 must be reduced by the projection factor 
given by Eq. (59) of reference 2, yielding for indium a 
value of 2/uw(r*) equal to 1.37. If we use the approxi- 
mation 


(®) = 2 (1.249)? 10% cmn?, 


we have for both In"™® and In" an experimental value 
of Q/un(*)2.81, which lies approximately halfway 
between the values predicted by the single-particle and 
strong-coupling asymmetric core models of the nucleus. 
However, no real conclusions can be drawn concerning 
the strength of the coupling between the odd nucleon 
and the core, because of the large uncertainty in the 
value of {2 and in the applicability of the approximation 
for (r*), 
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APPENDIX I 


Here we shall consider the effect of s—s’ configuration 
mixing on the dipole hyperfine interaction for an s*/ 
doublet. The formulation of the problem and the nota- 
tion used are those of reference 2, which should be 
consulted for the definitions of the symbols. 

The electronic reduced dipole matrix elements can 
be written as 

(IT OW) = (NT OW +4rs, 
where the first and second terms on the right arise from 
the interaction of the nuclear magnetic dipole moment 
with the valence / electron and the s electrons, respec 
tively. From Eqs. (45a), (45b), (46), and (48) of 
reference 2, the following expressions are obtained : 


(ITO) = ITO) +4y,, 


(J+1)(2J—1) 
(J—1)(2-+1) 
(J—1)(2J—1) 
a 1)(27-+1) 


(Ala) 


' 
Joes 


(FAT. —1) | 


4 
| Ayys, (Alb) 


[(J+1)(2) 
(27+-1)(2J—1) 


2J—1}3 
+| | a... (Alc) 
J+1 


1) }! 


(IT —1) ET) 


The dipole interaction constants are related to the 
diagonal reduced matrix elements by 


My (J)|T ||) 
' (A2) 
IL J (J +1)(27 +1) }! 


ECK AND P. 


KUSCH 
Equations (Ala), (Alb), and (A2) give 


ay=ay(l)+a,(s), (A3a) 


J+1 
aj.i= (— Joa, (L)—a,(s), (A3b) 


where 


MJT) 
ay(l) hoa . ee" 
IJ (J+1)(27+1)}! 

MAgss 
ILI (J +1) (27 +1) 8 


(A3c) 


s(s) (A3d) 


The off-diagonal dipole matrix elements are given by 
UIF|T© -T,|I J-1 F) 
(—1)!4-"“'W (ITI —1; FA) 
(1+-1)(21+-1) 
| 
I 
= —((1+J—F)(J—I+F)(I-J+F+1) 
(J+1)tay 
x (I+J+F+1) }! 
2(2J+1)(2J—1) 
| ay(s) (27 +-1)(2J—1) 
xX{1- [14 ——— ||: 
(J+1)E 


4 
| M\(J\| TJ —1) 


| ay 


where the second equality is established by using Eqs. 
(Alc), (A3c), and (A3d), and the relation 


(—1)'-F AW (TJ —1; F1) 
fe ~F)(J—I+F)(I-J+F4+1) (14d 4 
(141) (21+1) (21) (2 +1) (2) (27 —1) 


For a,(s)=0, the off-diagonal matrix elements reduce 
as they should to the form for no configuration mixing. 
Thus the effect of s—s’ configuration interaction on 
(UJIF\|T©-T,©|1 J—1F) is to replace the factor ay 
by ayf, where 
ay(s)f  (27+1)(2J—1) 
i- E —— | 
(J+1)£ 


By use of Eqs. (A3a) and (A3b), ¢ can be written in 
terms of the measured dipole interaction constants: 


= 1 J+1 
go 
ay J ae 1 

f=1+ —_—— [14 

J+1 
14(2)o 

J-1 
For a P;,y doublet (J = 3), we obtain for ¢ the expression 
given in the text. 


ay 


(2J-+1)(2J— st 
VJ+n—e J 
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(n,p) Reaction for Gold* 


R. A. Peck, Jr 
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The paper reports an experimental study of the process Au'®’7(n,p)Pt induced by 14-Mev neutrons, 
detecting protons in the angular range 10° to 45° with emulsions. Resolution is not adequate for the identifi 
cation of single excited states, but the energy spectrum does display definite structure and five groups are 
distinguished, chiefly on the basis of gross differences in their angular distributions. The energy widths of 
these groups are smaller than expected in view of the target thickness. Positions of angular distribution 
peaks are utilized for the assignment of angular momentum changes. The corresponding excitations in 
Pt'*’, with “final angular momentum” parameters and total cross sections, are: 0.2 Mev, 2, 8.6 mb; 1.6 Mev, 
0 (or 4), 2.2 mb; 2.9 Mev, 5, 2.0 mb; 4.4 Mev, 6, 5.2 mb; 6.0 Mev, 4 (or 0), 2.5 mb. The sum of these cross 
sections (20.5 mb) is the experimental value for the reaction cross section, since the ground state transition 
was probably not observed (cross section estimated not over 0.6 mb) and no significant yield of protons was 
observed corresponding to Pt excitation between the highest listed and the maximum (13 Mey) represented 
in the spectrum. All cross sections are subject to about 40% uncertainty in neutron flux, but statistical 
uncertainties are of order 20% or less. Maximum differential cross sections for the groups, and their locations 


in the angular distributions, are tabulated. 


HE reaction Au'”’(n,p)Pt'” has been investigated 

with 14-Mev neutrons using photographic plates. 
The target material was selected for experimental con- 
venience, the purpose of the work being to evaluate 
the feasibility of such studies with available neutron 
flux, when the cross section is of the low order typical 
of heavy nuclei. The results show the technique to be 
suitable, although resolution in the proton energy 
spectrum is severely limited by the thick target em- 
ployed. 


TECHNIQUES 


Neutrons were provided by the D+'T reaction, em- 
ploying deuterons of 175 kev in an rf Cockcroft-Walton 
accelerator.! The tritium target consisted of 7.5 curies 
adsorbed in a 2-mil zirconium foil (atomic ratio roughly 
1:4) and was bombarded with a steady beam of about 
3.5 ma of deuterons. Neutron production was 6X 108 
neutrons/sec ma or about 60% of the yield obtained 
from the same tritium target when freshly cleaned. 
The energy spectrum of these neutrons observed at 
90° to the deuteron beam is shown in Fig. 1. The main 
group (13 Mev and above) contains 59% of the total 
flux and the D+D group (1 to 3 Mev) 28%. The 
dashed line shows the effect on the high-energy neutrons 
of the iron collimator described below and shown in 
Fig. 2. Scattering in the collimator channel increases 
the width of the 14-Mev group from 0.6 Mev to 
1.2 Mev. 

The relative positions of neutron source, gold target, 
and detecting plates are shown in Fig. 2. Active area 
of the neutron source was an inch-diameter circle, fore- 
shortened by inclination to about 0.7 inch in the vertical 
direction, and placed 8 inches from the gold target. 
The latter was a foil 4.8 mil thick, in the form of a 


* Supported in part by the U. S. Atomic Energy Commission, 
1R. A. Peck, Jr., and H. P. Eubank, Rev. Sci. Instr. 26, 441, 
444 (1955). 


square 2 inches on a side, and was backed by a thick 
lead sheet. ‘Two plates were placed with emulsions 
essentially normal to the gold foil, two inches from it in 
the horizontal direction and at the vertical level of its 
lower edge. Such an arrangement has the appearance of 
“poor geometry” and furnishes the relatively large 
detection efficiency common to this category. It is not 
restricted to poor geometry resolution, however, for 
complete microscopic measurements on each proton 
tract provide precise information about its spatial 
orientation, and so about the position in the target 
foil of the nucleus emitting the recorded proton. Insofar 
as the neutron source may be approximated by a point, 
the direction of neutron incidence is determined by the 
same information. Thus if complete measurements are 
made on each track the result is a set of disordered 
“good geometry” data. Figure 2 
cylindrical iron collimator employed to reduce the 
primary neutron flux at the plates without increasing 
the tritium-to-gold distance beyond the minimum im 
posed by the accelerator dimension. The collimator’s 
channel was one inch in diameter, its axis coinciding 
with the line joining the centers of tritium and gold 
films. The plates lay behind the full (5.5-inch) length 
of the collimator with a consequent neutron attenuation 
factor of order 20. One-fourth of the gold target was 
unshielded and the remainder lay in the “penumbra” 
of the collimator, shielded by a small portion of the 
outer rim of the channel. 

The accelerator was run for 1.44 milliampere-hours 


further shows a 


with a beam intensity of roughly 3.5 ma, producing a 
total flux at the gold of 3.5 10® neutrons/cm? (neutrons 
in the 14-Mev group of the primary spectrum only). 
This flux was determined by recoil track density within 
the plates from which the proton data were taken, and 


2 The (n,p) cross section for the 52% lead isotope (208) is very 
small. See FE. B. Paul and R. L. Clarke, Can. J. Phys. 31, 267 
(1953). 
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PRIMARY NEUTRON 


—— NO COLLIMATOR 


SPECTRUM = 1.210" n/SEC AT 


14 MEV GROUP = 62% OF 


SPECTRUM ABOVE 3 MEV 


% OF ALL NEUTRONS PER .2 MEV 





confirmed by independent measurements of the neutron 
production per ma-hr. Because of a time lapse between 
these two observations and uncertainty in the shielding 
effect of the iron collimator, the probable error in the 
neutron flux at the gold is of order 40%, although that 
for flux at the plates is only 8%. A similar exposure 
was made to evaluate experimental background effects, 
the background exposure being identical with the 


primary one except for the absence of the gold foil, an 


exposure 12%, smaller and a slightly smaller plate area 


sé anned 


{J IRON, STEEL 


HORIZONTAL SECTION (above) 


SPECTRUM 


Fe COLLIMATOR 


— Fic. 1. Energy distri- 
bution of neutrons from 
the accelerator. Solid 
line: without collima- 
tion. Dashed line: effect 
of iron collimator on 
main group. Spectra ob- 
tained from proton re- 
coils in Ilford C2 emul 
sions. 
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Ilford C2 emulsions were employed, 400g thick and 
on glass. They were processed by a technique varying 
only slightly from that of Dilworth-Stiller.’ 

Tracks were measured with a Bausch and Lomb 
binocular microscope employing conventional equip- 
ment and techniques. Acceptance criteria required 
tracks to begin at the emulsion surface and terminate 
within the emulsion, and to display such angles of 
travel (in both horizontal and vertical planes) as 
guaranteed their points of origin to lie within the 
aperture defined by the gold foil. Thus all tracks 
accepted must represent protons coming either from 
the gold or through it. To minimize discrimination 
errors, the observers’ criteria were chosen to define a 
somewhat larger entrance aperture and the raw track 
data subjected later to a more severe discrimination. 
The mortality in this final discrimination was heavy. 
Of about 2000 incident proton tracks measured and 
entering from within 2° left, right and below the gold 
foil and roughly 10° above it, only 500 were found to 
come from within the gold foil. It proved absolutely 
necessary to employ the highest power available 
(1000) and oil immersion in the surface-origin dis- 
crimination, for this system revealed as spurious roughly 
half of the tracks which appeared to originate at the 
surface under a dry objective (450). Scanning and 
all other discriminations and measurements were per- 
formed with dry objective and over-all magnification 
of 450. Data were obtained by three different ob- 
servers (including the author), working in different 
areas of the plates. The data sets were analyzed sepa- 
rately and combined only after it was established that 
the three sets displayed the same general features. 
A similar consistency check was made of tracks origi- 

+See J. C. Allred and A. H. Armstrong, Laboratory Handbook of 


Nuclear Microscopy (Los Alamos Scientific Laboratory Report 
LA-1510 (unpublished) ], p. 56. 





(n,p) 
nating, respectively, in the central 25% 
target area and in the peripheral 75%. 

Aside from identification of observer, plate, date, and 
chronological track number, the raw data for each 
acceptable track consisted of: apparent length (projec- 
tion on the focal plane), angle of travel in the horizontal 
plane, distance of vertical travel into the emulsion, 
position on the plate, and local emulsion thickness. 
Subsequent calculations for each track yielded the 
angle between proton and incident neutron (the latter 
presumed to travel in a straight line from the center of 
the tritium film to the proton’s point of origin in the 
gold foil), and the proton’s full (dip-corrected) range in 
emulsion. Emulsion ranges were directly converted to 
energies using the classic calibration of Lattes, Fowler, 
and Cuer.‘ Although the plate housing was evacuated 
to eliminate proton energy loss between gold and plates, 
the emulsion calibration employed was that appropriate 
to emulsion in humidity equilibrium with the atmos- 
phere. The energy uncertainty introduced by the slight 
desiccation of the plates, in vacuum for about 20 
minutes, may be estimated by interpolation between 
the ‘‘wet emulsion” values of Lattes ef al. and Rotblat’s 
calibration for plates desiccated for two hours.‘ This 
uncertainty does not exceed 50 kev at 14 Mev and 
diminishes with the proton energy. 

Normalization of the exposure of background plates 
to the primary exposure was accomplished by determi- 
nations of neutron recoil spectra in both sets of plates 
and comparison of track densities for both high- and 
low-energy groups (Fig. 1). Two observers were em- 
ployed for this purpose, and the various determinations 
provided a normalization factor consistent within 20%, 
Since the background effect is small over most of the 
proton spectrum, this accuracy is adequate. 

In consequence of the geometry of this experiment 
which employs extended detectors and extended proton 
source in close proximity, the detecting efficiency of the 
plates is rather strongly dependent on the n-p angle. 
The angular efficiency function, whose reciprocal must 
weight the raw yields to produce meaningful angular 
distributions, was determined for the particular dimen 
sions of this experiment by numerical analysis. It is 
displayed in Table I, in which the angles refer to n-p 


of the gold 


space angles in the laboratory’ and the associated 
numbers represent the fraction of all protons emerging 


from the gold target (at the associated n-p angle) 
which are recorded per mm? of emulsion area (averaged 
over the plate area actually scanned). The peculiar 
form of this angular bias is characteristic of the type ol 
geometry employed and not an idiosyncrasy of the 
particular plate area scanned. The function has been 
computed for scanned areas of an entire plate, for 
1.2 cm® located 0.8 cm from the end of the plate lying 
at the center of the chamber, and for 0.4 cm? located 

* Reference 3, Appendix A 

*For a nucleus as heavy as gold, the center-of-mass and 
laboratory systems are essentially identical 
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1.8 cm from the same end. In all three cases the charac 

teristics of the curve are qualitatively the same, nor 
are they very different quantitatively. In particular, 
the locations in n-p angle of the high and low cutoffs, of 
the low-angle plateau and the wide peak are the same 
in all cases computed. Thus the experimental arrange 
ment is satisfactory for the study of angular distribu 

tions in the range from 10° to 45°, although its response 
is not constant in this range. 


RESULTS 


The distribution in energy of acceptable proton tracks 
from the primary exposure (before adjustment for 
background yield) is shown in Fig. 3. The top graph 
is a conventional representation of the observed num 
bers of tracks falling in successive energy increments of 
0.2 Mev, while the lower part presents the same data 
in the form of energy-density of tracks over an interval 
of 0.4 Mev, on the same ordinate scale as the histogram 
above, evaluated and plotted at closely spaced energies. 
The lower curve, which is an accurate representation of 
the points (not smoothed), is a highly redundant 
presentation of the data but servés to eliminate struc 
ture arising from the arbitrary location of histogram 
boundaries. The lower plot must of necessity eliminate 
all structure finer than about 0.4 Mev, but in view of 
the primary neutron inhomogeneity and target thick 
ness no such structure can have significance in this 
experiment. Dotted lines in the lower figure show a 
separation of twice the probable error for the average 
yield in the region covered (i.e., N-+-0.6745N!, where A 
is the mean ordinate). 

Background track data were taken by two observers 
following exactly the same procedures as for the gross 
yield. Consistency was again checked before combina 
tion of the data. The background spectrum was normal 
ized to compensate for slightly different neutron flux 
and scanned plate area plotted, smoothed and then 
subtracted from the gross yield to provide the net 
yield. The background spectrum was relatively un 
structured, and displayed the following characteristics 
(intensities normalized on same scale as Fig. 3): at 
14.0 Mev, a peak of maximum intensity 2 tracks/0.2 
Mev and 1 Mev full width at half-maximum; from 
13.5 to 9.5 Mev, a constant intensity of 1 track/0.2 
Mev; from 9.5 to 4.7 Mev, a constant intensity of 
0.5 track/0.2 Mev; from 4.7 to 3.0 Mev, a group with 
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peak intensity of 9 tracks/0.2 Mev at 3.7 Mev; and 
from 3.0 to 1.5 Mev a group with peak intensity of 18.5 
tracks/0.2 Mev at 2.2 Mev. The effect of background 


removal is thus to eliminate the small vestige of 


structure at and above 14.0 Mev and also to eliminate® 
all yield in the gross spectrum below 4.7 Mev of proton 
energy. The background has no significant effect on 
the proton spectrum between 4.7 and 14.0 Mev 

The identification of bona fide energy groups with 
the poor resolution of this experiment is difficult, and 


several differential plots were employed for the purpose, 
including those of Fig. 3 and others with larger and 
smaller energy intervals. Groups may be sought only 
above 4.7 Mev, since below that energy no statistically 
significant excess of gross yield over background yield 
has been found. Legitimate groups may be identified in 
three independent ways. (a) Width. Each group should 
have a flat top of width equal to the target thickness 
(ranging from 1.7 Mev at 14 Mev to 3.4 Mev at 5 Mev) 
flanked by a region of decreasing intensity on each side 
roughly 0.6 Mev wide, the last representing the primary 
neutron inhomogeneity; proton straggling in the gold 
does not in general exceed 0.1 Mev and results only in 
a slight broadening of the 0.6-Mev region. On this 
basis one is inclined to identify only three groups, 
roughly 14.0 to 11.0 Mev, 11.0 to 8.2 Mev, and 8.2 to 
1.7 Mev, but the identification is dubious. (b) Intensity 
variation. As just noted, the intensity in each group 
should remain constant over most of its extent, within 
statistical fluctuation limits. On this basis (see Fig. 3, 
lower) it is clear that the region between 14.0 and 8.2 
Mev contains at least two groups and possibly four, 
and that there is no evidence for more than one group 
in the region from 8.25 to 5.4 Mev. (c) Angular distri- 
bution. The least ambiguous criterion whereby inde- 
pendent groups may be identified is the requirement 

* Within statistical uncertainty; the excess of gross yield in this 


region over background is approximately equal to the sum of 
the probable error in each 


SCANNING 
INTERVAL) 


(MEV) 


tracks per 400 kev, plot 
ted continuously (redun 
dant histogram). Dot 
ted lines are separated 
by twice the probable 
error for mean intensity 
in the region covered 
Gross yield is repre 
sented, before subtrac 
tion of normalized back 
ground 
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that all subclasses of a single group should display the 
same angular variation. This fact was employed to 
discriminate between the alternative assignments sug- 
gested by the preceding arguments. In Fig. 4 is plotted 
the variation in yield (corrected for the angle-de- 
pendent recording efficiency of ‘Table I and for the 
variation with angle of solid angle per degree) for the 
central portion of each of the possible energy groups 
above 8.25 Mev, and for all tracks from 5.4 to 8.25 Mev. 
It should be noted that although the distributions of 
Fig. 4 have been corrected, the same correction function 
has been applied to each group; the differences between 
the various groups are equally noticeable when the raw 
data are similarly distributed in angle. 

There is a marked difference between the distribu 
tions for groups IA and IB (see caption, Fig. 4) and 
between those for ITA and IIB, whereas the distribu- 
tions for two similar portions of group III have the 
same distribution within + the probable error at each 
angle. Thus five groups are identified above 5.4 Mev 
rather than three. These groups are unexpectedly 
narrow, having roughly the same spread as the primary 
neutrons; the expected contribution of target thickness 
to width does not appear. It is clear that the groups 
identified cannot correspond to single levels of the 
residual nucleus, though they may reflect slow varia- 
tions in its level density. In any case, they appear to 
represent significantly different portions of the energy 
spectrum, 

Energy groups having been identified by considera 
tion of differential energy plots, the net data (gross 
yield less smoothed background at each energy) were 
plotted as a fully integrated energy distribution. From 
this integrated curve the extrapolated energy’ and total 
number of tracks were obtained for each group. This 
information appears in the first three columns of 
Table II. 

™M. S 
287 (1937) 


Livingston and H. A. Bethe, Revs. Modern Phys. 9, 
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12.6 to 13.7 Mev, 73 
tracks. Group IB: 11.5 
to 12.1 Mev, 33 tracks 
Group ITA: 10.0 to 11.0 
Mev, 38 tracks. Group 
IIB: 8.3 to 9.7 Mev, 44 
tracks. Group III, 5.4 I 


to 8.2 Mev, 41 tracks [ | 
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The excitation of the residual nucleus Pt! corre- 
sponding to each group appears in the last column of 
Table II, the various proton energies (second column) 
being corrected for Pt recoil energy before subtraction. 
In computing this correction, the reaction angle corre- 
sponding to the mean of the uncorrected angular 
distribution was used for each group. 

The maximum (Q) value for this reaction, correspond- 
ing to the ground state transition, may be determined 
from the beta-decay energy of Pt!” and is +0.03 Mev." 
The Q value for the group of highest energy observed 
(IA, proton energy 13.95 Mev) is —0.17 Mev. The 
discrepancy between these values is roughly three 


TABLE IT. Groups in proton energy spectrum. Column 2 is total 
number of tracks in group and Column 3 extrapolated energy, 
both from integrated spectrum. Column 4 is corresponding Q 
value based on mean n-p angle for group, and Column 5 the 
excitation of residual Pt!’ nucleus. Top line represents ground 
state transition, for which no group is observed 


Excitation 
(Mev 


Energy 


Group Yield (Mev QO (Mev 


0.00 

0.20+0.06 
1.6040.11 
2.88 4-0.06 
4.44+0.11 
6.05+0.11 


+0.03+0.01 
0.17+0.05 
—1.57+0.10 
2.85+0.05 
—4.41+0.10 
-6.02+0.10 


+. Not observed 

IA 70 13.95 

IB 44 12.55 
IIA 43 11.26 
ITB 30 9.70 
Ill 48 8.09 


® Onp=m,c? —m,?— E= 4-0,78 —0.75+0.03 Mev. Data from 


Rk. W. King, Revs. Modern Phys. 26, 378 (1954) 


T 
40° 


times the combined estimated uncertainties, and 1: 


therefore 
assumed that the ground state transition has not been 


considered significant. Consequently it 1 
observed and that the first group in the proton spectrum 
represents an excited state in Pt'’, It may be noted 
that some small yield does occur in the gross spectrum 
(Fig. 3) at the proper energy to represent the ground 
state transition, but that this yield is removed by 
subtraction of the normalized background. An upper 
limit to the net yield of a ground state group may be 
set by assuming the background correction to have 
been totally in error, the gross yield above 14.0 Mey 
‘i he 
upper limit so determined is 10% of the intensity of 
group IA. It may be noted that in the reverse process 
the beta decay of Pt", the direct transition to the 


then representing the ground state transition 


ground state of Au!” is not observed.” 

The angular distributions of Fig. 4 may be compared 
with the behavior anticipated from a direct-interaction 
(n,p) process’ within the limits of the experimental! 
resolution. In the present experiment this comparison 
cannot be extended to the shape of the angular distr 
bution, but should be valid for the location of the first 
angular peak. It should be noted that in the region 
plotted, from 10° to 45°, the angular correction function 
(Table I) varies fairly slowly and should be reliable ; 
the 5° region nearest to cutoff at each end has beer 
and McManus, Phys. Rev. 92, 350 (1953 


* Austern, Butler 
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Tasre III. Angular distribution maxima and associated angular 
momentum changes. Column 4 shows location of first peak in 
square of spherical Bessel function of order Imin. Modification of 
the theoretical model lowers the angles in Column 4 slightly.’ 
Group III may be isotropic; the assignment listed is based on the 
assumption that it is not 


Observed 
peak angle 


Calculated 
peak angle 


12.5° 0° 
23°43 25 
45°45 35 
42.5 44° 
(25 22 


omitted, Further, the tracks plotted in each distribution 
should give a “pure” representation of the group since 
the regions in which groups appear to overlap in energy 
have been omitted (caption, Fig. 4). The location of the 
first angle peak for each group is listed in the second 
column of Table III, the last column showing the 
expected location of the first angle peak if the group is 
assigned the “‘d,j,’’ value of the third column. The 
assignments are unambiguous, i.e., only one lpi, value 
gives peak within experimental uncertainty of observed 
“Calculated peak angles” are simply those of 
the first peaks in the squared spherical Bessel functions 
of order Lin, of the argument OR, using R= 9.5 10~" 
cm, the value which provides best agreement between 
observed and expected peak locations. Q is the magni 
tude of the difference 
neutron wave numbers, v7z., 


location. 


vector between proton and 


O=[(kp—kn)?+48,K » sin2(8/2) }), 


# being the angle between neutron and proton directions 
in the center-of-mass system (= laboratory angle). The 
k values are given for the appropriate energies FE, in 
Mev, by 2.21K 1082! cm", 

If the / value for the ground state of Au'’ is known 
(1,), each observed yj, implies an angular momentum 
value (1,) for the final nucleus [ Eq. (11), reference 9 }. 
These assignments are given in the third column of 
Table 1V, where we have assumed" /, = 2 for the ground 
state of Au’ and /,=1 for the Pt!” ground state. 
Where /, is not uniquely determined by fin, the 
alternative listed outside of the parentheses is the one 
providing the better fit to the data, judged by the 
implied admixture of higher order Bessel functions.’ 
The significance of the /, values in ‘Table LV is quite 
unclear, for it has been noted that the energy groups 
should not reflect transitions to isolated nuclear states 
such as understood in reference 9. 

From observed track numbers for any group or com 
bination, one can compute the corresponding absolute 
cross section from the measured neutron flux quoted 
earlier and the plate area scanned (117.8 mm’). In the 
case of angular distributions of the several groups, 
(to determine the absolute ordinates of Fig. 4) the raw 


© PF, A. Klinkenberg, Revs. Modern Phys. 24, 70-71 (1952 
and reference 8 


PECK, JR 


track numbers were multiplied by the ratio of number 
of tracks in the energy group (determined from the 
integral energy spectrum and listed in Table II) to 
the number of tracks in the restricted energy range 
selected for plotting. This ratio was within 30% of 
unity in all cases. The uncertainties listed (Table IV) 
represent probable errors based on number of tracks 
involved in the determination, and in all cases are to be 
combined with a systematic uncertainty of 39% in the 
neutron flux. Since flux determination with a calibrated 
long counter is generally good to within a few percent, 
the uncertainties listed are indices of the reliability of 
an experiment of this type, rather than the gross error 
of order 40%-50% which must be attached to the 
absolute cross sections actually obtained. 

Cross sections for the several portions of the energy 
spectrum are presented in Table IV. The differential 
cross sections are the peak values occurring in the 
angular distributions (Fig. 4) and occur at the angles 
listed in Table III for the same groups. The total cross 
sections correspond to the total yield for each group as 
determined by an integration over the angular distri- 
bution for that group, extrapolated where necessary. 
The extrapolations involve trivial additions to yields 
actually observed except in the cases of group IA, 
extrapolated to a peak value of 15.2 mb/steradian at 0°, 
and group IIB, extrapolated to a peak of 2.9 mb 
steradian at 45° and then doubled. The sum of the 
total cross sections in Table IV gives 20.5 mb for the 
cross section of the reaction for all groups observed, 
i.e., for all protons with energies exceeding 5.4 Mev. 
The probable error in this value, based on the number 
of observed tracks contributing to it, is 4%, which 
must be combined with the systematic uncertainty of 
39% in neutron flux, 

Little can be said about the cross section for protons 
below 5.4 Mev; while there is a finite excess in this 
region of gross yield over normalized background, it has 
already been noted that this excess is essentially equal 
to the sum of probable errors in gross and background 
values. Thus there is a chance of roughly 25% that the 


TaBLe IV. Cross sections and final angular momenta for the 
various energy groups /, is angular momentum of Pt!*? implied 
by lmin, alternative assignments being listed in parentheses (see 
text). Column 4 shows the maximum differential cross section 
reached in observed angular distribution and column 5 cross 
section based on total number of tracks in group. Uncertainties 
listed are probable errors (0.67 times square root of number of 
tracks involved) and must be combined with systematic uncer 
tainty of 39% 


da/da 


(mb/sterad @ (mb 


I xcitation 
Group (Mev) 
Not obs. 0.00 
IA 0.20+0.06 
IB 1.60+0.11 
IIA 2.88+0.06 
IIB 4.4440 11 6 
Il 6.05+0.11 4(0) on 
isotropi 


0.85 

8. O4L8Y 
2.25410% 
1.98-+10% 
5.244124 
2.464+10% 
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difference is accidental and that no true net yield is 
indicated. It is not fruitful to examine the angular 
distribution of tracks in this region since the large 
background contribution cannot be separated from the 
gross yield. For the sake of quantifying the yield in this 
region, a cross section may be computed on the assump- 
tions that the net yield observed does represent (n,p) 
yield and that the angular distribution is isotropic 
between 10° and 45°. On the basis of these assumptions 
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the differential cross section for this low-energy portion 
of the spectrum is 6.6 mb/steradian 
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Protons emerging from aluminum foil bombarded by D+-T neutrons have been studied with 400 «4 emul 
sions recording over a continuous range of angles from 15° to 165°. Groups in the composite energy spectrum 
correspond to known Mg?’ levels at 1.0 and 3.5 Mev and suggest additional ones at 1.6, 5.7, and 7.0 Mev 


The nuclear “temperature” for the continuous portion of the spectrum is 1.2 Mev 


Ihe following cross 


sections are tabulated: for each energy group, isotropic and anisotropic total cross sections and maximum 
differential cross section ; for all protons over 2 Mev, differential cross sections at 30° intervals. The isotropic 
component greatly exceeds the forward-peaked one for each group. Total cross section for the reaction is 
estimated to be 79415 millibarns 


INTRODUCTION 

XCITED levels of the Mg?’ nucleus have been 

identified’ * from the reaction Mg’*(d,p)Mg*’ and 
spins assigned by reference to stripping theory,’ as 
follows: ground state ($+), 1.0 Mev ($+, $+), and 
3.5 Mev (4+). Studies of proton emission from the 
same compound nucleus in the (n,p) reaction on Al* 
have been limited to determinations (for neutrons of 
14 Mev) of the total cross section [79 mb‘ and 52.4 
mb*| and the differential cross sections [10 mb® over 
the range 0° to 50° and 16 mb’ at 0° }. In the experiment 
to be reported, nuclear emulsions have been employed 
to study the reaction Al’’(n,p) Mg”? in detail. 


EXPERIMENTAL DETAILS 


Neutrons were produced by the D+T reaction initi 
ated by 150-kev deuterons in an rf Cockcroft-Walton.* 


* Supported in part by the U. S. Atomic Energy Commission 
Submitted by R. K. H. in partial fulfillment of the requirements 
for the degree of Doctor of Philosophy at Brown University 

t Now at General Electric Company, San Jose, California 

! J. Ambrosen, Nature 169, 408 (1952) 

2 Endt, Hafner, and Van Patter, Phys. Rev. 86, 518 (1952) 

4 J. R. Holt and T. M. Marsham, Proc. Phys. Soc. (London) 
A66, 258 (1953). 

4S. G. Forbes, Phys. Rev. 88, 1309 (1952). 

6 —. B. Paul and R. L. Clarke, Can. J. Phys. 31, 267 (1953). 

6. Colli and U. Facchini, Proceedings of the International 
Conference on Nuclear Reactions, Amsterdam, July 2-7, 1956 
(Nederlande Natuurkundige Vereniging, Amsterdam, 1956) 

7D. L. Allan, Proc. Phys. Soc. (London) A68, 925 (1955) 

®R. A. Peck, Jr., and H. P. Eubank, Rev. Sci. Instr. 26, 441 
444 (1955) 


The source provides a neutron group of 14.1-Mev 
maximum energy and approximately 1-Mev width at 
half-maximum, at the laboratory angle (90° to the 
incident deuterons) employed in the experiment. 
Protons were recorded in Ilford C2 emulsions 400 yu 
thick, placed at mean angles of 30°, 60°, 90°, 120°, and 
150° to the neutron beam, and a sixth plate directly in 
the neutron beam was exposed simultaneously to deter 
mine neutron flux and check its energy spectrum. The 
emulsion planes were vertical and inclined at 15° to 
the direction of proton incidence from the center of the 
aluminum The com 
mercial aluminum foil mounted at 45° to the neutron 
beam. Nominal purity of the foil is 99.5%, the principal 
contaminants being iron (0.4%) and silicon (0.1%); 


target. target was a sheet of 


its thickness, 4.5 mg/cm’, is equivalent for protons to 
200 kev at 10 Mev and 500 kev at 2 Mev. 

Plates and aluminum target an 
evacuated cylindrical steel chamber 16 inches in diam 


were ene losed in 


eter and 6 inches high. This chamber was lined with 
lead to reduce proton background from reactions in the 
walls. External shielding amounted to approximately 
18 inches of iron and reduced the neutron intensity at 
the plates by a factor of 2000 (observed) over the 
unshielded value. A channel in the iron shield per 
mitted the passage of an unobstructed neutron beam 
2 inches in diameter at the aluminum target. 

Total neutron flux at the aluminum was 1.5 10° 
neutrons/cm? as determined from recoil track density 
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10 
MEV 
hic. 1. Energy distribution of protons observed at the various 


thoratory angles, after subtraction of observed background 
Proton energy (abscissa) is in center-of-mass system 


in the monitor plate, roughly confirmed by a long 
counter determination. A second exposure of 0.5 10° 
neutrons/cm® was made to evaluate background effects, 
under conditions identical with the primary exposure 
except for the absence of the aluminum foil. 

Plates were developed by a two-solution temperature- 
controlled method* and searched with a Zeiss Model W 
binocular microscope. A dry objective (over-all magnifi- 
cation 250%) was used in searching and rough dis- 
crimination and in length measurements for long tracks; 
for all other measurements and precise discrimination 


Pasie I, Groups in energy spectrum 


Previous observations 
(references) 


excitation 


Proton energy Mx? 
(Mev (Mev) 


11.4 0.0 a, b, « 
10.3 10 a, b, « 
9.7 1.6 not reported 
7 45 ri 
5.7 (+d) not reported 
7.0 (+d not reported 


ee relerence | 
See relerence 2 
See reference 3 


‘J.C Allred and A. H. Armstrong, Laboratory Handbook of 
Nuclear Microscopy, L.A-1510 (Los Alamos Scientific Laboratory, 
1951) 


AND EUBANK 

an oil objective (1000X) was employed. Accepted 
tracks were required to originate at the emulsion 
surface, to terminate within emulsion, and to travel in 
directions assuring points of origin within a 2-inch 
diameter circle at the center of the aluminum target, 
ie., in the region irradiated by the unobstructed 
neutron beam. For each acceptable track measurements 
were made of range and angle components in the 
planes parallel and normal to the emulsion surface. 
From these data the energy of each accepted proton 
was determined, using the range-energy calibration of 


Rotblat.!” 


ENERGY SPECTRUM 


The histograms of Fig. 1 show separately the energy 
distributions obtained, after subtraction of the observed 
background yield, in each of the plates. The common 
abscissa is proton energy in the center-of-mass system 
and all ordinates have the same absolute significance, 
viz., net number of tracks per 200 kev in the area 
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Fic. 2. Energy distribution of observed yield (after subtraction 


of background) integrated over all laboratory angles. Vertical 
arrows are identified in text 


scanned (one-quarter plate). These spectra can be inte- 
grated over laboratory angle to give the “total” energy 
spectrum of ‘Fig. 2. Vertical arrows show the expected 
extrapolated energy (high-energy extremity of the 
group) corresponding, from right to left, to the ground 
state transition group, 1.0-Mev and 3.5-Mev transitions, 
and deuterons from the ground state transition of the 
Al(n,d) reaction." 

Analysis of the observed proton yield into significant 
cross sections requires that the spectrum be separated 
into meaningful energy groups. The best division per- 
mitted by statistical limitations is given in Table I. 
The ground state transition is scarcely observed but is 
included in the table for reference. As noted in the 
Introduction, the levels at 1.0 and 3.5 Mev are known 
from previous work. A level in the neighborhood of 


oe | Rotblat, Nature 167, 550 (1951) 
"CW. Li, Phys. Rev. 88, 1038 (1952); 90, 1131 (1953) 
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1.6 Mev (the exact location can only be a guess) is 
presumed because of the otherwise extraordinary width 
of the group lying between 8.8 and 10.8 Mev. No such 
level was reported by Holt and Marsham,’ but their 
Mg**(d,p) Mg?’ spectrum was obscured in the region in 
question by protons attributed to O'® and C” con- 
taminants. The group assigned by them to C®, if 
attributed instead to the Mg**(d,p) reaction, would 
reflect a Mg?’ level at 1.5 Mev. In the (n,p) reaction 
the carbon and oxygen contributions fall outside the 
energy range studied. 

The group at 5.7-Mev proton energy clearly may be 
expected to contain some deuterons from the Al?’ (n,d) 
reaction. However a substantial number of the tracks 
in this group have emulsion ranges greater than the 
expected deuteron range, so that some proton yield is 





rt 1 
4 10 MEV 





ENERGY IN EXIT CHANNEL (@) 


hic. 3. Semilogarithmic plot of continuous portion of energy 
spectrum. Abscissa is total kinetic energy in the center-of-mass 
system. Ordinate, on logarithmic scale, is observed yield divided 
by energy and cross section for compound nucleus formation 
Straight line corresponds to temperature parameter 1.16 Mev 


indicated and hence a corresponding level in Mg”. 
The group at 4.5-Mev “proton” energy may represent 
deuterons, protons, or a combination, and the corre- 
sponding level listed in ‘Table I is consequently un- 
certain, although the equivalent deuteron energy does 
not correspond to a known level! in Mg*®. It is clear 
that most or all of the yield below 6 Mev may belong 
to the continuum. Colli and Facchini,® using propor 
tional and scintillation detectors, have reported faintly 
resolved groups corresponding to levels at approxi 
mately 3 and 6 Mev. Alpha particles are assumed not 
to affect interpretation of the spectrum, since the most 
energetic alphas to be anticipated correspond to 2 Mev 
on the abscissa of Fig. 2 


P.M Revs. Modern Phys. 26, 95 


1954) 


Endt and J. C. Kluyver 
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PaABLE II. Cross sections for proton groups 


\ngular® Maximum 

location differential 

(degrees, (mb/steradian, 
lab) c.m, system 


Isotropi Anisotropic 
(mb) (mb 


Grout 
(excitation 


0.04 
0.15 
0.28 
0.58 
1.20 
1.59 
3.04 


0.0 0.2 0.1 30 = 60 
0 O.8 60 
6 1.4 30 
5 7.3 none 
7 (+d) 8.3 30 
13.9 30 = 60 
20.8 : 30 


7.0 (+d) 
Residue” 


All groups 52.7 


*Angle at which maximum differential cross section is observed; also 
the angle at which anisotropic yield is principally concentrated, Angular 
range =listed angle +15°, “30 60" indicates equal yields at these two 
angles 

» Protons between 2.0 and 3.2 Mes 


The conventional ‘statistical theory” plot is a con 
venient device to characterize the gross form of an 
energy spectrum approximating a continuum. Figure 3 
shows such a plot of the portion of Fig. 2 corresponding 
to proton energies below 5 Mev. The abscissa is the 
“channel energy” and the ordinate the logarithm of the 
observed yield divided by channel energy and cross 
section for formation of the compound nucleus. ‘The 
latter cross section was taken from the table of Blatt 
and Weisskopf"® for ro=1.3X10-" cm and Z= 10. The 
straight line in Fig. 3 corresponds to the nuclear tem 
perature parameter 1.16 Mev at the excitation of 11.7 
Mev, in close agreement with values listed by Gugelot" 
for nuclei of mass 27. 

CROSS SECTIONS 

Although over 2500 tracks are represented in the full 
set of data, the number in a given energy group at a 
given angie is generally small and the angular distri 
butions for the several groups 
qualitative only. All the angular distributions show a 


strong isotropic contribution plus deviations therefrom 
which in each case are concentrated somewhere in the 


must be viewed as 


forward hemisphere, ‘Total cross sections for these two 
components are given in Table LI for the various energy 
groups, together with the maximum observed differ 
ential cross section for each group and the angle at 


which the maximum is found, It must be emphasized 


’ 


that each “angle” of observation represents an angular 


TABLE III. Angular distribution of total yield (above 2 Mev) 


Differential crosa section 
Lab angle (mb/steradian, c.m, system) 


7.45 
60° +15 5.62 
90° +15 4.04 
120°+15 4.00 
150° +15 2.77 


30° +15 
t 


‘J. M. Blatt and V. F. Weisskopf{, Theoretical Nuclear Physics 
John Wiley and Sons, Inc., New York, 1952), p. 352 
“PC, Gugelot, Phys. Rev. 93, 425 (1954) 
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spread of +15° about the listed value and that the 
differential cross sections are averages over this range. 
The predominance of isotropic over anisotropic yield 
for all groups is significant, but further speculation is 
not justified by the statistics. 

Table III shows the angular variation of the differ- 
ential cross section for emission of all protons observed, 
viz., with energies above 2 Mev. 

Since the emulsion observations extended over most 
of the energy range (above 2 Mev) and most of the 
angle range (15° to 165° in 30° blocks), the total cross 
section may be computed from them with relatively 
slight extrapolations. Integration over angle was accom- 
plished by adding yields from the various plates 
weighted by the appropriate solid angle factors. For 
the unobserved ranges below 30° (0° to 15°) and above 
150° (165° to 180°), the differential cross sections 
observed at 30° and 150°, respectively, were assumed ; 
contributions from these regions have no appreciable 
effect on the final cross section. This numerical integra- 
tion yields 60 mb for emission of protons with energies 
over 2 Mev. The yield of protons between 0 and 2 Mev 
may be estimated by extrapolation of the straight line 


PECK, 


AND EUBANK 

of Fig. 3, which raises the total cross section to 79 mb. 
Combined systematic and statistical uncertainties are 
estimated to combine to roughly 20% in the total cross 
section. 

It must be noted that this cross section probably 
contains some yield from the (n,d) reaction on Al’, 
although alpha particles are presumably not included. 
The agreement with the total cross section determined 
by Forbes* (see introduction) is largely fortuitous, in 
view of the limited precision of the present determina- 
tion. The average differential cross section for the 
range 0° to 50° reported by Colli and Facchini® is 
10 mb/steradian +30%, while 16.0 mb is found by 
Allan’? over a very small angular range about 0°. 
Direct comparison of these values with Table III is 
pointless since the values in that table do not include 
protons below 2 Mev. However, if the number of 
protons below 2 Mev has the same ratio to the number 
above 2 Mev at 30° as for all angles, the true differential 
cross section in the range 30°+15° may be estimated as 
7.45 mb/steradian (Table III) times 79 mb/60 mb, or 
9.8 mb/steradian, in adequate agreement with the 
earlier values. 
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The nuclear wave functions, obtained from a shell model with variable strength of spin-orbit coupling, 
are used to compute M1 and £2 transition widths. Comparison with experiment is made for Be’, BY, B' 
and C®, The agreement is not nearly so good as was that obtained for energy level schemes. The pure M1 
transitions are in good agreement with experiment. The values computed for £2 transition strengths are 
found to be generally low, though about the right order of magnitude. This suggests the need for adding 


some collective behavior to the model 


I. INTRODUCTION 


N an earlier paper,' the energy levels and electro- 

magnetic moments of nuclei in the 1p-shell were 
studied as a function of the strength of spin-orbit 
coupling relative to central-force nucleon interaction, 
The conclusion drawn from comparison of this calcu- 
lation with experiment was that an intermediate- 
coupling picture, with the strength of spin-orbit 
coupling increasing as the shell is filled, gives an en- 
couragingly good representation of the experimental 
data for the nuclei between He‘ and O'®. However, the 
degree of agreement varied considerably, so further 
tests seem desirable to seek ways of improving the 
model. The radiative transition width is a quantity 
which offers a good test since it is often more sensitive 
to nuclear wave functions than are the energy levels, 
and because there is a reasonable amount of experi- 
mental data for comparison. 

The matrix elements for the M1 and £2 transitions 
in the shell have been computed by using the wave 
functions obtained previously.! These were obtained by 
diagonalizing the energy matrices for a one-particle 
spin-orbit term and a central nucleon-nucleon inter- 
action with an exchange mixture of 80% space exchange 
and 20% spin exchange. The ratio of the central 
integrals, L/ A, was kept at a value of 6.8 since changing 
this ratio to 5.8 did not seriously affect the results. For 
a few cases the effect of changing L/K is given in the 
discussion. The parameter a/A which measures the 
relative strength of spin-orbit and central energies was 
varied over the range for which the energy-level 
schemes are reasonable 


II. TRANSITION STRENGTHS 


The expressions for the M1 and £2 transition widths 
have been put in a convenient form by Lane and 
Radicati.2 For M1, 


'(M1)=2.76K10%#*A(M1), (1) 


*Work performed under the auspices of the U. S. Atomic 
Energy Commission 
1}. Kurath, Phys. Rev. 101, 216 (1956) 
2A. M. Lane and L. A. Radicati, Proc 


A67, 167 (1954) 


Phys. Soc. (London 


where I is in ev, / in Mev, and 
2S +1 

A(M1) ( ) 
2) +1 

The quantity 


contains the square of the nuclear matrix element in 
units of nuclear magnetons, between the initial and 


(J ym i J am 
(J 1lm0\J pm)? 


dimensionless defined in Eq. (2) 


final states, of the usual magnetic moment operator 
summed over all nucleons. The denominator involves 
the square of a vector addition coefficient 

The £2 transitions can be expressed in a similar 
fashion as 


I (2) =8.02K 10-°§E°A( 2), (4) 


where I is in ev, / is in Mev, and 


2J p+ 
A( #2) ( ) 
2) +1 


Q/e is the electric quadrupole operator summed over all 


(J ym|QO/e| J im 


(J ,2m0! J ~m)? 


protons: 
c—t o 2 ) 
O/e > »\ 32» ry) 


The matrix element in A is in units of (r*). The value 
of (r*) is somewhat uncertain, but to give a reasonable 
order of magnitude in this calculation it is assumed 
to be 


y*)= 1(-** cm? 


The A’s, which depend on the size of the nuclear matrix 
element without the complication of the energy factor 
in I’, have been appropriately named “transition 
strengths” by Lane.’ 

Table I lists the transition strengths, A, for those 
transitions in the shell for which the dominant mode of 
decay is expected to be M1, and for which some experi 
mental evidence is known. ‘They are given as functions 
of the ratio a/K which indicates the strength of spin 
orbit coupling. It is evident that the values of A(M1) 
are fairly evenly distributed throughout a range whose 
limits differ by a factor of about a thousand. This is 


the sort of spread which Wilkinson‘ has found from the 


(London) A6s, 149, 197 (1955 
127 (1956) 


Phys. Soc 


Phil. Mag. 1 


7A.M 
‘D.H 


Lane, Pro« 


Wilkinson 
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Tasre I. Transition strengths, A, for M1 transitions as functions 
of the relative strength of spin-orbit coupling, a/K. The parent 
level and its daughters are identified by (JT) in the first column.* 


2.20 
0.52 


5.74 
0.66 
2.50 


O15 
14.31 
0.18 
3.52 
0.069 
0.051 
0,007 
12.27 
0.039 
15.70 


0.09 
13.59 
0.26 
463 
0.062 
0.060 
0.008 
13.27 
0.046 
14.10 


916 
0.06 
Kad 
15.19 
0.005 
0.000 
O.115 
0.02 
0,001 
624 * 


+r 1,19 
9.96 
$.04 
7.04 
0.044 
0.052 
0.032 
+ 9.9)? 

0.155 


>197 


1.92 
0.17 
0.65 
0.02 
0.00 

1,58 
9 69 
O17 
5.63 
2,82 

11.50 

1.69 
O11 
6.03 


0.64 
0.85 
4.80 
017 
0.59 
1.27 
1.88 
0.32 
5.51 
3.02 
11.81 
1.54 
0.00 
7.58 


O19 
1.78 
11.04% 
0.60 
0,42 
043 
0.09 
0.20 
4.59 
2.75 
12.748 
0.97 
0.07 
10.12 


O17 
1,24 
12,70 
0.60 
0.04 
O11 
0.00 
0.08 
1.46 


0.00 
0.00 
15.38 
0.05 
O02 
0.00 
0.00 
0.04 
O46 
0.00 1.14 
13.83 14.54 
0.90 «+ 0.05 
0.08 0.10 
16.59 14.44 


* A state labeled with an asterisk refers to the second lowest state in 
energy of the specified J and 7, A state labeled with a double asterisk 
refers to the third lowest state in energy of the specified J and T, 

» The symbol «+> means that the matrix element changes sign between 
these entries 


experimentally observed M1 transitions in this region, 
although there are only about ten transitions that are 
common to his compilation and to Table I. As one 
would expect, the behavior as a function of a/KA is 
also varied, depending on whether the transition is 
strongly favored or unfavored at the LS or 77 limits. 
There are also cases of erratic behavior, which can 
usually be explained by the fact that one of the levels 
in the transition belongs to a pair of nearly degenerate 
levels of the same spin, so that at some value of a/K 
the wave function is perturbed violently. Finally, there 
are a few transitions that are quite insensitive to 
variation of a/K over wide ranges. The fairly strong 
M1 transitions, calculated for the three-nucleon con- 
figurations found at mass numbers 7 and 13, by Lane* 
and Radicati,? are other examples of relatively in 
sensitive behavior 

The £2 transition strengths, A, are listed in Table II 
as functions of a/K. The variation in magnitudes is 
not quite so great as for the M1 transitions, but the 
distributions is again quite flat. The relative importance 
of the #2 and M1 transition modes when both are 
possible is given by Eqs. (1) and (3), It is more readily 
found from Fig. 1, in which the ratio A(#2)/A(M1) is 
presented as a function of the energy for various values 
of the ratio of widths, '(422)/T(M1). For a given ratio 
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of transition strengths, one can then easily obtain a 
rough idea of the mixing ratio knowing the energy. Of 
the 25 transitions common to Tables I and II, only 5 
have £2 contributions that are more than a few percent 
of the M1 contributions. They occur either because the 
M1 strength is weak or because of a combination of a 
strong £2 and large energy. These cases will be treated 
in the discussion of particular transitions. 

In some cases the experimental information comes 
from a lifetime measurement rather than a width, to 
which it is related by 'r=h, or 


I'r=6.58X 107", 


where I’ is in ev and 7 in seconds. 


III. PARTICULAR CASES 


In making comparisons with experiment one finds 
that the amount of experimental information varies 
considerably, reflecting the degree of difficulty of the 
experiment. The chief sources of information in transi- 
tion widths are analyses of resonances in reactions, a 
few lifetime measurements and often only relative 
widths as indicated by branching ratios in gamma decay. 
One is rarely able to obtain experimental values of A 
for each single mode of transition, since this requires the 
branching ratios and the relative strengths of the /2 
and M1 modes as well as the total width. Therefore, in 
making comparisons with experiment, the A’s of Tables 
I and II are used together with the experimental values 
for the energy to determine either the transition width, 
I’, or the branching ratio: 


where I'y is the total width for all radiative decay 
branches of a given nuclear level. 
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Fic. 1. Curves of relative intensities, !(£2)/P (M1), as func 
tions of energy and relative transition strengths, A(#2)/A(M1 
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Paste II. Transition strengths, A, for F:2 transitions as func varies with energy,® but right at resonance the greater 
tions of the relative strength of spin-orbit coupling, a/A. The 1 
parent level and its daughters are identified by (J7) in the 
first column.* state transition to J/=0* is pure M1, while the othe 

branch is a mixture of M1 and /:2 since the first excited 


state is J/=2*. No experimental information exists on 


energy is favored by about a 2 to 1 ratio. The ground 


the mixing ratio of M1 and /:2 
The total width and the separate contributions of the 


(20 0235 0362 0371 0371 0360 tWo transitions are plotted as functions of a/A in 


{=] 
11)-+(20) 0.046 0.048 0.027 0.010 0.002 
21)-+(00) 0.004 = 0.095 0.151 0.205 0.245 
(20) 0 0.000 0.048 0.069 0.087. 0.102. @greement with the a/A value determined by matching 
20) + (00) 0.895 0.884 0.848 0.778 0.684 0.595 the energy level scheme.’ 
{=10 each gamma ray, under the assumption that the 2 to 1 
1)» (30 0.000 0.008 0.037 0.090 0.149 branching ratio is correct, are given by the broken line: 
10) 0.007 0026 0.066 0.088 0.105 Of Fig. 2. These do not agree with the individual 
(10)* 0.000 0.017 0.005 0.003 0.002 computed widths for a/A~3, particularly in the case 
20 0.001 0.000 0.003 0.006 0.009 of the 14.7-Mev transition 
»(30 0.032. 0.078 O116 0.140 0.155 There are two possible explanations of the dis 
10) 0.286 0.152 0.392 0.381 0.350 crepancy. One is that the 14.7-Mev transition observed 
(10)* 0.611 0.612 0.289 0.238 0.219 at the resonance is not all due to the J=1* level. There 
(10)°—+ (90) 0.092 0.638 0.503 0.451 0.428 ie an indication of this in the fact that off resonance the 
(10) 0.510 0.0166"0.146 0.170 0.165 pe ‘ 
~ 14.7 Mev 
10)-+(30) 0.6854 0.0014 0.126 O184 0.212 
{=11 
(AML T=4) 
$3 0.053 O155 0.124 0.053%0,003 0.016 
j 0.146 0.072 0.056 0.060 0.018 — 0.010 
0.008 0.108 0.123 0.066 0.002 0.000 
0.225 0.01460.014 0.099 O110 0.091 
0.019 0.077 0.170 0.178 0.019 0.003 
0.000 0.001 0.012 0.050 0.075 0.048 Of the high energy, being about 40% at a/A = 43 
0.000 0.000 0.000 0.003 0.060 0.082 If it is necessary to include collective effects in the 
0.000 0.007 0.013 0.029 0.056 0.035 theory, the /:2 contribution would be further enchanced 
0.000 0.016 0.033 0.0124 0.065 0135 which might bring about agreement with observation 
0.001 0.005 0.0006 0.027 — 0.191 0.202 
0.981 0.615 0.184 0.092 0.073 0.065 
0.826 0.905 0.802 0.706 0.637 0.579 
0.155 0.004 0.106 0.129 0.096 0.059 
0.042 0.080 0.094 0.149 0.209 0,250 
0.175 O180 0.167 0.120 0.078 0.050 
1.365 1.320 1.180 1.120 1.070 1.040 
0.416 0.515 0.551 0.558 0.553 0.544 
0.047 = 0.0046 0.000 0.008 O0016 0.032 
0.237 0.000 0.118 0.213 0.259 0.289 


Fig. 2. The curve of total width crosses the experimental 
line at a/A~3. (For L/A=5.8 this crossing is at 
a/K~2.5.) Either of these values is in satisfactory 


Ihe experimental widths for 


transition becomes much = stronger with 
respect to the 17.6-Mev transition. This explanation 
implies that the width of the 17.6-Mev level is the only 
meaningful one for comparison with experiment. in 
Fig. 2. 

The other possibility is that the computed /:2 
contribution is not sufficient. The 42 contribution to 
the 14.7-Mev transition is already quite large because 


*A state labeled with an asterisk refers to the second lowest state in 
energy of the specified J and 7. A state labeled with a double asterisk 
refers to the third lowest state in energy of the specified J and 7 

> The symbol ¢*% means that the matrix element changes sign betwee 
these entries 


Be 


The level at 17.63 Mev, reached by the Li’(p,7) Be’ 
reaction, decays both to the ground state and to the 
first excited state at 2.90 Mev. Since the 17.6-Mev level Fic. 2. Transition widths tor the decay of the (J | 
is believed to be the (J=1*, 7’ =1) state, the statistical a a . - oy fy ‘ both to the ground | tat , ! ws the 
factor w= % means that the width, taken from Ajzenberg of the 1 “a iy : spin orbit Pred ee k “Gtralaht line < phe poreenser 
and Lauritsen,’ is: 'y7=25.1 ev. The branching ratio mental values 


a Vy 


6 F. Ajzenberg and T. Lauritsen, Revs. Modern Phys. 27, 77 °M. B. Stearns and B. D. McDaniel, Phys. Rey. $2, 450 


1955 1951); J. G. Campbell, Australian J. Phys. 9, 156 (1956 





DIETER 


r, (ExP) 


1 


100 ym) 


— 
HOT yl EXP) 
4 . 


- 


as Py id 


6 ; ae oy 


hic. 3. Transition widths for the decay of the (J =1*, T=1) 
state at 15.1 Mev in C*, both to the ground state and the excited§ 
state at 4.4 Mev. Curves are theoretical I’’s as functions of the 
relative spin-orbit strength, a/K. Straight lines are experimental 
values. Dotted curve is for the decay of the (J=2*, T=1) state 
at 16.1 Mev to the 4.4-Mev level 


In this respect it would be of great interest to know the 
experimental £2/M1 ratio for the 14.7-Mev transition. 

At any rate the pure M1 transition to the ground 
state, which provides the bulk of the width, seems to 
require’ an a/K value consistent with that which is 
deduced from matching the observed and experimental! 
level schemes 


Cc! 


In C", the decay of states for which T=1 presents a 
situation very similar to that which exists in Be*.* The 
case of the (J=1*, T7=1) state analogous to the level 
discussed in Be’, has been studied, and it is found that 
the width of the ground state transition is 


lis 1 54.5 t 9.3 ev 


The intensity of the branch® to the first excited state§ 
(J=2*) is 4% of that to the ground state. Because of 
the spins involved, the transition to the ground state 
is a pure M1, while for a/AK>4, the transition to the 
excited state is computed to be more than 95% M1 
lherefore only the computed M1 widths are plotted in 
Fig. 3. The theoretical and experimental results agree 
when a/K lies between 5.5 and 6.5, a quite reasonable 
size for this mass number 

The B'(p,y)C™ reaction produces a pair of high 
energy transitions from the (J = 2+, T=1) level at 16.1 


7 A similar result for the ground state transition has been found 
by J. B. French and A. Fujii, Phys. Rev. 105, 652 (1957) 

*£. G. Fuller and E. Hayward (to be published); Physica 22, 
1138 (1956). 

*C. N. Waddell, quoted in reference 8. 

§ Note added in proof.—-Waddell, Adelson, Moyer, and Shaw, 
Bull. Am. Phys. Soc. Ser. IT, 2, 181 (1957) give a revised branching 
ratio of ~10°%. Other sources suggest ~3°% so the experimental 
value for the 10.7-Mev branch is still unsettled 
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Mev. Here the experimental results in Ajzenberg and 
Lauritsen’ state that the pure /2 transition to the 
ground state has a width of less than 3 ev, while the 
(M1+ £2) transition to the first excited state is given 
a width of 70 ev. The computed width of the ground- 
state transition rises from 0 at a/K=0 to 1 ev at 
a/K=4 and 2 ev at a/K=7.5, so this is consistent with 
observation. The 11.7-Mev transition to the first 
excited state (J =2*) is computed to be about 98% M1, 
so only the M1 width is plotted as the dashed curve of 
Fig. 3. Its value is much lower than the experimental 
width, being only some 11 ev at a/K=6 as compared 
with the experimental width of 70 ev. While the experi- 
mental value is subject to considerable uncertainty, it 
will take a large change to remove the discrepancy. 

The £2 transition to the ground state from the 
4.43-Mev state (J=2*) has been investigated by fast 
electron scattering,’® and found to have the width 


DP =0.0125+0.0025 ev. 


This value has been confirmed by a measurement 
using self-absorption of resonance radiation.'' The 
computed width goes smoothly from I'=0.012 ev at 
a/K=0 to '=0,.008 ev at a/K=7.5. This width has 
the right order of magnitude, but is really somewhat 
too low since the value of (r?) chosen for the 2 matrix 
elements is more likely to be too large than too small, 
as discussed in Sec. IV. 


B'*, Ci 


The experimental information about the mirror 
nuclei B" and C" is not sufficient to enable one to make 
definite spin assignments for the excited states, so it 
would seem that the computed transition probabilities 
might be useful in choosing among alternative possi- 
bilities. The experimental information on transition 
widths comes almost entirely from the resonances near 
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Fic, 4, Branching ratios from the Li?(a,y)B" resonances 
with suggested spins on right. (After Ajzenberg and Lauritsen) 


J. H. Fregeau (Phys. Rev. 104, 225 (1956) ] quotes Ravenhall 
and Helm for this result on p. 235. 

" Swann, Metzger, and Rasmussen, Bull 
IT, 2, 29 (1957) 


Am. Phys. Soc. Ser 
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9 Mev in the reaction Li’(a,y)B". The branching ratios 
for these transitions, taken from Ajzenberg and 
Lauritsen,’ are given in Fig. 4. Information on y-y 
and a-y correlations leads to the tentative spin assign- 
ments of the higher excited states. Measurements based 
on the Doppler shift’? give limits of r<410™™ sec for 
decay of both the first and second excited states to the 
ground state. This shows both to be predominantly M1 
transitions and suggests spin assignments. The deutron- 
stripping experiments'** show that at least one of the 
two states around 6.8 Mev and all the states below this 
have negative parity. 

The theoretical spin assignments! for negative-parity 
states are, in order of increasing excitation energy: 
3,4, %,and 3, and $ for one of the states at 6.8 Mev. In 
addition there is a §~ state somewhere around 11 Mev. 
Since the experimental resonances near 9 Mev suggest 
3” as one possible spin, one would like to associate the 
theoretical $- state with one of these resonances. 
However, the fact that the excitation is so high means 
that the wave function reliable,’ since the 
calculation neglects contributions from possible states 
arising by excitation of two nucleons from the 1p 
shell or double excitation of one from the 1s shell. The 
effect of interaction with such states of double exci- 


tation would be to push down the $~ level which was 


is not 


(a) (b) 


| 


\ 
| 
| 
| 
' 
| 


6 yy” 


hic. 5. Branching ratios computed for decay of the 3* state in 
B" as function of a/K. (a) Experimental branching for 9.28-Mev 
state omitting branch to 6.8 Mey. (b) Experimental branching 
for 8.93-Mev state. (c) Theoretical branching with similarities to 
experiment noted by dotted line 


"2G. A. Jones and D. H. Wilkinson, Phil. Mag. 43, 958 (1952); 
D. H. Wilkinson, Brookhaven National Laboratory Report 
BNL-2907, 1956 (unpublished) 

'3N. T. S. Evans and W. ( 

London) A67, 684 (1954 

“4 Maslin, Calvert, and Jatte 
754 (1956) 

'§ This objection does not arise for the states of high excitation 
discussed for Be* and C"* because these states have 7 =1. Double 
excitation states having T=1 lie much higher 


Parkinson, Proc. Phys. Soc 


Proc, Phys. Soc 


(London) A69 
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computed to lie too high and mix with it. Admixtures 
of these states would, however, only serve to depress 
the absolute transition width provided the lower 
energy states contain negligible admixtures from double 
excitation. This is because the gamma. transition 
operator is a one-particle operator. There is another 
complication for the §~ state in that the computed level 
has a partner which comes within 1 Mev of it between 
a/K=4 and 6, the region in which one would hope for 
agreement with experiment. This manifests itself in the 
rather drastic changes in transition strengths in Table | 
as one goes through this region. Another consequence 
is that the wave function is much more sensitive to 
variation of L/K, and to the exact form of the two-body 
interaction. 

Nevertheless, the computed widths for transitions 
from the second and third 3 
§* and §** in Table I, were evaluated 
tations show all the transitions to be almost entirely M1 
The experimental energies are used to obtain the I’s 
The results indicate that the only important transitions 
from $* and §** are those to the ground state 4 and to 
the § and § pair at 4.46 and 5.03 Mev above" the ground 
state. The computed widths of the transitions to the } 
state at 2.14 Mev and the 3* state at 6.8-Mev account 
for less than 1% of the total width for all values of a/K 
The branching ratios computed for the strong transi 
tions from the §* state are plotted in Fig. 5. ‘This 
scheme has similarities to two of the experimental 
(ay) resonances, but there are always discrepancies so 
that there is probably no meaningful correlation 
present. 

One possibility of agreement occurs near a/K=4 
where the branching resembles that of the 9.28-Mev 
resonance of Fig. 4 if one omits the branch to the 
6.8-Mev doublet. To justify this omission one must 


indicated by 
The compu 


states, 


assume that this upper branch is an /1 transition to a 
state having positive parity, something which is not 
included in the computation. The adjusted branching 
ratios for the 9.28-Mev resonance are given in column 
(a) of Fig. 5. The observed total width,” excluding the 
branch to the state at 6.8 Mev, is some 2.7 ev compared 
to the computed total of 3.8 ev. In view of the reduction 
of the theoretical value that would be produced by 
mixing in two-nucleon excitation, this is reasonable 
ayreement 
that since it identifies the 4.46-Mey 


computed £2 lifetime of r~3 10°" sec for this state 
) M4 


The difficulties with this scheme are, first, 


state as 4°, the 


is too long for the observed upper limit of 4% 107" se 


and second, that the identification of the 6.8 level as 
being a positive-parity state runs into difficulties with 
the a-y correlation'® measurements 


Owing to the considerable change in the wave 
‘6 Since the order of the § and 3 states is unknown, an average 
gamma energy of 4.5 Mev has been used in computing both I'’s 
'T Bennett, Roys, and Toppel, Phys. Rev. 82, 20 (1951); also 
reference 4 wherein the total radiation widths quoted in Ajzenberg 
and Lauritsen are corrected 


8G A. Jones and D. H. Wilkinson, Ph Rev $8, 424 (1952 
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function of the §* state near a/K=5, where the $** 
state has very nearly the same energy, there is another 
region of a/K that fits the branching of the state at 
8.93 Mev. Between a/K =6 and 7 the transitions from 
§* go almost entirely to the ground state, and com- 
parison with the observed branching in column (b) of 
lig. 5 allows either the § or the | state to be identified 
as the 5.03-Mev level. Furthermore, changing L/K 
from 6.8 to 5.8 shifts the whole pattern to the left in 
lig. 5 so that agreement is obtained for a/K between 
5 and 6. However, there is a serious drawback to this 
identification of the $* state with the 8.93-Mev level, 
namely that the total width is computed to be some 
1.5 ev 
Mev state is 0.04 ev. Therefore, both possibilities of 


whereas the observed level width of the 8.93- 


agreement with experiment present in Fig. 5 contain 
defects which cast serious doubts on the apparent 
similarities. This result is probably due to the difficulties 
in obtaining a reliable wave function for a state of such 
high excitation as the 5* 

Among the lower-lying excited states where the 
wave functions are presumably more trustworthy, the 
opportunities for experimental investigation of the 
transition widths are quite limited. The lifetime for the 
decay of the first excited state is computed to vary 

moothly from 2.5X10°'© to 5107! sec as a/K 
increases from 3 to 7.5, which is comfortably below the 
experimental upper limit of 4 10~" sec. The computed 
lifetime for the transition to the ground state from the 
} state is r~3XK10-" sec, while from the § state, for 
which the /:2 contribution lies between 5% and 10%, 
one computes r~1.5 10°'° sec, A recent measurement" 
of the lifetime of the 4.46-Mev_ level 

(1.0+0.2)K 10°" sec, so that this level seems to be 
Probably the best chance for a comparison lies 


in the branching ratio from the 3 


obtains + 
the 3 
excited state which 
should be one of the states comprising the doublet 
near 6.8 Mev. This state, listed as 3* in Table I, has 
large transition strengths to the $, 4, and $ states, with 
a branching ratio that is nearly constant between 
a/K=3 and 7.5. The values of these branching ratios 
are: 

»*(6.8 Mev)—»3(g.s.) ~8OY, 
(2.14 Mev) ~15% 


»3(4.46 Mev)~ 5%. 


B!° 


Phe amount of experimental information available 


for this nucleus is considerably more than for B", 
especially for the low-lying excited states. The angular 
momenta and isotopic spins for the states with exci 
tation of 5.16 Mev or less are fairly well established. 
With the exception of the 4.77-Mev state, these are in 
good agreement with the level scheme arising from an 
intermediate-coupling model.' The observed branching 
ratios for such states are taken from Ajzenberg and 
Lauritsen,’ and given in Fig. 6. In addition, the lifetime 
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of the 0.72-Mev state has been measured to be 1X 10~° 
second. 

In order to see whether computing the nuclear 
matrix element gives any improvement in comparing 
theory to experiment, branching ratios have also been 
computed using the Weisskopf formula wherein all the 
nuclear matrix elements are assumed to be alike for 
transitions of a given multipolarity. Hence: 


P,(M1)=2.1X107°F; VT. (£2)=2.6K10-°E. 


These values, the results computed for a/K=3.0 and 
4.5, and the observed branching ratios, are listed in 
Table il. In cases where both #2 and M1 radiation 
are possible, inclusion of the computed £2 contribution 
has little effect on the branching ratio, so only the M1 
contributions are included. The range of a/K is limited 
to lie between 3 and 6 for these considerations because 
the computed energy level order is like the experimental 
one only in this region. The branching ratios for a/K =6 
are very nearly the same as those at a/K =4.5. 

The J=2+, T=1 level at 5.16 Mev is computed to 
decay almost entirely by the M1 mode. Only the 
transition to the ground state has an #2 contribution 
above 1%, and even this case has at most 5% (for 
a/K=6); so the £2 mode may be neglected. The 
branching ratios from the Weisskopf formula depend 
only on the energy factors, so the second column of 
Table III shows the weighting according to energy. 
The transition strengths of Table I show that in the 
a/K region of interest, the transition to the ground 
state (3,0) is strongly inhibited. The transition to the 
first excited state (1,0) is very strong while that to the 
third excited state (1,0)* is inhibited. The net result 
is that the computed branching ratios for a/K=3 and 
4.5 favor the transition to the first excited state (1,0) 
by a large factor. The observed branching strongly 
favors the transition to the (1,0)* state and gives a 
further 5 to 1 favoring of the transition to (1,0) over 
that to the ground state (3,0). While the computation 
does provide a strong inhibition for the transition to the 
ground state, there is nothing in the model that can 
provide the (1,0)* preference. Also the total width is 
computed to be about 3 ev compared to an experi- 
mental’® ['~0.6 ev. 

The J=2+, T 


5.16 Tel 


3.56-+-+- 


0 level at 3.58 Mev is quite interesting 





(2,0) 


Fic. 6. Branching ratios 
in B with probable (J,7) 
indicated on right. (After 
\jzenberg and Lauritsen.) 





Jones and D. H. Wilkinson, Phil. Mag. 45, 703 (1954 
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in that all three branches are computed to be very weak 
M1’s as is indicated by the transition strengths of 
Table I. The £2 contribution lies between 10% and 
20%, but it does not change the branching ratios 
seriously. These ratios are computed to be very close to 
those obtained from the Weisskopf formula as one sees 
in Table III. They also have no resemblance to the 
observed branching. It is interesting to note that the 
Weisskopf formula gives a total width of '~1.5 ev 
while the computation gives '~0.01 ev, although both 
methods predict the same branching ratios. It may 
be that because the M1 transition strengths are so 
weak, the width of the 3.58-Mev level is really deter- 
mined by £2 contributions arising from collective 
motion. It would be of great interest to determine the 
multipolarity of transitions from this state. 

The J=1+, T=0 level at 2.15 Mev (1,0)* 
competing modes of decay varying among pure /:2 to 
the ground state (3,0), mixed M1 and £2 to the first 
excited state (1,0), and pure M1 to the second excited 
state (0,1). The Weisskopf formulas say that the decay 
should go almost entirely to the (1,0) state. However, 
the transition strengths of Table I show that the 
transition to (0,1) is quite strong, a factor of some 3000 
stronger than the weak M1 to (1,0). The #2 strength 
for the transition to the ground state is also strong as 
shown in Table II. Therefore, the branching ratios 
computed from the model are much more nearly like 
the observed ones, than are those obtained from the 
Weisskopf formulas, although the #2 branch is still 
weak, as is seen in Table III. The total width is com- 
puted to be 


has 


r~3X10% ev, or r~2X10~-" sec. 


The £2 transition from the first excited state to the 
ground state has a computed lifetime of 2 to 310-9 
sec for a/K>4.5. Below this value the nuclear matrix 
element varies rapidly, going through zero several 


TABLE III. Branching ratios for B. The parent level and its 
daughters are identified by (J,7) in column 1." Computed values 
are given in the next three columns experimental values in the 
last 


Branching rati 
Weisskopf 
i(J7 formula a/K 
16 Mey 
1) >( 30 
1,0) 
1,0)* 
2.0 
3.58 Mey 
2,0) -+(3,0) 
(1,0) 
(1,0)* 
2.15 Mev 
1,0)*-+(3,0) 
(1,0) 
0.1) 


*A\ state labeled with an asterisk refers 


ergy of the specified J and 7 
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times. This behavior has also been noted by French and 
Fujii’ who find that the experimental value*’ of 


= (1.07+0.10)K 107° sec 


can be found in the region of a/K=4 as well as tor 


smaller values. 


IV. SUMMARY AND CONCLUSIONS 


The predictions of this intermediate-coupling model 
do not give a satisfactory picture of the experimental 
evidence concerning gamma transitions in the 1p-shell 
There are some cases of good agreement, a few un 
explained contradictions, and a number of cases which 
suggest that introduction of some collective motion 
might bring them into agreement with observation. In 
addition, there are transitions observed for which 
there are not enough data to draw any conclusions 
This is particularly true of the low-lying states in B", 
but recent experimental evidence*® may make 
possible a more fruitful comparison with theory 

The cases for which the agreement with observation 
is good, all involve transitions for which the 441 mode 
is the only one possible. The the 
(11)—+(00) transition in Be* which is the chief decay 
mode of the 17.6-Mev level. The analogous (11)—>(00) 
transition in C™ is well described by the model, and 
even the 4% branch (11)—»(20) is predicted. The third 
case for which the model offers an explanation concerns 
the (10)* level at 2.15 Mev in B'” 
0.41-Mev M1 transition, (10)* 
fully with the 1.43-Mev M1 transition, (10)*-+(10), ts 
that the computed transition strength, A, of the forme: 
is very large while A for the latter is quite small 

The second category of transitions contains those for 


soon 


first of these is 


Ihe reason that the 


(OL), « ompetes success 


which the agreement is often rough or even nonexistent, 
but which at least give some suggestion of why there is 
disagreement. They are either pure /:2 transitions o1 
mixtures of M1 and /:2 for which the computed M1 
transition strength is very small. There are three pure 
/2’s among the transitions for which there is enough 
experimental evidence to draw conclusions. ‘These are 
the transitions to the ground state for the levels at 
2.15 Mev and 0.72 Mev in B'’ and the level at 4.43 Mev 
in C. In all of these it appears that the /2 transition 
strengths given by the model are of the right order of 
magnitude, but too weak, This happens despite the 
fact that the value of (7?) =10 % cm’, 
obtain numerical values in this calculation, is larger 
than is indicated by the fast-electron scattering exper! 
Ferrell and Visscher” treat the 4.43-Mevy 
which is about 


which is used to 


ments in C!? 
transition in C'* using a value of (9 
4 of that 
transition ‘strength by mixing in collective excitation 


used here, and obtain the experimental 


105, 232 (1957 
Am. Phys. Soe 
Almauist, and 


” Bloom, Turner, and Wilkinson, Phys. Rev 

1 |. Meyer-Schiitzmeister and S.S. Hanna, Bull 
Ser. If, 2, 28 (1957); Ferguson, Gove, Litherland 
Bull. Am. Phys. Soc. Ser. IT, 2, 51 (1957 
Ferrelland W. M. Visscher, Phys Rev. 104, 475 


Bromley 


mR A 


1956 





982 DIETER 
Thus it may be that some collective motion which 
would enhance the #2 transition strengths is needed, 
even for such light nuclei as these in the 1p shell. 
Introducing such an effect would clear up the pure £2 
transitions and might also explain the observed branch- 
ing from the 3.58-Mev level, (20), in B®. The M1 
transitions from this level are all computed to be very 
weak, and might be masked if the £2 enhancement is 
large enough. In this regard it would be of great 
interest to know the experimental strength of the £2 
mode relative to the M1 mode in these branches. There 
is evidence on one branch,” which says that the £2 
contribution is either about 10% or very large. 

The third category contains two contradictions be- 
tween the model and observation which are not readily 
explained. These are the very large observed width of 
the (21)-+(20) transition in C” and the preference for 
the (21)-+(10)* transition in the decay of the 5.16-Mev 
level in 8°, neither of which is given by the model. 

The predictions arising from the form of the inter- 
mediate-coupling model which used in these 
calculations, modified introducing 


was 


can be without 


collective motion. The two possible ways are either to 
change the ratio of central-interaction integrals, L/K, 
or to vary the exchange mixture in the two-body 
interaction. The results do not seem to be very sensitive 
to variation of the L/K ratio. There is also evidence 
that varying the exchange mixture does not make 


“S.M. Shafroth and S. S. Hanna, Phys. Rev. 104, 399 (1956) 
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radical changes.’ However, the effect would be serious 
in cases where a level involved in a transition is nearly 
degenerate in energy with a level of the same (J,7). 
Among the transitions we have treated, the levels of 
B' for a/K near 4 are therefore most likely to be 
affected. The amount of labor involved in varying the 
exchange mixture is extremely large. 

In conclusion, the result of extending the inter- 
mediate-coupling model to calculate gamma transition 
widths, is to indicate that some modification of the 
model is needed. The £2 transitions give an indication 
that some collective behavior should be included, 
although one does not need nearly as much enhance- 
ment of the £2 strength as is found for the strongly 
deformed nuclei. The level schemes obtained without 
including extra collective behavior are in rather good 
agreement with observation. The problem will be to see 
whether one can add collective effects sufficient to 
explain the £2 transitions without seriously disturbing 
the energy level schemes. 


V. ACKNOWLEDGMENTS 


the members of the 
Diana Satkus, for 


The author wishes to thank 
AVIDAC group, particularly 
programming and carrying out the machine compu- 
tations. Thanks are also due to Dr. D. H. Wilkinson 
and Dr. E. G. Fuller and Dr. Evans Hayward for 
sending their experimental results before publication, 
and to Dr. S. S. Hanna and Dr. L. Meyer-Schiitz- 
meister for valuable discussions of their experiments. 





PHYSICAL REVIEW VOLUME 106, NUMBER 


New Half-Life in the Family of Antimony Isotopes 


H. Boscu anp H. Munczek 


Nuclear Spectroscopy Laboratories, Comisién de Energia Atémica, Buenos Aires, Argentina 


(Received February 13, 1956; revised manuscript received July 9, 1956) 


By using scintillation techniques in analyzing the y radiation following the 8 decay of a fission-product 


antimony sample, evidence of a new half-life of 14944 hours was found in the family of antimony isotope 


I. INTRODUCTION 


HE half-lives of antimony isotopes have been 
studied by various authors! to be 


fairly well established. The §-decay curve of fission 
4 


and seem 


antimony was determined by Sleight and Sullivan 
who found a component with a half-life of 9343 hr 
and one with much longer half-life. The 9343 hr 
half-life was assigned to Sb!®7, 

When we determined the half-life of Sb!’ by analyzing 
the y spectra, we found a somewhat shorter value for the 
93-hr half-life, viz., 88+2 hr. We concluded that in the 
decay curve of Sleight and Sullivan,’ a further com 
ponent of longer half-life than 88+2 hr might have 
been included without being separated. It seems to us 
that our results show indeed evidence of such a com 
ponent with a half-life of 1494-4 hr manifesting itself 
in a well-defined group of y rays. 


II. EXPERIMENTAL 


‘The energies and relative intensities of the y radiation 
were measured by using a scintillation spectrometer. 
A calibration of both resolution and crystal efficiency 
at a source to crystal distance of 7 mm was made. 

The source was obtained in the following way: The 
UOs bombarded 26-Mev 
celerated in the ‘Philips’ synchrocyclotron of this 
Institute. After adding 2 mg of Sb!!! and 2 mg of Sb* 
in nitric acid, the oxides were precipitated. They then 


was with deuterons a 


were dissolved in concentrated hydrochloric acid. The 


na 


vous 
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Fic. 1, Characteristic sample y spectrum between 25 and 780 kev 


1P, Abelson, Phys. Rev. 56, 1 (1939 

2 J. Beydon, Compt. rend 227, 1159 (1948 

IN. R. Sleight and W. H. Sullivan, Radiochemical Studies: The 
Fission Products (McGraw-Hill Book Company, Inc., New York, 
1951), National Nuclear Energy $ Plutonium 


Record, Vol. 9, Div. IV, p. 928 
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Sb was purified by reduction with zine to form volatile 
stibine, which was trapped in a silver nitrate solution 
The precipitate obtained was measured. 

Another method of preparing the source was also 
employed: The UyO, was bombarded with 26-Mev 
deuterons. The oxides were dissolved in concentrated 
nitric acid. Ammonium diuranate was precipitated 
with ammonium hydroxide. The ammonium diuranate 
was dissolved in hydrochloric acid, with the addition of 
2 mg of Sb!!! and 2 mg of SbY. The sulfides of Sb were 
precipitated with H,S. After dissolving the sulfides in 
Na(OH), 2 


sulfide was precipitated. This solution was treated with 


mg of Cu were added, and the copper 


acetic acid and the antimony sulfides were precipitated. 
These were dissolved in concentrated hydrochloric acid, 
with the addition of 2 mg of Te in the state of potassium 
tellurite and tellurate, which were precipitated with 
sulfuric acid. ‘The solution iN HCl 
Hi. After adding 2 mg of Sn'Y as Cl,Sn, antimony 
sulfides were precipitated. (Sn'% 
with HF.) 


The results corresponding to both sources were the 


was made and 


forms a complex 


same, that is to say, the y-ray energies and_ their 
relative intensities were identical in both samples 

Six different samples of antimony, with a total of 
50 spectra, were studied, Figure 1 shows a characteristic 
y spectrum of the sample between 25 and 780 kev. 
Figure 2 shows one for the high energies. The following 
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Vic, 3. Relations between the abscissas of the maxima and the 
abscissas of the photopeaks, as a function of the y-ray energy. 


energies (in kev) are established: 27.5 (Te x-rays), 60, 
248, 417, 463, 685, 772, 1100, and 1350. 

lor a closer investigation of the photopeaks it is 
necessary to take into account the Compton back- 
ground. In accordance with other authors, two maxima, 
apart from the photopeak, were observed in a single 
y-ray spectrum, The first is due to the distribution of 
Compton electrons and the second is due to the external 
scattering. 

The relations between the abscissas of the maxima 
and the abscissas of the photopeaks, and between 
the ordinates of the maxima and the ordinates of the 
photopeaks, both as functions of the y-ray energy, were 
investigated. Figures 3 and 4 represent these relations. 

It is quite difficult to obtain points for the relations 
A,and A, for energies greater than 840 kev. This is due 
to the fact that there are no substances which have a 
single y ray at these energies. 

By taking into account these relations, the Compton 
backgrounds of all y rays were constructed. By sub 
tracting the 
isolated. Figure 5 represents this procedure. For high 


these backgrounds, photopeaks were 


energies the subtraction af the Compton background 
appears in Fig. 2. 
It can be seen that four other peaks corresponding 


to 310, 560, 610, and 900 kev appear. 
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ic. 4. Relations between the ordinates of the 
ordinates of the photopeaks, as a function of the 4 
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III, CONCLUSIONS 


By taking into account the areas of the photopeaks 
isolated as described previously, the half-lives and 
relative intensities corresponding to different y rays 
were determined, The half-lives were also determined by 
the decay of the height of the corresponding peaks. 

We found two different half-lives in the sample. 
There are y rays which belong to a half-life of 88+2 
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Fic. 5, Isolation of the photopeaks by subtraction 
of the Compton background. 


hours and others which’ belong to a half-life of 1494-4 
hours. In Figure 6 we can see the peaks belonging to 
these half-lives, 4, 8, 11, and 16 days after irradiation. 
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lic. 6, Relative heights of photopeaks belonging to different 


half-lives 4, 8, 11, and 16 days after irradiation 





NEW HALF-LIFE 

The following energies were assigned to the sample 
y rays, in kev: 27.5 (Te x-rays), 604-2, 248+8, 310+10, 
417+10, 463410, 500+15?, 685415, 772415, 900+ 20, 
1100+:20, and 1350+20. 

The y rays of energies (in kev): 463 (100%), 772 
(45%), 248 (26%), 310 (11%), and 60 (6%) have a 
half-life of 88+ 2 hours. The y-rays of energies (in kev) : 
685 (100%), 417 (26%), 900 (10%), 1100 (~5%), and 
1350 (~1%) have a half-life of 14944 hours. The 
y ray of 610 kev belongs to another antimony of much 
longer half-life. 

The half-life of 88+2 hours was assigned to the 
Sb’. The half-life of 1494-4 hours belongs to another 
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source which cannot be separated by chemical methods 
from Sb’, 

We are now trying to identify the source of the 
(149+4)-hour half-life. B-y and y-y 
being made. 
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The spectrum and yield of internal bremsstrahlung accompanying electron capture form S and P states 
in Sb" were measured and compared with the theory of Glauber and Martin. Sb"® was obtained as the 
daughter from Te! produced by the Sb(d,xn)Te!® and Sn(a,xn)Te!® reactions. The decay is by orbital 
electron capture to the 23.83-kev state in Sn". The following results were obtained : Sb" half-life, 38.0 hr; 


Sbus 


Sn"* decay energy, 5794-20 kev; half-life of the 23.83-kev state and its total conversion coeflicient, 


(1.85+0.1) K10~ sec and 6,340.4, respectively. The intensity of internal bremsstrahlung for capture from 
S states was (1.06+0.15)K10™' quanta/A capture. This agrees with the theoretical prediction of 0.97104 
The large contribution at low energies from P?-state capture was measured down to 70 kev and agrees with 


the theory in its present state of completion 


I. INTRODUCTION 


HE nuclide Sb'"* was first reported by Coleman 
and Pool.'! By bombarding tin with deuterons, 

they found a 39-hour K x-ray activity which they 
assigned to Sb", Later Lindner and Perlman*® showed 
a 39-hour antimony K x-ray activity to be the daughter 
of a 4.5-day isotope of tellurium produced by the 
irradiation of antimony with 200-Mev deuterons. Both 
groups reported no gamma radiation. Sn'" has been 
examined by several investigators.’~’ Their results 
(and those of the present work) are summarized in 
Fig. 1 and Table I. The decay of Sb' to the 24-kev 
level in Sn" was predicted from shell-model consider- 
ations by Goldhaber and Hill.* 

t Work performed under auspices of U. S. Atomic Energy 
Commission. 

1K, D. Coleman and M. L. Pool, Phys. Rev. 72, 1070 (1947), 

2M. Lindner and I. Perlman, Phys. Rev. 73, 1124 (1948). 

3 J. W. Mihelich and R. D. Hill, Phys. Rev. 79, 781 (1950). 

‘Nelson, Ketelle, and Boyd, Oak Ridge National Laboratory 
Report ORNL-685, 1950 (unpublished). 

§ Scharff-Goldhaber, der Mateosian, Goldhaber, Johnson, and 
McKeown, Phys. Rev. 83, 480 (1951). 

®R. D. Hill, Phys. Rev. 83, 865 (1951). 

1J. G. Bowe and P. Axel, Phys. Rev. 84, 939 (1951). 

*M. Goldhaber and R. D. Hill, Revs. Modern Phys. 24, 179 
(1952). 


At the start of this work the primary purpose was to 
investigate the internal bremsstrahlung (1B) accom 
panying electron capture in Sb"*, Morrison and Schiff,’ 
and later Jauch,” predicted a spectrum shape of the 
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Fic. 1. Decay of Sb". Energies are given in Mev. The data 
associated with Sb! decay are from the present work; the decay 
of In" is taken from reference 8 


9 P Morrison and L I Sc hiff, Phys Rey 58, 24 (1940) 
J. M. Jauch, Oak Ridge National Laboratory Report ORNL 
1102, 1951 (unpublished). 
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TABLE I. Internal conversion of the 23.8-kev level in Sn™%, 


Rose calculations*® 
Mi C11/eLtetil 
eui/y M2 El R2 


eui/y euii/y 


4.00 0.31 0.08 1.87 0.95 0.009 





Experimental> 
Bowe and Axel 
eL/y 


7.341.7 


Present work 
er/y eLi/eLuent 


63404 >4 


Hill 
eL/¥ 
5.341.4 


*M. EK. Kose, in Beta- and Gamma-Ray Spectroscopy, edited by K. Siegbahn (Interscience Publishers, Inc., New York, and North-Holland Publishing 
5 


Company, Amsterdam, 1955), 
» See reference 4 


Appendix IV, p. 905, 


form «(1—.«)*, where x is the quantum energy in terms 
of the maximum IB energy. Their treatment neglected 
Coulomb field effects and also assumed that capture 
occurs only from § states. The ratio of the total number 
of IB photons accompanying A capture to the total 
A-electron captures was given by 


f AN (x)dx a ( Wo ) 
0 Ne 12¢\ mee] ’ 


where Wo is the maximum IB energy. Recently Glauber 


(1) 


and Martin" have treated this problem using Coulomb 
wave functions and have shown that capture from 
P states is important, Their calculations are complete 
only for low Z and low decay energies. They find that 
the shape of the spectrum associated with capture from 
S states agrees with that of Morrison and Schiff for 
low Z and should not deviate much for antimony. The 
yield is modified by a relativity correction factor {(Z), 
which for antimony is 0.44." For capture from P states 
they find that the spectra are quite weak at high 
energies and extremely intense near the characteristic 
x-ray lines. For a given energy release, the intensities 
of the P-state spectra increase relative to those of the 
S states roughly as the square of the nuclear charge. 
Screening corrections are important in this part of the 
spectrum, and for this reason a detailed comparison of 
the antimony /-state spectrum with theory has not 
been attempted in this paper. 

The IB following electron capture was first observed 
by Bradt et al." in Fe. Recent measurements” of 
IB in Fe, Ge”, A*’, and Cs! down to energies near 
the characteristic x-ray region have shown the existence 
of the large P-state contribution predicted from the 
Glauber-Martin theory. No quantitative information 
concerning intensity of the S-state spectrum has been 
obtained to date with sufficient accuracy to test the 
Z dependence predicted by Glauber and Martin. 


Il, SOURCE PREPARATION 


A source for use in IB measurements should be free 
from contamination activities by a factor of at least 10° 


"R. J. Glauber and P. C. Martin, Phys. Rev. 95, 572(1954) 
and 104, 158 (1956). See reference 17 for a brief summary of this 
theory 

"KR. J. Glauber (private communication). 

SH. Bradt et al., Helv. Phys. Acta 19, 222 (1946). 

“1. Madansky and F. Rasetti, Phys. Rev. 94, 407 (1954). 

1°. Saraf, Phys. Rev. 94, 642 (1954) 

1B. Saraf, Phys. Rev. 95, 97 (1954) 

’'T, Lindquist and C.-S. Wu, Phys. Rev. 100, 145 (1955). 


because of the low intensity of the IB. Our Sb" was 
prepared by two methods. In the first, antimony metal 
was bombarded for several hours with 190-Mev deu- 
terons from the Berkeley 184-inch cyclotron. In the 
second method, tin metal was bombarded for two hours 
with 48-Mev alpha particles in the Berkeley 60-inch 
cyclotron. In each case a tellurium fraction was chemi- 
cally separated from the dissolved target and was 
highly purified from antimony through a series of six 
chemical separation cycles. Sb"® was then allowed to 
grow from the four-day Te!’ parent. The Sb" was then 
separated in a carrier-free state from tellurium activities 
through a series of six separation cycles. The resultant 
radiochemical purity was such that the decay over 
nineteen half-lives showed no deviation from a straight 
line when followed on a Nal(TI) scintillation counter. 
A least-squares analysis of eight decay curves yielded 
a half-life of 38.0+-0.1 hours. 


Ill. EXPERIMENTS 
A. General Information 


Four types of experiments were performed: (1) 
gamma- and beta-ray spectrum measurements using 
NalI(Tl) and anthracene crystals, (2) slow coincidence 
experiments (27=210°® sec), (3) high-resolution 
measurements in a permanent magnet beta-ray spectro- 
graph,'* and (4) fast delayed coincidence experiments 
(2r=6X10~* sec). The Nal(Tl) crystals for measure- 
ments in the x-ray region were 1 in.X1}4-in. diameter 
right circular cylinders."’ In the coincidence experiments 
lead shielding was placed between the crystals to pre- 
vent false coincidences due to scattering. A 2 in. 1}-in. 
diameter Nal (Tl) crystal'’® was used for IB (W9=526 
kev) measurements. The Nal(Tl) crystals all gave 
energy resolution (full width at half-maximum of the 
photopeak) of 9% at 662 kev. Energy calibration points 
were obtained with gamma rays of 22.1, 59.7, 87.5, 
138, 269, 478, and 662 kev from Cd, Am**!, Se”, Be’, 
and Cs'*7, The anthracene crystals ranged in thickness 
from 4 to 1 inch, and were 1} inches in diameter. A 
256-channel pulse-height analyzer” utilizing the Wilkin- 
son method of pulse height to time conversion and 
magnetic core storage was used to record the IB data. 


16 W.G. Smith and J. M. Hollander, Phys. Rev. 101, 746 (1956). 

% Mounted in sealed aluminum containers with MgO reflectors 
and 10-mil Be windows. 

*” R. W. Schuman and J. P. McMahon, Rev. Sci. Instr. 27, 
675 (1956). 





INTERNAL 


A 50-channel analyzer of the type developed by Ghiorso 
and Larsh* was used in the coincidence experiments. 
The fast-slow coincidence apparatus is similar to that 
described by several authors.” Experiments performed 
with Co” using Nal (Tl) detectors showed that lifetimes 
as short as 1X10~* sec could be measured. 


B. Decay Scheme 


In the experiments with single scintillation spec- 
trometers, only the 1B and a photopeak ascribed to the 
25.2-kev tin K x-rays were observed. However, coinci- 
dence experiments showed that the x-rays were in 
coincidence with a gamma ray of nearly identical 
energy. A search was made for the IB in coincidence 
with the tin A x-rays, but because of source strength 
limitations imposed by our equipment the observed 
spectrum was too weak for useful analysis. 

In order to determine the energy and to examine the 
L subshell internal conversion coefficients of the ~24 
kev gamma ray, two sources of Sb!"* of approximately 
4107 and 210° disintegrations per minute, respec- 
tively, were examined by Dr. J. M. Hollander with 
a permanent-magnet beta-ray spectrograph. These 
sources were deposited carrier-free on a 10-mil platinum 
wire by electrolysis of a 1.2 normal HC! solution of 
Sb!’ containing hydroxylamine. ‘Two days exposure in 
the spectrograph yielded measurable electron lines from 
the LZ; and M shells, which gave a gamma-ray energy 
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Fic. 2. Delayed coincidence measurement of the lifetime of the 
23.83-kev state in Sn", Curve A: NaI(Tl) detectors. Curve B 
Anthracene detectors (multiply curve by 1.3 to obtain true 
counting rate). Curve C: NalI(Tl) detectors with 90.8-mg/cm? 
Pd absorbers in front of the gamma detector. The broken line 
was obtained by subtracting the 1.85 10-*-sec tail due to Pd 
fluorescent x-rays. 


214. E. Larsh and A. Ghiorso, University of California Radi 
ation Laboratory Report UCRL-2657, July, 1954 (unpublished). 
22’) K. McGowan, Phys. Rev. 93, 163 (1954). 
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Shits 987 


(M+ N) and Ly (Li { Li) 


~3 and >4, 


of 23.83+0.03 kev. The L 
conversion ratios were estimated to be 
respectively. 

The measurement by delayed coincidences of the 
lifetime of the 23.8-kev state was complicated by the 
fact that the detectors could not resolve the gamma 
ray and the x-ray. This resulted in a symmetrical curve 
of coincidence rate vs delay, regardless of the half-life 
of the state (Fig. 2). Since the measured half-life of 
1.85107 sec was near the expected lower limit that 
could be measured with our apparatus (8X10 see at 
25 kev for Nal(Tl) detectors), two experiments were 
performed to prove that a lifetime really was observed. 
The first 
crystals with anthracene, ‘This should make it possible 


test consisted of replacing the Nal(Tl) 


to measure half-lives shorter by a factor of ~5 because 
of the shorter decay time of the scintillator. The same 
half-life was observed as for Nal (Tl) detectors (lig. 2). 
Incidentally, the 24-kev radiations gave prominent 
photopeaks in anthracene. 

A second check was to discriminate strongly against 
x-rays in one crystal by use of a critical absorber 


(palladium). This gave the unsymmetrical curve shown 
in Fig. 2, in which the left side should have a slope 
determined by the speed of the apparatus. It appears 
to be a two-component de ayn urve, because some 


fluorescent palladium x-rays enter the crystal and have 
the half-life of the 23.8-kev gamma ray. A subtraction 
of the 1.85X10°* sec 
for this energy half-lives down to ~9X 10" sec can be 
measured with NalI(‘Tl) detectors in this equipment. 


tail is shown and indicates that 


C. Internal Bremsstrahlung 


The IB spectra were measured in a 2-in. Nal (Tl) 
crystal spectrometer shielded by a large lead house of 
2-inch wall thickness 
minimize backscattering by providing a minimum 
distance of 12 inches from the source to the lead walls 
The backscatter observed using Be’ (478 kev) was 2.99% 


This house was designed to 


of the total counts at 3.6 cm source distance. Most of 
the backscatter is concentrated in the energy region 
from 50 to 200 kev. A linear relationship between 
percent of backscattering and gamma-ray energy was 
assumed” (Fig, 3). The total amount of backscattering 
was obtained by graphical integration over the observed 
IB spectrum and amounted to ~5% of the counts per 
channel at 120 kev (see Fig. 4). 

It was necessary to attenuate the intense x-rays and 
gamma rays in order to prevent “pileup” of pulses in 
the electronics. Absorbers of 93.7 and 63.6 mg/cm? 
lead and 221 mg/cm? copper were used in the various 
runs. Source distances of 3.6, 4.5, and 6.5 cm from the 
detector were used; in the absorption corrections the 
effect due to oblique penetration through parts of the 
absorber was corrected for. Total absorption coefficients 


sufficient 


J. Hine 


4 This relationship is only approximate but should be 
in view of the small magnitude of the correction, See G 


and R. C, McCall, Nucleonics 12, No. 4, 27 (1954 
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hic, 3. Curves used for interpretation of the NaI(Tl) pulse 
height spectrum. Curve A ; Photopeak efficiency in Nal. Curve B 
Transmission through 221 mg/cm? copper. Curve C: Transmission 
through 93.7 mg/cm? lead. Curve D: Compton efficiency in Nal 
Curve £: Fraction of counts due to backscattering 


from Davisson’s tables* for lead and copper were used 
(see Fig. 3 for the magnitude of the corrections). The 
use of two different absorber materials, and also of 
different source intended to 
possible effects due to fluorescent lead x-rays and 
Compton-scattered photons entering the detector. 
lluorescent lead x-rays contributed about 20% of the 


distances, was show 


counts at 72 kev in those runs using lead absorbers. 
The-error incurred from using total absorption coeffi- 
cients for these relatively poor geometry experiments 
should be less than one percent at all energies of interest, 
because Compton scattering in these absorbers was 
small compared with photoelectric effect. The data 
were not used below 60 kev because of large absorption 
corrections and the danger of pileup of x-ray pulses. 

In each run the rate of K-electron capture multiplied 
by the detector solid angle was determined by counting 
the A-series x-rays (and gamma rays) from a weak 
Sb'® source, without absorbers. The weak source was 
then compared with the source used for IB measure- 
ments by counting the radiations from both samples in 
a Nal(TI) crystal with a single-channel discriminator 
and also in a methane-filled proportional counter. These 
data were used with the gamma-ray conversion coeffi- 
cient (6.3) and the K-shell fluorescence yield®® of tin 
(0.84) to calculate the rate of K capture in the IB 
sources. Small corrections were applied for dead-time 


*(C. M. Davisson, in Bela~ and Gamma-Ray Spectroscopy, 
edited by K. Siegbahn (Interscience Publishers, Inc., New York, 
and North-Holland Publishing Company, Amsterdam, 1955), 
Appendix I, p. 857. 

# Broyles, Thomas, and Haynes, Phys. Rev. 89, 715 (1953). 
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in the 256-channel analyzer (up to 3%) and absorption 
in the Be and MgO window (7%). 

The following procedure was used to determine the 
IB spectrum. First the pulses ascribed to backscatter 
were removed from the pulse-height spectrum. Then 
the energy-dependent corrections for NaI(TI) crystal 
efficiency and resolution were made, including the effect 
of the Compton tail which was small but not negligible. 
Finally the correction for gamma rays lost in the lead 
or copper absorber was made. 

The method of Gerhart, Carlson, and Sherr** was 
used for the crystal response corrections. In this method 
the relation between the pulse-height spectrum, n(V), 
and the gamma-ray spectrum, N(&), is given by 


(2) 


n(V) fran eae, 


where P(V,k)dVdk is the probability that a gamma ray 
of energy & in the interval dk will produce a pulse 
height V in the interval dV. A family of curves for 
P(V,k) was obtained from experimental data on the 
crystal response for monoenergetic gamma rays, and 
Eq. (2) was then solved by trial and error for N(R). 
This procedure was not too laborious in the present 
case because the pulse-height spectrum was a reasonably 
good approximation to the true gamma-ray spectrum. 

The Compton and photoefficiencies in Nal(TI) re- 
quired for the functions P(V,k) were obtained by the 
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Fic. 4. Pulse-height spectrum of the IB in Sb"® observed with 
a Nal(T]) spectrometer during a 1063-minute run. Background 
has been subtracted. The data were recorded in a 256-channel 
analyzer. 


% Gerhart, Carlson, and Sherr, Phys. Rev. 94, 917 (1954). 
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method of Kalkstein and Hollander.2? Gamma rays of 
1.28, 0.840, 0.662, 0.511, 0.479, and 0.279 Mev were 
used to determine the ratios of photo and Compton 
absorption to total absorption as a function of energy. 
Then a curve of total efficiency vs energy was calcu- 
lated** for the desired source distances, using total 
absorption coefficients for Nal with the coherent scat- 
tering removed.” From these data the efficiency curves 
in Fig. 3 were obtained. The functions P(V,k) were 
then calculated by assuming Gaussian photopeaks 
having the experimental half-widths, and rectangular 
Compton distributions extending from zero pulse height 
to the maximum Compton recoil energy. 

Five runs were made with sources ranging from 
2.0107 to 10.5107 K-capture decays per minute. 
These gave x-ray counting rates through the absorbers 
of 0.5X10* to 7.0%10* counts per minute. The data 
from one run are shown in Fig. 4. All runs were weighted 
equally in obtaining the final results. 

The close agreement among runs for which the 
counting rates differed by more than a factor of 10 
gave confidence in the results. However, since discrep 
ancies were encountered when these sources were run 
on our 50-channel analyzer, the question of whether 
the high counting rates in the x-ray channels could 
affect the energy calibration and dead-time of the 
256-channel analyzer was checked in an independent 
experiment. Cd!” sources (22.1-kev x-rays, 87.5-kev 
y ray) were run at counting rates up to 210° counts 
per minute and the peaks were used to check energy 
calibration and intensity ratios. Negligible changes 
were observed at the highest counting rates. 


IV. DISCUSSION OF RESULTS 


The assignment of the 38-hour antimony activity to 
Sb"® seems conclusive in view of its decay to the 
isomeric 23.8-kev state in Sn"*, Further supporting 
evidence exists from a comparison of the beta-decay 
energies observed in this work with the energy system- 
atics of Way and Wood.” Evidence has been obtained 
for the decay energies in two Te-—*Sb-—Sn chains. In 
the 4.5-day chain the energies are ~2.4 and 0.579 Mev, 
respectively, and in the 6.0-day chain they are <1.02 
and 2.63 Mev." If the 4.5-day chain is assigned mass 
119 and the 6.0-day chain mass 118, a very consistent 
picture is obtained. ‘The only other neutron-deficient 
nuclide at all likely to occur in our methods of pro 
duction would have mass 117. 


27M. I. Kalkstein and J. M. Hollander, University of Cali 
fornia Radiation Laboratory Report UCRL-2764 (1954), (unpub 
lished). 

28 Bell, Davis, Hughes, Jordan, and Randall, Oak Ridge Na 
tional Laboratory Physics Department Quarterly Report ORNL 
1415, 1952 (unpublished); B. Kahn and W. S. Lyon, Nucleonics 
11, No. 11, 61 (1953) 

2G. R. White, National Bureau of Standards Report NBS 
1003, 1952 (unpublished) 

* K. Way and M. Wood, Phys. Rev. 94, 119 (1954) 

3 Lindner, Mann, Olsen, and Howland (unpublished work). 
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Fic. 5. Kurie-type plot of the IB spectrum in Sb". The data 
from 5 runs were averaged to obtain this curve. Similar plots 
were made for each run separately 


The log ft value of 5.0” characterizes the electron 
capture decay as allowed. This is consistent with the 
spin and parity predictions from the shell model, 
which also predicts that the decay should go entirely 
to the 23.8-kev state. With this assumption a total 
from 
coincidence data and crystal geometries. It turns out 


conversion coefficient can be calculated our 
that a comparison of these results, and those from the 
permanent magnet spectrograph, with theoretical L 
shell conversion coefficients proves that the decay 
goes predominantly through the 23.8-kev state. 
Referring to Fig. 1, the singles and coincidence 


counting rates are, for detection efliciencies of 100%, 


(3) 


where JN is source strength, @ is crystal geometry, wx is 
K-shell fluorescence yield, and K, L, y, and e are the 
number of A-electron captures, L-electron captures, 
gamma rays, and conversion electrons, respectively. 
When one uses the value L/K 


give the total conversion coefficient 


0.135," these equations 
e/y¥<6.34+04. 
The equal sign applies if our assumption of 100% 
When 


this result is compared with the theoretical values (see 


decay through the 23.8-kev state is correct 


35 (1951) 
Haxel 


#2 S.A. Moskowski, Phys. Rev. 82, 

%M.G. Mayer, Phys. Rev. 78, 16 (1950); 
Suess, Phys. Rev. 75, 1766 (1949) 

AM. I. Rose, in Beta- and Gamma-Ray S pectroscopy, edited by 
K. Siegbahn (Interscience Publishers, Inc New York, and 
North-Holland Publishing Company, Amsterdam, 1955), Ap 
pendix TV, p. 905 

# H. Brysk and M. FE. Rose, ORNL-1830 (1955) 


Jensen, and 
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kev 
ric. 6. The IB spectrum in Sb". Curve A: Total spectrum. 
Curve B: Spectrum accompanying capture from S-states, con 
structed from the linear extrapolation in Fig. 5. Curve C: Spec- 
trum accompanying capture from P- states. See text for comment 
on the validity of this breakdown of curve A. 


Table 1), it is seen that the radiation must be predomi- 
nantly M1 or £1. But £1 is ruled out by the beta 
spectrograph data. If the theoretical value of 4.4 for 
M1 conversion in the L shell is assumed to apply in 
this case, then the M+N conversion coefficient is 
1.9+0.4. This is in satisfactory agreement with the 
rough estimate of 1.5 that was made by visual obser 
vation of the spectrograph film. 

Irom the ratio of 1 subshell conversion intensities, 
a lower limit of 500 can be placed on the M1/2 
mixing ratio. This places a lower limit of 8X10~° se« 
on the #2 radiative mean life, a factor of ~20 lower 
than the single-particle estimates.*® The M1 radiative 

* M. Goldhaber and A. W. Sunyar, in Beta~ and Gamma-Ray 
Spectroscopy, edited by K. Siegbahn (Interscience Publishers, Inc., 


New York, and North-Holland Publishing Company, Amsterdam, 
1955), Chap. XVI (part IT), p. 453. 
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mean life of (19.5+1.0)10~* sec is ~70 times longer 
than the single particle estimates. 

Each set of data on the IB spectrum was corrected 
from 50 to 500 kev for backscatter, crystal response, 
and absorption, and was plotted in linear form (Fig. 5) 
according to the method of Jauch.’’ The end-point 
energy of the 1S spectrum was found to be 526+ 20 kev. 
The S-capture component was extended to zero energy 
and converted back to the spectrum of the form 
«(1—)*. This spectrum was then subtracted from the 
total to give the spectrum resulting from P capture 
(Fig. 6). The ratio of the total number of IB photons 
from S-capture to the total K-electron capture was 
found to be (1.0640.15)10~. This is in satisfactory 
agreement with the predicted yield of 0.97 10~ from 
Iq. (1) modified by Glauber and Martin’s theory. The 
energy (102 kev) at which the P- and S-spectra have 
equal intensities is in good agreement with the theo- 
retical prediction. The total spread among the five runs 
was 7% in yield and 5% in end-point energy. The 
principal factor affecting the magnitudes of the error 
bars in Fig. 6 was the crystal response correction for 
energies above 200 kev and the absorber correction for 
energies below 100 kev. 

The correctness of this method for separating the P 
and S components in the IB spectrum depends entirely 
on the assumption that the S spectrum has the form 
x(1—.x)*. This is expected to hold for antimony with 
sufficient accuracy to give a meaningful comparison 
between our results and the Glauber-Martin theory. 
More detailed results from the Glauber-Martin theory 


applied to antimony are expected to appear in a later 


paper by these authors.” 
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Photon Self-Absorption and Scattering by the 15.1-Mev Level in C'*} 
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Bremsstrahlung x-rays have been used to excite the 15.1-Mev level in C. The integral scattering cross 
section of 19.0+0.27 Mev mb has been determined by measuring the absolute number by 15.1-Mev x-rays 
scattered. The peak absorption cross section 22.24-2.2 barns has been obtained from a self-absorption experi 
ment. These results combine to give 54.54-9.3 ev for the ground state radiation width and 79+ 16 ev for the 


total width of the level. 


INTRODUCTION 


NUMBER of particle reactions! have been used 

to excite a 15.1-Mev level in C™. This level has 
also been excited by irradiating a carbon target with 
15.1-Mev x-rays? The angular distribution of the 
scattered x-rays is consistent with dipole scattering.® 
Although this level is well above the threshold for alpha- 
particle decay, Kavanagh‘ has found T,,l',<0.5. The 
inhibited alpha-particle decay and the dipole nature of 
the ground-state transition establish this level as be- 
longing to the T=1, J=1+ isobaric spin triad B", 
CN", 

This paper is an account of an experiment in which 
bremsstrahlung x-rays have been used to study this 
level. It contains a description of the methods used to 
determine the peak absorption cross section in the level 
and the integral scattering cross section. The peak ab 
sorption cross section was determined from a measure 
ment of the attenuation of the 15.1-Mev photons 
scattered by a carbon target when a carbon absorber 
was placed in the incident beam. The integral scattering 
cross section was obtained by measuring the absolute 
number of 15.1-Mev photons scattered by a target 
irradiated in a bremsstrahlung beam of known intensity. 
From these two quantities the branching ratio cor- 
responding to ground-state radiative transitions, T',/T, 
and the ground-state radiation width, I',, were obtained. 


EXPERIMENTAL ARRANGEMENT 


Except for some improvements in the shielding around 
both the betatron and the detector, the experimental 
arrangement was the same as the one used in a previous 
experiment.® The arrangement is shown in Fig. 1. 


t This research was supported by the U.S. Air Force, through 
the Office of Scientific Research of the Air Research and Develop- 
ment Command 

'V. R. Johnson, Phys. Rev. 86, 302 (1952); Cohen, Moyer, 
Shaw, and Waddell, Phys. Rev. 96, 714 (1954); Rasmussen, Ree, 
Sampson, and Wall, Phys. Rev. 96, 812 (1954); Bigham, Allen, 
and Almqvist, Phys. Rev. 99, 631 (1955); C. A. Barns and R. W. 
Kavanagh, Phys. Rev. 100, 1796 (1955) 

2 Fuller, Hayward, and Svantesson, Bull. Am. Phys. Soc. Ser 
IT, 1, 21 (1956); E. Hayward and E. G. Fuller, Physica, 22, 1138 
(1956). 

3 J. E. Leiss and J. M. Wyckoff, Bull. Am. Phys. Soc. 
197 (1956) 

4R. W. Kavanagh, Ph.D. dissertation, California Institute of 
Technology, 1956 (unpublished) 

6. G. Fuller and Evans Hayward, Phys. Rev. 101, 692 (1956). 
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The important modifications were: (1) a twenty 
channel pulse-height analyzer was used to take the data, 
(2) the solid angle of the detector was no longer detined 
by the dimensions of the NaI (Tl) crystal but by a 3-inch 
diameter hole through a 5-inch lead plug placed in front 
of it, (3) the Lucite absorber placed between the target 
and detector to remove electrons and low-energy 
photons emitted by the target was made as thin as 
possible (4-8 g/cm?*) to minimize the degradation of the 
scattered photons. 

The pulse-height distribution obtained when a 19-Mev 
bremsstrahlung beam filtered by 97 g/cm? of aluminum 
irradiates a 1.98 g/cm? polystyrene target is given by 
the histogram in Fig. 2. As will be shown later, the 
sharp rise in the pulse spectrum below nine millivolts 
pulse height is not associated with the 15.1-Mev line 
and probably results from multiple processes in the 
target. Based on an extrapolation from the 1.13-Mev 
line from a Zn® source, the peak in this pulse-height 
distribution corresponds to a photon energy near 15 
Mev. The threshold for the production of the carbon 
line is 15.0+0.2 Mev. This threshold is based on the 
energy scale for the betatron determined by observing 
the (y,n) thresholds in Be’, B”, Cu™, and Cu, 

The two experiments described below were per 
formed by using graphite and polystyrene targets and 
absorbers approximately thick. A brems 
strahlung energy of 19 Mev was chosen in order to 


2 g/cm’ 


maximize the number of 15.1-Mev photons scattered 
without introducing appreciable neutron background 
from the C"(y,2)C" process and to eliminate the possi 
bility of feeding the 15-Mev state from higher levels. 
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Fic. 1.4 The"experimental arrangement. 
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Fic. 2. The pulse-height distribution produced in the Nal (T1) 
crystal when a 1.98%-g/cm? polystyrene target was irradiated by 
a 19-Mev bremsstrahlung beam filtered through 97 g/cm? of Al 
rhe solid line represents the extrapolation used to obtain the total 
number of interactions produced in the crystal by 15.1-Mev 
photons 


All runs were monitored in terms of the charge pro- 
duced in the transmission ionization chamber indicated 
in Fig. 1. This charge was collected on a polystyrene 
film condenser, the voltage across which was measured 
with an Applied Physics Corporation Model 30 Vibrat- 
ing Reed Electrometer. 


THE SELF-ABSORPTION EXPERIMENT 


The self-absorption experiment from which the peak 
absorption cross section in the level was obtained was a 
relative measurement. It consisted of observing the 
attenuation of the scattered photons when an absorber 
of the target material was placed in the incident beam. 
‘These data were taken in a series of runs made alter- 
nately with and without the absorber. Each run lasted 
approximately 40 minutes. In the “absorber out” runs 
approximately 150 counts were obtained in each run in 
the 10 to 20 mv region of the pulse-height distribution 
shown in Fig. 2. All runs taken under the same condi- 
tions were consistent with each other within the statis- 
tical uncertainties of the data. 

In addition the attenuation produced by an alumi- 
num absorber placed in the incident beam as well as 
that produced by carbon and aluminum absorbers 
placed in the scattered beam was measured. ‘The results 
of the attenuation measurements are given in Table I. 


Tas_e I, Attenuation measurements. 


Thickness 
g/cm? Absorber Y(A)/¥(O) 
0.5114-0.025 
+01 
+0.05 


+-0.07 


07 C in incident beam 
MZ 


Alin incident beam 1.1 
0.64 
0.81 


Alin scattered beam 
C in scattered beam 


2 

1.62 
13 
7 


‘ 
4 
‘ 
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The attenuations are compared with those to be ex- 
pected from electronic absorption alone. The fact that 
self-absorption was observed when the carbon absorber 
was placed in the incident beam and not observed when 
the absorber was in the scattered beam indicates that 
the level width is small compared to the energy given 
to the recoiling carbon nucleus. At 120° this energy 
is about 30 kev. 

(Juantitatively it follows from Eq. (5) of reference 5 
that the number of photons scattered by a target of 
thickness 7, in which the nuclear scattering cross sec- 
tion is o,(Z) and the nuclear and electronic absorption 
cross sections are, respectively, ¢,(£) and a,, is propor- 
tional to: 


a,(E£) 
v(0)= f I es 
1+¢,(E)/20, 
K[1— enon B) +200) NTI conf) (1) 


The number of pulses registered in the nine channels 
around the peak of the distribution of Fig. 2 have been 
taken as a measure of Y(0). Similarly the number of 
pulses observed in this peak when an absorber of thick- 


TABLE IT. Target and absorber properties. 


Graphite Polystyrene 


1.98 g/cm? 
1.98 g/cm? 
0.758 b 
0.543 4-0.017 


Target 2.07 g/cm? 
Absorber 2.07 g/cm? 
2a, 0.674 b 
1(4)/T(0) 0.529+0.026 


ness A is placed in the incident beam is proportional to: 


e-4g,(E) 
Y(A)=e v8 fax - 
1 + an(E)/20, 


x[1- € (on+20¢)NT/ cosp }. (2) 


The ratio 
Y(A)/ ¥(0)=e-7 7 (A) /T(0) (3) 


has been determined experimentally. The ratios 
1(A)/1(0) calculated from the experimental results are 
shown in Table II along with the properties of the 
targets and absorbers. 

The ratio 7(4)/1(0) may be evaluated by numerical 
integration for comparison with the experiment. It 
depends on the shape of o,(£) as a function of the 
energy and on its maximum value, ¢,’. In the absence 
of thermal Doppler broadening, ¢,() for a single level 
is given by a Breit-Wigner expression : 

n(x) =an'/(1+2”), (4) 
where x= (E—E»)/(41). The curve labelled t=0 in 
Fig. 3 is a plot of 7(A)/J(0) as a function of o,°. This 
curve was calculated numerically for the polystyrene 
absorber and target used. 
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In general the absorption cross section is distorted 
owing to the thermal motions of the target nuclei. The 
resonance is effectively widened and its peak depressed 
by an amount proportional to the ratio of the Doppler 
width, 6, to the level width, '. The Doppler-broadened 
Breit-Wigner cross section obtained by combining the 
single-resonance formula with a Gaussian of width 6 is®: 


On( Xt) =a" dy, (5) 


1 i — (x—y)*/4t] 


2(mt)! 1+y’ 


where (= (6'IT')*. This function is available in tabular 
form’ and has been inserted into the integrals of Eq. (3) 
to obtain the ratios, /(A)/J(0), plotted in Fig. 3 for 
three values of the parameter /. 

The horizontal lines in Fig. 3 represent the most 
probable value and the limit of error of the observed 
ratio [(A)/I(0). For values of ¢ between 0 and 1 the 
observed attenuation is consistent with a peak ab- 
sorption cross section of about 24 barns. A similar set of 
curves calculated for the parameters corresponding to 
the graphite target and absorber gave similar results. 
It will be shown later that values of (>1 do not give 
results consistent with both the self-absorption and 
scattering experiments. 


INTEGRAL SCATTERING CROSS SECTION 


The scattering cross section for a single level cannot 
be determined by the method used in the elastic scatter- 
ing experiment. This is because the spectrum of 








—_ =. Ee ees 


25 30 
° 
Tn BARNS 


Fic. 3. The smooth curves represent the ratio of the integrals 
1(A)/1(0) as a function of the peak absorption cross section in the 
levels for three values of the parameter t= (6/I')*. The horizontal 
lines represent the most probable value and limits of error obtained 
for this ratio from the observed transmission. 


6H. A. Bethe, Revs. Modern Phys. 9, 71 (1937), Sec. 61. 

7 Rose, Miranker, Leak, Rosenthal, and Hendrickson, Westing 
house Atomic Power Division Report SR-506, 1954 (unpublished), 
Vols. I and II. 
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scattered photons, consisting of a sharp well-defined 
line, is very different from the incident continuous 
bremsstrahlung spectrum. 

From Eq. (5) of reference 5 it can readily be shown 
that the number of photons scattered will be given by*: 


AQ n(15) a,(E) 
foe 1 
13.3 2a 1+o,(F)/20, 


€ lont2ae) NT/ conf } 


AQ n(15) 
FtO);. (6) 
13:5 204 


In this expression AQ is the solid angle for detecting a 
photon scattered at 120°; the number 13.3 is the ratio 
of the total cross section to the differential cross sec 
tion at 120° for an angular distribution of the scattered 
radiation varying as (1-+-cos*@); 2(15) is the number of 
15.1-Mev photons per Mev incident on the scattering 
target. The determination of the scattering integral then 
required the absolute measurement of C, (15), and 
AQ. 

The solid angle, AQ, was taken to be the geometrical 
solid angle for a photon scattered by a point at the 
center of the beam on the front surface of the target. 
This solid angle was 0.0344 steradian. The use of this 
figure was justified by two experiments. A small radio 
active source scanned across the surface of the target 
showed that to within the statistical accuracy of the 
measurements (+2%) the average solid angle over the 
target area was equal to the solid angle for detecting 
a photon scattered at its center, It was also shown with a 
standard Co® source that this solid angle is within 5% 
the geometrical solid angle. 

‘The number of 15.1-Mev photons scattered into AQ 
is the number of interactions they produce in the crystal 
divided by the detection efficiency. The efficiency is the 
product of the fraction of the photons that are not re 
moved by the Lucite absorber of thickness D, e *"”, 
and the probability that an interaction does take place 
in the Nal(TI) crystal of length Z, 1—exp(—yn atZ). 
The attenuation of the scattered 15.1-Mev photons was 
measured as a function of the thickness of Lucite placed 
in the scattered beam. These data showed that no 
appreciable error was made by using the narrow beam 
absorption coefficient in calculating the number of 
photons that pass through the Lucite absorber. 

The number of interactions in the crystal produced by 
15.1-Mev photons was determined from the pulse-height 
distribution shown in Fig. 2. When a carbon absorber 
was placed in the incident beam the pulses larger than 
nine mv were attenuated in the same way as those in 
the peak of the distribution and are therefore associated 
with the 15.1-Mev line. The large number of smaller 
pulses were not absorbed in the appropriate way and 
must result from multiple processes in the target. ‘The 
solid line in Fig. 2 represents the extrapolation used to 


* The cos@ factor in the denominator of Eq. (5) of reference 5 
is in error. The cross sections given there are 13% too high. 
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Vic. 4. The peak absorption cross section, a,", as a function of t 
as derived from the two experiments. The points at t= 0, 0.5, and 1 
have been read from the curves of Fig. 3. The smooth curves are 
plots as a function of ¢ of the expression 


o | 2 Vv! of ; ; 
a» E ; rx fodt | : 


The experimental value of the integral scattering cross section 
and its limits of error have been used to obtain the three curves 
The cross-hatched area is that consistent with both the integral 
scattering cross section and the self-absorption measurements 


obtain the total number of interactions. The slight rise 
in the pulse-height distribution near 12 mv represents 
not more than ten percent of the scattered photons. It 
probably results from 12.8- and 10.7-Mev photons pro- 
duced in elastic scattering by the 12.8-Mev level* and 
inelastic transitions from the 15.1- to the 4.43-Mev level 
in C”. The extrapolation has been made to exclude this 
contribution and the integral scattering cross section 
obtained therefore corresponds only to elastic scattering 
events. 

The determination of n(15) was made by calibrating 
the transmission ionization chamber used to monitor 
the exposure in terms of the absolute response of a 25-r 
Victoreen thimble chamber in an }-in. Pb cap."® The 
number of photons per Mev at 15 Mev was obtained 


* Gove, Litherfield, and Almqvist, Bull. Am. Phys. Soc. Ser. II, 
2, 51 (1957); C. N. Waddell (private communication). 

National Bureau of Standards Handbook 55 (U.S. Govern- 
ment Printing Office, Washington, D. C. 1954). This calculated 
response has been checked experimentally to within 5% at 22 Mev 
calorimetrically (Laughlin, Beattie, Henderson, and Harvey, Am. 
J. Roentgenol. Radium Therapy, Nuclear Med. 70, 294 (1953) ], 
and at 19 Mev by E. G. Fuller (unpublished data) using the total 
spectrum method [Koch, Leiss, and Pruitt, Bull. Am. Phys. Soc. 
Ser. II, 1, 199, (1956). 
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from the 19-Mev Schiff spectrum as tabulated by 
Penfold and Leiss" after normalizing this spectrum to 
the intensity used in the scattering runs and correcting 
for the attenuation in the 97 g/cm? of aluminum filter 
used in the incident bremsstrahlung beam. 

From Eq. (6), since ¢,<“<o,, it can be seen that if 


‘o»(E) is the same function of energy for polystyrene 


and graphite, then the product No, will be constant 
when one target is substituted for the other. The product 
No, was found experimentally to be the same within 
+ 3%,. This result implies either that the Doppler width 
is the same for the two materials or that it is small com- 
pared to the level width, I’. 

Combining the measured quantities for polystyrene 
and graphite gives (9.5+1.3)X10~° Mev-b for the 
scattering integral, 7(0). The quoted error results from 
counting statistics +3%, monitor calibration +8%, 
determination of the solid angle +5%, and extra- 
polation of the pulse-height distribution +-10%. 

The quantity which is of interest theoretically is not 
the experimentally determined scattering integral /(0), 
but the actual integral scattering cross section, f'o,(£) 
dE. The ratio, R, of fo,(E)dE to 1(0) depends both 
on the size of the nuclear absorption cross section and 
on its energy dependence. This ratio has been evaluated 
for the three values of / used in the analysis of the self- 
absorption experiment and for the corresponding values 
of a," derived from the observed attenuation. The values 
obtained center around R= 20 and vary by only 3% 
over the range of ¢ considered so that f'o,(£)dE= 1.90 

+(0).27 Mev-mb. 


ANALYSIS OF THE DATA AND DISCUSSION 


The value of the peak absorption cross section derived 
from the experimental data as presented in Fig. 3 
depends on the value of the parameter ¢ assumed. ‘The 
range of values of ¢,° and / consistent with both the self- 
absorption and scattering experiments were found in 
the following way: Values for the peak absorption cross 
section, g,’, consistent with the self-absorption experi- 
ment have been read from the curves of Fig. 3 for the 
three values of ¢ given in Fig. 3. Similar values were 
obtained from the graphite data. For each value of ¢ the 
value of ¢,.” obtained from the polystyrene and graphite 
data agreed well within the experimental errors. The 
two sets of data were then averaged to obtain a value 
for the peak absorption cross section at each value of ¢. 
These points are shown in Fig. 4. 

The integral scattering cross section may also be 
expressed in terms of o,° and t: 


a Ty 
foenar = T'—v,° 


zr 


oy 6 (o,°)? 
2\/t Orx* / 


since I',/I'=o,,."/6\ for a dipole transition. The smooth 


" A. S. Penfold and J. E. Leiss, Phys. Rev. 95, 637 (1954). 
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curves in Fig. 4 are a plot of o,° versus t where the ex- 
perimental value of /o,dE and its limits of error have 
been used to obtain the three curves.” The cross- 
hatched area is that consistent with the two experi- 
ments. 

The best value of the peak absorption cross section 
consistent with both experiments is 22.2+2,2 barns. 
This result was obtained from Fig. 4. The branching 
ratio is then: T,/f!'=o,°/or\?=22.2/32=0.6940.07. 
The ground state radiation width, I',, may be obtained 
from Eq. (7) by combining ¢,° with the measured value 
for the integral scattering cross section. ‘The result, 
r',=54.5+9.3 ev, may be compared to the single- 


2Tn calculating o,° from this expression a value for 6 of 45 
electron volts was assumed. This is the value of the Doppler 
width given by the mean energy of the carbon nuclei in the 
diamond lattice. The mean energy was calculated from the fre- 
quencies of the diamond lattice given by H. M. J. Smith (Trans. 
Roy. Soc. (London) 241, 105, (1948) ]. The value of the Doppler 
width obtained in this way is probably an upper limit. A lower 
limit would be 31.6 electron volts; the value corresponding to a gas 
of carbon atoms at room temperature. The upper limit was used 
since in the targets used the mean energy of the carbon nuclei 
will be determined chiefly by the presence of the carbon-carbon 
bond [E. Montroll (private communication) ]. Fortunately, the 
value of o,° derived from a plot such as given in Fig. 4 is not 
sensitive to the exact value assumed for 6. 
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TABLE III. Properties of the 15.1 Mev, 7=1, J=1+-levelin C¥, 


Radiation width to the ground state 
of C# 

Total level width 79 

Radiation width to the 4.43-Mev 
state of C# 

Alpha particle width to the 2.9-Mey 
state of Be 


54.54 9.3 ev 
t16 ev 


<5.5+ 0.9 ev 


(18.6 <q <24.5)+8.2 ev 


particle radiation width of 65 ev given by Moszkowski." 

The 15.1-Mev level in C” also decays by gamma-ray 
emission to the 4.43-Mey state in C” and by a-particle 
emission to the J=2* state in Be*, (Decay to the 0* 
ground state of Be® is forbidden.) From the pulse- 
height distribution of Fig. 2 an upper limit of ten per- 
cent may be placed on the branching ratio to the 4.43 
Mev level, I'4.43/I'y <0.1. If one assumes no transitions 
to the 4.43-Mev state in C”, these data give as an upper 
limit for alpha-particle decay, l/l’, <0.45+0.15. This 
result is consistent with the upper limit of 0.5 given by 
Kavanagh.’ ‘The properties of the 15.1-Mev level in 
C” obtained from this experiment are summarized in 
Table IL. 

48S. A. Moszkowski, Bela- and Gamma-Ray S pectroscopy, edited 


by Kai Siegbahn (Interscience Publishers, Inc., New York, 
1955), p. 373 
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A previous study of anomalous inelastic scattering is extended to include heavy elements, higher excitation 


energies of the final nucleus, and deuterons from (,d) reactions. The energy distributions of protons inelas 
tically scattered from each of the principle isotopes of lead and from bismuth are very similar; there are 
seven relatively well-defined groups with the same energy, cross section, and angular distribution. All 


elements studied with atomic number above 40 have prominent groups with L, 


E,’~2.5 Mev. The 


deuteron energy distributions from (p,d) reactions in Bi and Pb isotopes are very similar (five prominent 
groups with the same energy and similar cross sections) in spite of differing Q values. There are also strong 
similarities in the deteron spectra from Au and Pt, and from Pd and Ag 


INTRODUCTION 


N a previous paper! (hereafter referred to as A), one 

of us presented a survey of the energy distributions 
obtained from the inelastic scattering of 23-Mev 
protons from a number of elements between Z-26 and 
92. The most unexpected results of this survey were the 
appearance of a rather sharply defined energy group 
with negative 0 between 2 and 3 Mev in all elements 
with Z=40 to 52, and of a more complicated but still 
sharply defined energy group structure in the elements 
with Z=26—30 extending up to ~—Q=5 Mev. nA 
these features were studied in detail, and the energies, 


, 


* Cooperative student from Drexel Institute, Philadelphia, 
Pennsylvania. 


1B. L. Cohen, Phys. Rev. 105, 1549 (1957). 


cross sections, and angular distributions of these groups 
were found to exhibit very striking regularities as a 
function of mass number. In this paper the study is 
extended to include both heavier elements and higher 
negative QO values. 

In A, the most striking feature among the heavy 
elements was the sharp structures in the spectra from 
Pb and Bi, and the almost perfect similarity of these 
two elements. This effect was therefore studied in more 
detail by the use of targets enriched in each of the three 
major isotopes of Pb. In the course of the extension to 
higher negative Q values, it was found that, contrary 
to the assumptions’ and findings* of previous workers, 


2P. C. Gugelot, Phys. Rev. 93, 425 (1954), 
+R. M. Eisberg and G. Igo, Phys. Rev. 93, 103 (1954) 





996 B. COHEN 


there is a relatively high intensity of deuterons from 
(p,d) reactions. These were therefore separated from 


the protons, and their energy distributions were studied 


in some detail. 

In the deuteron studies it was found that groups with 
the same energy, rather than those corresponding to 
the same reaction Q value, exhibit regularities in energy 
and cross section as a function of mass number, so that 
the quantity Z,— £4, the difference in energy between 
the incident proton and the outgoing deuteron in the 
center-of-mass system, is used as the energy parameter. 
In conformity with this notation, the energy parameter 
in the inelastic proton scattering is taken as E,—E,’; 
this is numerically identical with the negative Q value 
used in A. 


EXPERIMENTAL 


‘The experimental! method consisted, briefly, of passing 
a collimated and energy-analyzed 23-Mev proton beam 
from the ORNL &6-inch cyclotron through thin targets 
of the elements being studied, and detecting the reaction 





DEUTERON 


SPECTRUM 














f é 


, pa (Mev) 


Fic. 1, Pulse-height distribution in a Nal(T]) crystal of par 
ticles emitted at 60° from a bismuth target. Curve a was taken 
with the detector covered by a 227-mg/cm? aluminum absorber. 
The dashed line shows the curve corrected for the inelastic ally 
scattered protons from carbon and oxygen contaminants, Curve 6 
was obtained with no absorber. The dashed line is the proton 
spectrum from curve @ corrected for the nonlinear energy scale. 
The solid line, labeled “deuteron spectrum,” was obtained by sub 
traction of the dashed curve from the original curve. 
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products with a NaI(TI) scintillation crystal; a 20- 
channel pulse-height analyzer was used. Most data was 
obtained at a detection angle of 60° although a number 
of checks were made at 45°, 90°, and other angles. The 
Bi, Pb isotope, and Th targets were about 15 mg/cm? 
thick, and all other targets were between 5 and 8 mg/cm’. 
The proton spectra were obtained by covering the 
detector with a 227 mg/cm? aluminum absorber; this 
degraded the deuteron energy sufficiently to allow 
measurements up to E,—E,’=9.3 Mev for all elements 
studied. It was necessary to make corrections for the 
elastic and inelastic groups from carbon and oxygen 
contamination in the Bi, Pb isotope, and Th targets. 
This was done by measuring the carbon and oxygen 
spectra with a Mylar target and by determining the 
relative amounts of these elements in the target under 
consideration and in the Mylar by measuring their 
elastic peaks at angles where these peaks are well 
separated from others in the spectrum. These latter 
measurements were made at 90° for carbon and at 75° 
for oxygen. A typical inelastic proton energy distribu- 
tion (for Bi) is shown in Fig. 1(a). 

The deuteron spectra were obtained by measuring 
the pulse-height distributions with no absorber over 
the detector, and subtracting off the proton spectra. 
An example of this procedure is shown in Fig. 1(b). In 
addition, a measurement was made with a 49 mg/cm? 
absorber to determine the contribution from alpha par- 
ticles (it was negligible in all cases) and to ascertain 
that the peaks assigned as due to deuterons were shifted 
by the proper amount (approximately 1 Mev) relative 
to the proton spectrum. 

Energy scale calibrations were made frequently with 
the elastic and inelastic proton groups from carbon and 
oxygen; the corrections to the energy scale calculated 
by assuming a linear pulse height vs energy relationship 
for Nal(Tl) and using corrected‘ range energy curves® 
was never more than 0.3 Mev. This rather accurate 
maintenance of an energy scale represents an improve- 
ment over the work reported in A. It was achieved by 
analyzing the energy of the proton beam from the 
cyclotron with a wedge magnet, and by using moderate 


TABLE I. Proton groups from Bi and Pb isotopes. 


Bim Pb™ 

da/dQ da/dQ 
(mb/  Ep—Ey’ (mb/ = Ey—Ep’ (mb E, —E,’ 
sterad) (Mev) sterad) (Mev) sterad) (Mev) 


Pb™’ 
da/dQ da/dQ 

(mb/ 

sterad) 


Pb™ 


Ey —E,’ 
(Mev) 


a0 
AS 
1.39 
~1.0 
1.51 
1.30 
~1.0 


2.6 2} aa 2.6 2.4 
~*.7 Km AS 3.6 AS 
1.45 id 1.39 4.2 1.42 
A).7 4. t 49 ~1,2 
1.68 : Rf 5.4 | & f 
1.30 y / 6.6 1.4 
~1.1 ; j 74 ~1.2 


rs 


? 


SDM & wh 


Sm BBW e OD 
mn 


NAMM S WH 
nus 


rs 


‘H. Bichsel and R. F. Mozley, Phys. 
private communication via R. W. Peele. 

® Aron, Hoffman, and Williams, U. S. Atomic Energy Commis- 
sion Report AECU-663 (unpublished). 


Rev. 90, 354 (1953); also 
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Fic. 2. Energy distribution of protons inelastically scattered 
from elements Z—78-90. Ordinates for each curve are displaced 
arbitrarily. Data were corrected for contributions from carbon 
and oxygen contamination. The detection angle is 60°. 


(1000 total counts per second), and uniform counting 
rates. The scintillator resolution was somewhat improved 
relative to that in A; at one time it was as good as 1.5% 
full width at half-maximum for the elastic protons 
(about 7.5% for Cs'®* gamma rays). It was maintained 
near this level for the work on Bi and the Pb isotopes, 
but it degenerated to 2.0-2.5% for the rest of the work 
even though the crystal was remounted several times 


RESULTS 
Bismuth and Lead 


The proton energy spectra from Bi and the Pb iso 
topes are shown in Fig. 2. The almost perfect similarity 


among the four spectra is very strikingly obvious; the 
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Energy distribution of deuterons from (p,d) reactions in 

Bi and in Pb isotopes. The detection angle is 60", 
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only clear differences are in the uniform energy shifting 
of two minor peaks from 3.7 Mev to 3.3 Mev, and from 
5.0 Mev to 4.7 Mev, and a gradual broadening of the 
6.5-Mev group as the mass number increases. ‘The rela 
tively large widths indicate that the 5.4-Mev and 
6.5-Mev peaks are not due to single monoenergeti« 
groups. On the other hand, the 2.6-Mev and 4.2-Mey 
peaks do appear to be 
resolving power of the detection system. For purposes of 


assigning cross sections, it was assumed that each peak 


monoenergetic, within the 


is due to a monoenergetic group with a width equal to 
that of the 2.6-Mev groups; the values obtained are 
listed in Table I. Because of the above assumption, the 


sum of the listed cross sections is only about 75%, of 
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TABLE IT. Deuteron groups from Bi and Pb isotopes. 


hime Phe 
Fa (Mev) 


Harvey 


Ky ~ Ha (Mev) da/da Ky 
Harvey 


da/da 


Observed (mb/sterad Observed 


5.1* 1.7 
5 & 7 
6.2 
7.0 
7.4 
rA ) 
Total to 9.3 Mey 


* Ground state group 


the area under the curves; however, Table I serves to 
illustrate the point that the similarity between the 
four isotopes extends to the absolute cross sections. 
With one or two possible exceptions, all deviations are 
within the experimental error. 

In addition to the groups listed in Table I, runs at 
90" indicated a group with (4,—,')=1.0, 1.2, 1.4, 
and 1.6 Mev in Bi™, Pb”®*, Pb’, and Pb”®, respectively. 
‘The ratio of the cross sections for these groups to those 
for the 2.6-Mev groups is approximately 0.33, 0.11, 
0.15, and 0.143, respectively. The appearance of this 
group in Pb** is especially surprising since the 2.6-Mev 
level is widely believed to be its true first excited state. 
Such a group could conceivably arise as an elastic group 
from an impurity such as silicon, but a spectrographic 
analysis indicated that the amount of silicon present 
was far too small. In addition, the regularity of the 
energy shift with mass number strongly suggests that 
these are true proton groups. This matter will be 
investigated further. 

The deuteron spectra from Bi and the Pb isotopes are 
shown in Fig. 3. All groups appear to be monoenergetic 
except the group at £,— £yc~6 Mev, which is obviously 
double in Bi and appears to be double in the Pb isotopes. 
‘The energies and cross sections for the various groups 
are listed in Table IL. The cross sections were corrected 
for isotopic abundances in the various targets. Groups 
a to d were observed by Harvey® in (d,t) reactions, and 
he was able to resolve groups ¢ and d. He also observed 
a few addition al higher energy groups with very small 
cross sections, but these do not appear to correspond to 
groups e, /, and g of ‘Table Il. His energy values are 
listed in Table IL; the agreement with the present work 
is within experimental error. 

While the similarity between the four isotopes is not 
as perfect as in the (p,p’) case, it is nevertheless over 
whelmingly obvious. The fact that the QV values vary 
by 1.4 Mev seems to be evidenced only by the fact 
that groups which are energetically forbidden are 
missing. The principle other dissimilarity is that the 
cross sections for some of the Pb®’ groups, especially 
b and /, are lower than for the other isotopes. Also, 


group ¢é is appreciably weaker in Bi®™ than in the 


* J. A. Harvey, Can. J. Phys. 31, 278 (1953). 


(mb/sterad) 


Pb 
Ey ~ Ea (Mev) 
Harvey 


Pb™7 
Ey, — Ea (Mev) 
Observed (mb/sterad) 


4.3" 0.26 
5.2 0.50 


5.6 4 
9 2.9 


5 
7.1 0.83 
eS 0.40 
&.9 0.5 

5.4 


da/daQ 
(mb/sterad) 


da/da 


Harvey Observed 


others. It is quite clear the the similarities between the 
four isotopes would be essentially destroyed if the Q 
of the reactions were used as the abscissa in Fig. 3. 
While angular distribution measurements were con- 
sidered to be beyond the scope of this paper, some 
indication of the behavior of the angular distributions 
may be seen in Fig. 4. This is a plot of the pulse- 
height spectrum from Bi at various angles with no 
absorber. At each of five peaks, two due to protons and 
three due principally to deuterons, the height of that 
peak for each of the Pb isotopes is indicated, It is 
immediately clear from Fig. 4 that the angular distri- 
butions of all parts of the spectrum are strongly peaked 
in the forward direction. It is perhaps surprising to note 
that the forward peaking is even stronger for the 
protons (including the low-energy continuum which is 
predominantly protons) than for the deuterons. This is 
notably true for the 3.1-Mev group which increases by 
a factor of 20 from 60° to 30° whereas the general 
increase is only by a factor of 5. While a large number 
of minor exceptions may be noted, it seems to fair state 
that the very striking similarity among the four isotopes 
considered here extends also to the angular distributions. 


Platinum, Gold, and Thorium 


The energy distribution of the inelastic protons from 
Au, Pt, and ‘Th are shown in Fig. 2. The Th spectrum 
could not be reliably extended to higher energies 
because of the large corrections for C and O contami- 


TABLE IIT. (p,p’) cross sections 


da/dQ at 60° (mb/sterad) 


**2.5-Mev" Total to 
group 9.3 Mev 


11.3 
10.0 
12.4 


Atomic No, klement 


26 Ke 
27 Co 
28 Ni 
29 Cu 10.4 
4) Zn 10.0 
46 Pd . 9.7 
47 Ag ) 10.4 
78 Pt 8.2 
79 Au 9.2 
82 Pb 13 
&3 Bi 13 
Th 8.8 
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nation, and in fact, the peak at 2.5 Mev is not obvious 
until a correction for C is applied. However, data at 
45°, where the C peak does not interfere, corroborate 
the existence of this peak. 

The only major feature in the proton energy spectra 
from Au, Pt, and Th is the peak at 2.5 Mev. In all cases it 
seems somewhat too broad to be due to a monoenergetic 
group. The cross section for this peak is listed in Table 
III, along with the cross sections for the strong groups 
at about this energy in other elements. The total cross 
section for inelastic scattering with an energy loss less 
than 9.3 Mev is also given. It is seen that, while the 
cross section for this group is somewhat less than in Pb 
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Fic. 4. Pulse-height distribution from a bismuth target at 
various angles of detection. Ordinate scale is same for all curves 
Pointers indicate position of corresponding peaks in spectra from 
the Pb isotopes. Peaks a and 6 are due to protons and peaks c, 
d, and ¢ are due principally to deuterons. 
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hic. 5. Energy distributions of deuterons from (p,d) reactions 
in Pt, Au, and Th. GS represents the ground-state group from the 
indicated isotope. The detection angle is 60 


and Bi, it is still about the same fraction, about 200%, 
of the total (p,p’) cross section up to 9.3 Mev 

The high-energy portion of these spectra seems to be 
quite smooth, at least relative to Bi and Pb. Some non 
uniformities do seem, however, to be greater than 
would be expected from experimental error 

The deuteron spectra from Pt, Au, and Th are shown 
in Fig. 5. 
characterized by two very strong groups with approxi 


similarity is especially striking for Pt and Au, where the 


In each case, the spectrum seems to be 
mately the same cross sections for each element 


peaks also occur at the same energy. The other groups 
shown resolved are the ground-state groups whose 
location is known from other data,’ principally from 
(y,2) thresholds 

As in the case of Pb and Bi, the strong similarity 
between the neighboring elements Pt and Au would 
disappear if the abscissa were taken as the Q value of 
the reaction. There is at least some similarity between 
the Pt and Au spectra and the Pb and Bi spectra shown 
in Fig. 3. The strong groups at 6.3 Mev, and the weaker 
ones at 7.1 and 8.3 Mev might be related to the strong 
Pb-Bi groups at 6.1 Mev, and the weaker ones at 7.1 
and 7.8 Mev. ‘There are, however, large differences in 
the cross section, both absolute and relative. The peaks 
in the spectrum from ‘Th are shifted by about 1 Mey 
from those in Pt and Au. This is not unexpected since 


Th differs by 11 atomic numbers from these. 


Palladium, Silver, and Lighter Elements 


The proton spectra from Pd, Ag, Co, Cu, Fe, Ni, 
and Zn show little structure other than that already 
A, where the resolution was somewhat 
in Table IIL; it is 
2.5-Mev groups” represent a somewhat 


dese ribed in 
better. The cross sections are liste 
seen that the “ 


7J. P. Elliott and A. M. Lane, in 
(Springer-Verlag, Berlin, to be published) 


Handbuch der Physik 
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Kio. 6. Energy distribution of deuterons from (p,d) reactions in 
Ag and Pd. See caption for Fig. 5. 


larger fraction of the total cross section in Pd and Ag 
than in the heavier elements. 

The deuteron spectra from Pd and Ag are shown in 
Vig. 6. Here again they are featured by strong, ob- 


viously double, peaks at about the same value of 


(E,— Ea) and with 
about the same cross sections. The cross sections under 
these peaks are about 0.65 mb/sterad in each case, 
which is considerably less than in the heavy elements. 


No study was made of (p,d) reactions in the lighter 


but not at the same Q value 


COHEN AND S. W. 


MOSKO 


elements because their relatively high thresholds would 
necessitate different techniques. 


DISCUSSION 


The most interesting result of this work is the great 
similarity between both the proton and deuteron 
spectra from Bi and the isotopes of Pb. Harvey® 
explained the similarity between the (d,) triton spectra 
from these nuclei by using the shell model and neglect- 
ing interactions between the various subshells of the 
major shell which closes at 126 neutrons. This assump- 
tion is highly dubious in the light of recent shell-model 
calculations which require taking into account all 
interactions of this type’ to obtain even an approximate 
agreement with experiment. Furthermore, Harvey’s 
explanation would not cover the inelastic proton situ- 
ation, where the similarity between these nuclei is even 
more complete. 

It begins to appear that the general characteristics 
of anomalous inelastic proton scattering may be due to 
some generalized property of nuclei, such as the nuclear 
potential,® rather than to the specialized level structures 
of the particular nuclei. This is suggested by the very 
choice of £,—£,' and E,— EF, as energy parameters, by 
the occurence of the ‘2.5-Mev group” for all heavy 
elements studied, and by the similarities in both proton 
and deuteron spectra for neighboring elements. This 
explanation is also supported by the fact that the 2.5- 
Mev group is sharp in some elements (Pb,Bi), appar- 
ently double in others (Z= 40-52), and quite diffuse in 
still others (Pt, Au, and Th). There is certainly nothing 
in shell-model level structures that can explain these 
regularities. Conventional collective-motion explana- 
tions also have several serious difficulties. 

One difficulty with explaining these data as due to 
the nuclear potential is in the virtual disappearance of 
structure at high energies in going from Pb to Au. 
This could be an effect of nonsphericity in nuclei away 
from closed shells. 

This paper concludes the survey study of anomalous 
inelastic scattering and (p,d) reactions which has been 
performed with scintillation detectors. A magnetic 
analyzing system is now being constructed ; its use will 
improve the energy resolutions by an order of mag- 
nitude, and should thus clarify matters very consider- 
ably. 

The authors would like to acknowledge the assistance 
of FE. L. Olson and M. B. Marshall in various phases of 
equipment maintenance, and the cooperation and 
encouragement of R.S. Livingston and A. M.Weinberg. 
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A search was made for isomeric 


microseconds and 


transitions were found and identified as follows: Tb'*, 50 kev </ 
E3-. Er'65.167, of 169° 913 kev, 2.5+0.1 sec, 


Ho'®, 305 kev, 0.8+0.1 sec, 


less than ~30 minutes which arise in the decay of photoexcited nuclei 


1956) 


transitions in the rare-earth elements with half-lives greater than 5 


Four rsomer 
200 kev, 11.04-0.1 sec, M3 or E3; 
K3; Lu'™, 133 kev, 75+2 psec, 


2. These results are compared with the predictions of the nuclear models which have been proposed by 


Nilsson and Gottfried. 


I. INTRODUCTION 


N a previous paper! a method was reported for 

finding isomeric transitions which arise in the decay 
of nuclei which have been excited by the x-radiation 
from the 75-Mev Iowa State College synchrotron. The 
purpose of this paper is to report on the results of the 
continuation of the search for isomeri 
region of strongly deformed nuclei. The search of this 


states in the 


region was undertaken because of the current interest 
in the nuclear models proposed by Nilsson®* and 
Gottfried* which apply to nonspherical nuclei. These 
models have had considerable success in explaining the 
ground state spins and parities of the nuclei in the 
region 150<A<190. It would be of further interest to 
test these models for their ability to predict spins and 
parities of low-lying, single particle excited states. La 
and all of the rare-earth elements, except Eu and Pm, 
were nuclei 
represent a considerable portion of the region for which 
Nilsson’s and Gottfried’s valid. A 
knowledge of the energy, lifetime, and conversion 
coefficient of the 
assign a spin difference between the ground state and 


used in this investigation since these 


calculations are 


isomeric transition is sufficient to 


the excited state. 
II. EXPERIMENTAL PROCEDURE 


The apparatus has been described in detail in a paper 
by Bureau and Hammer. The targets used in the initia] 
search were 1 to 1.5 grams of the rare-earth oxide 
pressed into a disk 1.2 inches in diameter. The disks 
were then mounted in a thin Lucite holder 0.025 inch 
thick and covered with 0.001 inch of aluminum foil. 

The energy and short half-life measurements were 
made as previously described! by counting between 
beam bursts. However, for activities with half-lives 
greater than 10 milliseconds, the beam was turned on 
for a given number of cycles, then turned off for a given 
number of cycles. The phototube in this case was 
5 milliseconds after the last 


turned on about beam 


* Contribution No. 517. Work was performed in the Ames 
Laboratory of the U. S. Atomic Energy Commission. 

1A. J. Bureau and C. L. Hammer, Phys. Rev. 105, 1006 (1957). 

2S. G. Nilsson, Kgl. Danske Videnskab. Selskab, Mat.-fys. 
Medd. 29, No. 16 (1955). 

+B. R. Mottelson and S. G. Nilsson, Phys. Rev. 99, 1615 (1955). 

‘Kurt Gottfried, Phys. Rev. 103, 1017 (1956). 


burst and remained on for some desired time interval 
The half-lives were measured using either a successively 
longer counting time interval or using an events per 
unit time counter which records the counts in successive 


one-second intervals. 


III. RESULTS 


Isomeric transitions were found for the following 
cases: Tb, Ho, Er, and Lu. These cases will be discussed 
separately. All of the data from the Lu was obtained 
using the original oxide target, but the data from the 
other three elements were obtained using pure metal 


targets. 


A. Terbium 


The spectrum of the activity obtained by bombarding 
a Tb target is shown in Fig. 1. The prominent peak is 


M-RAY 





PULSE HEIGHT 


hic. 1. Terbium activity. This is a spectrum that was plotted 
automatically by the pulse-height analyzer. The prominent peak 
is the Th K x-ray. No other gamma rays could be detected 
above the background. 
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hic, 2. Critical absorption of the Tbh K x-ray. The dashed line 
is the expected transmission curve for the Gd x-ray and the solid 
line is the expected transmission curve for the Tb x-ray. The 
error flags represent statistical errors only. 


the Tb x-ray while the smaller peak just above the 
x-ray is due to the background. No gamma rays could 
be detected above the background. 

The half-life was measured as previously described 
(over a time interval of five half-lives) and was found 
to be 11.0+-0.1 se 

The experimental data could result from two different 
decay schemes. One 11-sec 
transition in Tb that is very highly converted, and the 
other would be an electron capture transition to the 


would be an isomeric 


ground state of a Gd isotope. In the former case the 
Tb x-ray would be observed, while in the latter case 
the Gd x-ray would be observed. One can distinguish 
between the two by using critical absorbers. The results 
are shown in Fig. 2. The dashed line is the expected 
transmission curve for the Gd x-ray as a function of 
the Z of the absorber and the solid line is the expected 
transmission curve for the Tb x-ray. The results show 
that the x-ray is indeed the Tb x-ray and hence results 
from an isomeric transition and is not the Gd_ x-ray 
following electron capture. The possibility of this being 
a 45-kev transition and not the A x-ray can be ruled 
out, since for this case the gamma-ray would be almost 
entirely converted in the / shell and only the 6-kev L 
x-ray would be observed 

The threshold for the reaction was measured and the 
results are shown in Fig. 3. The abscissa represents the 
peak energy of the synchrotron beam and the ordinate 
represents the relative yield. The observed threshold 
of approximately 9.8 Mev corresponds to a (y,n) 
reaction, 

Since Tb is a single isotope of mass 159, the isomeric 
transition therefore occurs in Tb'®*. This is an odd-odd 
isotope (65 protons and 93 neutrons) with a deformation 
of 6=0.31,° if one assumes the deformation to be the 


* The notation of references 2 and 3 is used. 
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same as that of Tb!®.* Nilsson’s calculations* predict 
that the proton is in the ds(Q=3*)*® state and that the 
neutron is in the hy.(Q= }-) state or possibly the 
i13/2(2= §*) state. One expects the ground state for an 
odd-odd nucleus to be a doublet with the spins given by 


Q= |2,+0,|. 


If the neutron is in the 3* orbit, a ground state doublet 
with spins of 0 and 3~ results. If the neutron is in the 
3’ orbit, this would give rise to a 1+, 4+ doublet. Both 
of these cases predict an M3 transition between the 
doublet levels. Gottfried also predicts the same O~, 3 

doublet as Nilsson does. The observed half-life and 
large conversion coefficient are compatible with either 
a 50-kev to 200-kev M3 transition or a 50-kev to 
100-kev #3 transition. 
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lic, 3. Activation curve for Tb activity. 


B. Holmium 


The spectrum obtained by bombarding a Ho target 
is shown in Fig. 4. The background, taken with a Ta 
target, is shown as the lower curve. The energy of the 
gamma-ray is 305 kev as shown in Fig. 5 which is an 
energy calibration curve. There is some background 
not associated with the 305-kev activity that arises 
from the sample and could not be subtracted out. 

The half-life was found to be 0.8+0.1 sec. Figure 6 
shows the counting rate as a function of the counting 
gate width. A least-squares fit to the curve 


N()=No(1—e-)4+C1 


®) is the projection of 7 on the nuclear axis. 
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was made, where .V (/) is the number of counts recorded 
in a time interval ¢, A is the decay constant, and C is a 
constant which is proportional to the amount of long 
lived activity that arises from the target. 

The threshold was measured to be 16.6 Mev as 
shown in Fig. 7. This corresponds to either a (y,2n) or 
a (y,d) reaction. Since Ho is a single isotope of mass 
165, the (y,2n) reaction would place the isomeric state 
in Ho'® and the (y,d) reaction would place it in Dy!™, 
However, Dy'™ is a stable isotope and if the 0.8-se¢ 
isomeric state were in Dy!®, we should have observed 
it from the Dy'(y,n)Dy'® reaction. Since we did not, 
we assume that the reaction we observed was 
Ho!®*(y,2n)Ho'™™, Unfortunately the x-ray energy 
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Fic. 4. Holmium activity. The lower curve is the background 
taken with a Ta target. 


could not be determined since the 37-minute Ho! 
activity gives rise to a Dy x-ray. 

Ho!® is an odd-proton isotope with 96 neutrons and 
67 protons, and thus the last unpaired proton will 
determine the spins of the single particle states. 
Assuming the deformation of Ho! to be approximately 
equal to that of Ho!®, Nilsson calculates that the 
proton will be in a ground state Ayjyjo(Q= 5 >). At a 
slightly higher energy lies a dy(Q2= 5*) state. A transition 
between these levels would correspond to £3 radiation. 
The observed energy and half-life are consistent with 
either £3 or M3 radiation. However, almost the entire 
x-ray peak can be attributed to the x-rays following the 
decay of 37-minute Ho™, if the ratio of (y,n) to (y,2n) 
cross sections is assumed to be > 5. Since the theoretical 
conversion coefficients for £3 and M3 radiation for 
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Fic. 5. Energy calibration curve 


I}= 305 kev and Z 
the 305-kev transition must be 43 radiation 

Gottfried predicts a spin of Ayy.(Q=F) for the 
ground state and spins of fyj.(Q=4} >) and dy(Q= 4") 
for the first and second excited states, re spectively 
This scheme is consistent with an M3 but not an /43 


67 are 0.14 and 1.36,’ respectively, 


transition since the }* state would depopulate by an 
E1 transition to the 4~ state. However, if the 4~ level 
did not cross below the }* level, then the #3 transition 


would be predicted and not the M3 


C. Erbium 


The spectrum obtained by bombarding an Er target 
is shown in Fig. & with the background subtracted out 
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hic. 6. Half-life of the 305-kev Ho activity 


’ Rose, Goertzel, and Perry, Oak Ridge National Laboratory 


Report ORNL, 1023, 1951 (unpublished) 
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hic. 7. Activation curve for the 305-key gamma ray in Ho 


The gamma-ray has an energy of 213 kev as shown in 
Fig. 5 and the lower energy peak is the x-ray. The 
half-life was found to be 2.5+-0.1 sec. Figure 9 shows 
the counting rate as a function of the counting time 
interval. A least-squares fit was made as in the case of 
Ho. An estimate could be made of the AK-conversion 
coefficient by taking the ratio of the counts in the x-ray 
peak to the counts in the gamma-ray peak. This ratio 
was then corrected for the differences in efficiencies, 
peak-to-total ratios, fluorescence yield, and scattering*® 
to find the desired coefficient. The measured conversion 
coefficient was ex/y~0.6. The lifetime’ and conversion 
coefficient’ are consistent with only an £3 transition. 

A 2.5-sec, 210-kev, £3 transition has previously been 
observed in Er following slow-neutron capture.” The 
five stable isotopes of Er are shown in Table I along 
with their percent abundances. 

The isotopes that can be reached by (n,y) and either 
(y,y') or (y,n) reactions are 163, 165, 167, 168, and 169. 


TABLE I, Stable isotopes of erbium. 


Isotope Percent abundance 


162 0.1 
164 1.6 
106 $3.4 
167 22.9 
168 27.1 
170 14.9 


*A. C. G. Mitchell, in Beta- and Gamma-Ray Spectroscopy, 
edited by K. Siegbahn (Interscience Publishers, Inc., New York, 
1955), pp. 224 ff 

*S. A. Moszkowski, in Beta- and Gamma-Ray Spectroscopy, 
edited by K. Siegbahn (Interscience Publishers, Inc., New York, 
1955), Chap. XIII 

” f. der Mateosian and M. Goldhaber, Phys. Rev. 76, 187 (A) 
(1949), 

4“ Campbell, Kahn, and Goodrich, Oak Ridge National Labo 
ratory Report ORNL-1164, 1951 (unpublished). 
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The possibility of the isomer being in 163 can be ruled 
out because of the low abundance of the 164 isotope. 
Our targets contained only 15 mg of this isotope which 
is an insufficient amount for our purposes. The 168 
isotope can be ruled out since it is an even-even nucleus 
and therefore has spins of 0+ and 2+ for the ground and 
first excited rotational states, respectively. An E3 
transition to the ground state requires the excited state 
to have a spin of 3~. However, since the 213-kev level 
is expected to be ~100 kev above the 2+ rotational 
state, the 213-kev level would decay by £1 radiation 
to the 2* level instead of by £3 radiation to the ground 
state. If the isomer were in the 167 isotope, this should 
also be reached by a (y,d) reaction on Tm'™. Since this 
reaction may be only about one percent of the (y,n) 
reaction in this region,” it would be too small for us to 
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ric, 8. Erbium activity. The background taken with a Ta target 
has been subtracted out. 


observe. Thus the isomer could be in either Er 165, 
167, or 169, 

For a deformation of 6~0.28, Nilsson predicts ground 
state orbits of 11/27, 4>, and § for the 97th, 99th, and 
101st neutrons, respectively. The only level ordering 
consistent with the observed results is a §* orbit for 
the ground state and a 4~ orbit for the excited state. 
If the ground state had a spin of 4~, then the first 
excited rotational state would have a spin of $~. Since 
the energy of the first excited rotational state is about 
100 kev, a §* single particle excited state would decay 
by M2 radiation to the $~ state rather than by E3 
radiation to the ground state. 

The ground state spin of Er'® has been measured as 
¥.* Thus Nilsson’s scheme can be made compatible 

A. K. Mann and J. Halpern, Phys. Rev. 82, 733 (1951). 


SB. Bleaney and H. E. D. Scovil, Proc. Phys. Soc. (London) 
AOA, 204 (1951). 
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with this assignment by simply interchanging the §* 
and the }~ levels; that is, by moving the point where 
the 4~ level crosses below the $+ level out to a larger 
deformation. Depending on the exact crossing points 
of the three levels in question and on the exact defor- 
mation of the three isotopes, Nilsson’s model can easily 
be made consistent with an £3 transition in either 
Er 165, 167, or 169. 

Gottfried’s model also can easily explain the isomeric 
transition, provided it is in either Er 165 or 167. If it 
is in Er'®, the assignment is not as good since in this 
case the 11/2~ orbit would have to be depressed several 
Mev. 

If separated Er isotopes were used, the ambiguity in 
the assignment could easily be resolved. Furthermore, 
since there is only one isomer present, the choice of the 
4* ground state and 4~ excited state can apply to only 
one of the isotopes. 


D. Lutecium 


The spectrum obtained by bombarding a Lu target 
is shown in Fig. 10. The background, taken with a La 
target, is shown as the lower curve. The gamma-ray 
has an energy of 133 kev and the x-ray was shown to be 
the Lu x-ray by using critical absorbers. The energy 
determinations of the gamma-ray and x-ray peaks are 
shown in Figs. 5 and 11, respectively. The half-life was 
found to be 7542 microseconds by counting over five 
half-lives. An activation curve is shown in Fig. 12. The 


4 J. W. Mihelich has communicated to us that he has observed 
a 208-kev £3 transition in Er'™ following the electron capture 
decay of Tm!*’. Since a half-life on the order of one second is 
expected for this #3 transition, there is little doubt that this is 
the same transition that we observe. 
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threshold for the reaction is about 8.0 Mev, which 
corresponds to a (y,#) reaction, 

Lu has only two stable isotopes, 175(97.5%) and 
176(2.5Y%), and on the basis of these abundances we 
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hic. 10. Lutecium activity. The lower curve is the background 
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hic. 11, Critical absorption of the Lu K x-ray. The dashed line 


is the expected transmission curve for the Yb x-ray and the solid 


line is the expected transmission curve for the Lu x-ray. The 


error flags represent statistical errors only 


assigned the isomeric state to Lu'™, 


By comparing the 
counts in the x-ray peak to the counts in the gamma-ray 
peak and making suitable corrections as was done for 
ir, we found the K-conversion coefficient to be ex/y 
~0.5. The theoretical K-conversion coefficients for 
Z=55 and #H=133 kev are shown in Table LU." For a 
Z of 71, these coefficients will be somewhat larger. The 
observed conversion coefficient is in agreement with 
that expected for either M1 or 2 radiation. The 
gamma-ray half-lives calculated on the basis of the 
single-particle model* for the M1 and £2 transitions 
are 10°" sec and 10°77 sec, respectively. Thus the 
observed 75-microsecond isomer is most consistent with 
an #22 assignment. 

Lu! is an odd-odd isotope with 71 protons and 103 
neutrons. For a deformation of 6=0.28, the proton is 
in the gyo(Q= 9t) the the 
hy (l= f) state. The ground state will then be a 
doublet with spins 1°, 6~. A transition between these 
levels would correspond to M5 radiation and would be 
very long-lived. However, below the }~ level for the 
103rd neutron is the py(Q= 4) level."® If a neutron is 
excited from the }~ orbit to pair with the odd neutron 
orbit, the remaining odd neutron will now 


state and neutron is in 


in the 5 


Theoretical K-conversion coeflicients for 


Z=55, F=133 kev. 


Pane Il 


Type of transition eK/¥ 


BM 0.09 
Vi 0.38 

) 0.50 
h3 Be 
M2 3.0 


1M. E. Rose, in Beta- and Gamma-Ray Spectroscopy, edited 
by K. Siegbahn (Interscience Publishers, Inc., New York, 1955), 
Appendix IV 

© This assumes that the 4> level lies higher than the j 
at this deformation as was mentioned in the section on erbium. 
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have a spin of }~. If the coupling between the neutron 
and the proton is of the same type as for the ground 
state, the spin of the excited state will be 

Q= |Ft+} r.¢. 
Either a 3- to 1~ or 4~ to & transition will give rise 
to £2 radiation. If the first rotational state has an 
energy less than 130 kev, then the 4— to 6~ transition 
is the only assignment that is allowed. 

Gottfried’s scheme does not predict the correct 
ground state assignment for Lu’?® which is g7/2(Q= $*). 
He predicts for the 103rd neutron a go/2(Q= 3+) assign- 
ment. This neutron assignment together with the 
correct proton assignment gives for the ground state 
doublet spins of 24+, 5+. Below the $* level is a 
£9/2(4t= }*) state. Thus if a neutron is excited from this 
level to pair with the odd neutron in the }* orbit, the 
spin of the excited state will be 


Q= |Ft+4*|=3+, 4. 
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Fic. 12. Activation curve for the 133-kev gamma-ray in Lu. 
In this case either a 4* to 2+ or 3* to 5* transition will 
give rise to the observed £2 radiation. Again if the first 
rotational level is less than 130 kev, only the 3* to 5* 
transition is allowed. 


IV. SUMMARY 


In the search for isomeric transitions in the rare-earth 
region, isomeric states were found in ‘Tb’, Ho! 
[or'6.167, of 16) and Lu'™, The nuclear models for de- 
formed nuclei proposed independently by Nilsson and 
Gottfried can be used to explain these transitions. 

With only one small modification, the uncrossing of 
a single pair of levels, Nilsson’s model successfully 
predicts all four of the isomeric transitions. Also with 
only slight changes, the Gottfried model predicts the 
isomers in Tb!’ Ho!) and Er!® er 167. Gottfried’s 
model does not predict the correct assignment for the 
odd proton in Lu. However, if the proper assignment 
for the proton is assumed, the Gottfried model can 
then also explain the #2 transition in Lu'™, 





ISOMERIC 


The two models assign the same orbits to the states 
involved in the isomeric transitions in the Tb and Ho 
cases, but assign different orbits in the Er and Lu cases. 
In the Nilsson model, the isomeric state in Er arises 
from an t13/2(2=§*) to a py(Q=}~) transition, while in 
the Gottfried model it arises from an 1;3/2.(Q2= +) to 
an fz2(Q=}-) transition. For the Lu case, the F2 
transition in the Nilsson model is between the neutron 
states hg.(Q=-) and p,(Q=}~). In Gottfried’s model 
the transition is between the neutron states g9/2(Q= }*) 
and go/2(Q=4*). 

Both the Nilsson and Gottfried models predict a 
low-lying isomeric transition for the odd isotopes of Ho. 
In fact Nilsson’s scheme assigns a §~ orbit to the ground 
state and a }* orbit to all of the odd isotopes in Ho. 
Gottfried’s scheme is not as clear-cut since there are 
three or four levels very close together in the region of 
67 nucleons for a large deformation. However, for a 
ground state spin of §, as is the case for Ho!®, this 
scheme does predict an isomeric transition. These odd 
isotopes of Ho can be reached by (y,p) reactions on 
even isotopes of Er, but using the Er target, we saw 
only a single isomeric transition which is known to be 
in one of the Er isotopes. However, since the (y,p) 
cross section may be only one percent of the (y,n) cTOSS 
section for this Z™ we would not expect to observe 
this reaction. Isomers in Ho!'® can also be reached by 
a (y,y’) reaction on stable Ho. However, this search 
should be carried out at energies below the neutron 
threshold in order to keep out the activity from Ho, 
The intensity of the Iowa State College synchrotron 
for energies below the neutron threshold is not sufficient 
for us to look for this predicted isomer. 

It should be pointed out that there are some known 
isomeric transitions in the rare-earth region with half- 
lives greater than 5 microseconds and less than 30 
minutes!’ that we did not observe. These are a 109-kev, 


17 Hollander, Perlman, and Seaborg, Revs. Modern Phys. 25, 
469 (1953). 


TRANSITIONS IN 
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Dy. 25-kev, 
transition, a 200-kev, 6-sec transition, and a 
455-kev, 0.15-se¢ transition, all in Yb isotopes 

The 1.25-minute isomeric state in Dy!'® arises from 


1.25-minute, #3 transition in and a 


50-sec 


the configuration of 99 neutrons, similar to that of Er!®, 
and hence an £3 transition is predicted. We could not 
produce this isomer since the highest stable isotope of 
Dy is 164. 

The energies and lifetimes of the Yb isomers indicate 
that all of them may be either £3 or M3 transitions 
An £3 transition is predicted for Yb'™ since it has 99 
neutrons. Thus, for example, the 200-kev, 6-sec transi 
tion could be assigned to Yb!®. It is doubtful if we 
could observe this since it would have to be reached by 
a (y,”) reaction on Yb!” which is only 3°; abundant 
or by a (y,2n) reaction on Yb! which is 14° abundant. 

The 25-kev, 50-sec transition could be assigned to 
Yb!” which has a ground state spin of }~. An excited 
state corresponding to a hole excitation would have a 
spin of ¥*. Since the first rotational state with a spin 
of } is expected to have an energy of ~ 100 kev, it 
would lie above the §* state and therefore the }+ level 
could not decay by M2 radiation. The 25-kev state 
will be very highly converted in the / shell, and we 
would not expect to see such low-energy x-rays. 

The 455-kev, 0.15-se« 
to Yb'’, Either an £3 or M3 transition is compatible 
with either Nilsson’s or Gottfried’s scheme with only a 


transition could be assigned 


slight reordering of the levels. Again since the highest 
stable isotope of Yb is 176, we could not reach an isomer 
in Yb!7”, 
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The energy levels in Na® and Ne™ have been investigated by means of the reactions Na*(p,p’)Na® and 
Na®™(p,a)Ne™. Protons with energies of 7.04, 7.17, and 7.45 Mev were accelerated with an electrostatic 
generator, and the reaction products were analyzed with the broad-range spectrograph at various angles 
between 45 and 130 degrees. Proton groups were observed corresponding to levels in Na* at 0.440, 2.078, 
2.393, 2.041, 2.705, 2.983, 3.678, 3.850, 3.915, 4.431, and 4.778 Mev. The ground-state Q value for the 
Na™( pa) Ne™ reaction was determined as 2.3704-0.008 Mev. Four other alpha-particle groups were observed, 
corresponding to levels in Ne™ at 1.635, 4.248, 4.969, and 5.631 Mev. 


I. INTRODUCTION 


HE study of the energy levels in Na” was origi- 

nally undertaken primarily in order to trace the 
source of certain contaminant groups observed in the 
proton bombardment of various other target nuclei in 
this laboratory.’ A preliminary survey from a sodium 
target revealed some proton groups not previously 
reported which presumably arose from inelastic scatter 
ing from sodium. In addition, a number of alpha 
particle groups were observed with sufficient intensity 
to warrant measurement. In view of the fact that a 
level in Ne” at 4.97 Mev is of special interest to astro 
physicists’ in connection with the neon abundance and 
thermonuclear reactions in stars, it was decided to make 
a more nearly complete investigation of both the 
(p,p’) and (p,x) reactions from sodium. 

Earlier work on the level schemes for Ne” and Na™ 
is summarized by Ajzenberg and Lauritsen’ and by 
Endt and Kluyver,‘ respectively. The chief work on 
Na™ was that by Stoddard and Gove® from cyclotron 
bombardment of sodium with 7.26-Mev protons. Stod- 
dard and Gove used a crystal spectrometer to measure 
the energies of the inelastically scattered protons and 
covered a range in excitation energy in Na® up to 4.5 
Mev. They reported the following energies: 2.10, 2.37, 
2.69, 3.01, 3.70, 3.92, and 4.45 Mev. Donahue et al.® 
made a careful measurement of the 440-kev state by 
electrostatic deflection of the inelastically scattered 
protons from sodium and obtained a value of 0.439 
t0.001 Mev. The first two levels in Na®* were also 
observed in this laboratory a few years ago from 
magnetic analysis of the alpha particles from the 

t This work has been supported in part by the joint program of 
the Office of Naval Research and the U. S. Atomic Energy 
Commission. 

' Buechner, Braams, and Sperduto, Phys. Rev. 100, 1387 
(1955); and Endt, Paris, Sperduto, and Buechner, Phys. Rev. 
103, 961 (1956). 

2A. G. W. Cameron (private communication) and Bull. Am. 
Phys. Soc. Ser. II, 1, 191 (1956) 

‘1, Ajzenberg and T. Lauritsen, Revs. Modern Phys. 27, 77 
(1955) 

‘Pp. M. Endt and J. C. Kluyver, Revs. Modern Phys. 26, 95 
(1954). 

* H. Stoddard and H, Gove, Phys. Rev. 87, 262 (1952). 

* Donahue, Jones, McEllistrem, and Richards, Phys. Rev. 89, 
824 (1953). 


Myg**(d,a)Na® reaction. Endt e/al.’ obtained 0,427+-0.018 
and 2.073+4-0.015 Mev for these states. A 440-kev 
gamma ray following inelastic collision of neutrons, 
protons, and alphas from sodium has been observed in 
numerous investigations. 

Knowledge of the positions of the energy levels in 
Ne” has been derived mainly from inelastic scattering 
of protons and deuterons from neon and from the 
I (d,n)Ne® and Na®™(p,a)Ne™ reactions.’ Except for 
the latter reaction, most of the measurements have 
been obtained from use of scintillation counters and 
photographic plate techniques. Recently, from range 
measurements in photographic plates of inelastically 
scattered protons from neon, Freemantle e/ al.* reported 
levels in Ne” at 1.58+-0.01, 4.20+-0.01, 4.95+-0.02, and 
5.62+0,02 Mev. With a scintillation spectrometer, 
Schrank and O’Neill,’ using 18-Mev protons, observed 
groups of inelastically scattered protons and reported 
levels in Ne” at 1.63, 4.26, 4.97, 5.81, 7.45, 7.85, 9.2, and 
10.0 Mev. From electrostatic analysis of two groups of 
alpha particles from the Na™¥(p,a)Ne” reaction, Dona- 
hue ef al.® obtained Q values of 2.3794-0.003 and 0.745 
+0.002 Mev, corresponding to the ground-state transi- 
tion and to a level at 1.634 Mev. In an earlier measure- 
ment in this laboratory of the ground-state Q value, we 
obtained 2.372+-0.008 Mev." 

In the present experiments, accurate measurements 
have been made of eleven proton groups corresponding 
to energy levels in Na® up to 4.8-Mev excitation and 
five alpha-particle groups corresponding to the ground- 
state transition and the first four excited levels in 
Ne”. In the case of Ne”, the study included the region 
up to about 6.6-Mev excitation. 


Il. EXPERIMENTAL METHOD AND RESULTS 


Thin targets of sodium were prepared by evaporating 
sodium-iodide onto thin films of Formvar. In order to 
prevent rupture of these targets upon bombardment, 


7 Endt, Haffner, and Van Patter, Phys. Rev. 86, 518 (1952). 

* Freemantle, Prowse, Hossain, and Rotblat, Phys. Rev. 96, 
1270 (1954), 

*G, Schrank and G. K. O'Neill, Bull. Am. Phys. Soc. Ser. II, 
1, 29 (1956). 

Van Patter, Sperduto, Endt, Buechner, and Enge, Phys. Rev. 


85, 142 (1952). 


1008 





aXe] YOY. A[PANVIas & Wo] S9aIBIP QO Ie | 


2 


wy- 3BNLVANND 30 SNIOVY 


he ee te eel | fir sm 


¥ 


Q 


ia) 


KOMAING NOU VLIOX3 
1Odd 40 BIBWIN 


oO 
v 
Ni 


Ne?? 


11VH H3d SNO 


AJ 


2M OOS = 34NSOdX3 
09 = NOILVAN3S8O 40 3JTONY 
SSNYD I€4S+= GI3l4 HdVYDOYNLISdS 
A3W S¥'Z: ADN3N3 NOLOYd LN3OIONI 
Q109 NO IVN: L398VL 

OO? : 


AND 
AQW NI ¢2°N 
Al 


Na?é& 


ost . oo 


A 





i 


A®W - ADY3SN3 NOLOSd 





IN 


“AIT FOL Sew A319u2 Ju 9PIOUl 9G ‘Buryoeq pjos & uo JEN Jo J9AR] uly} B WOl] S9siZ9p O¢T 38 A]TRONSeloUt pue AT] BoONsSRya Pal} } EIS suojoid jo winiz2eds "| “Ota 
wd -3YNLVAYND 340 Nay 
SS SP? Ov 
=) 
eae aaend Pa SESE SEA TA. I 
¢ lf ; ? |} +? 


| 


. 
(B)¢2ON 





Nn 
ual 
> 
tx) 
oad 


~ 
4 


bl 


O 


ENERGY 


T 
Q 


¢ 


N 
oO 
“ 


T 
” wo 
ft 

JIVH 434d SNOLOYd JO YIBWNN 


SSS SSS SSeS Se ee eee oe 


27 0001: 3YNSOdX3 

! e0€! = JTONV 

SSNVS S¥89 = Q13l4 HdVYDONLI3IdS 
A3W v0 Z = ADY3N3 NOLOYd LN3GIONI 


Q109 NO IVN : L394VL 
oss o's Or ose 


AaW - ADMINS NOLONd 


APW- 629N NI ADMIN NOLLVLIXS 
oO 


didiG ww 


Litt it pgid 


°o 











1010 BUECHNER 


AND A. 


SPERDUTO 


TABLE I, Levels in Na® and Ne”. 


Na4(p,p’)Na™ 
Rel. intensity 
E =7.04 Mev 
KE, Oia 130° 


0 100 
0.4404-0.003 81 
2.078 4+-0.004 36 
2.393 40.007 
2.041 +-0.007 
2.705 4+-0.007 
2.983 40.007 
3.67% 40.007 
3.4504-0.008 
3.9154-0.010 
4.4314-0.010 
4.77840.010 


~ 


Ww enw UI tS 


a thin layer of gold was evaporated onto the back side. 
The targets were bombarded with protons accelerated 
to energies ranging from 7.0 to 7.5 Mev. The charged 
particle reaction products from proton-induced re 
actions on these targets were then analyzed with the 
broad-range magnetic spectrograph, Elastically and 
inelastically scattered protons, alpha particles from 
(pw) reactions, and deuterons from possible (p,d) 
the nuclei thus 
analyzed and observed in the nuclear emulsions located 


reactions from various target were 


outside the magnet along the focal plane. The electro 
static generator, the spectrograph, and the general 
techniques involved in the energy measurements have 
been described previously.!!” 

Kor proper identification of the various particle 
groups observed on the nuclear-track plates and for 
measurements on each data 


accurate energy 


two different 


“roup, 
from at least bombardments were re 
quired, A number of runs (or exposures) at different 
incident energies and different angles of observation 
were made, thereby providing sufficient information for 
identification and measurement. Several Nal targets of 
different thicknesses were bombarded at least once with 
proton energies of 7.04, 7.17, and 7.45 Mev. At 7.04 
Mey, the reaction particle groups were observed at 130 
degrees with respect to the incident beam from targets 
of two different thicknesses. At 7.17 Mev, one run was 
made with the spectrograph set to analyze the particles 
at 90 deyrees, and at 7.45 Mev observations were made 
at 45, 60, and 130 degrees with two different targets 
being used in the 130-degree run. Except for the 45 
degree run, each run consisted of two exposures each 
with different settings of the spectrographic field. This 
was done in order to cover a greater range in particle 
energy on the nuclear-track plate than is possible with 
a single field setting. For example, in the case of the 
two field settings used in the 7.45-Mev exposures, after 
allowing for considerable overlapping, the two sets of 
exposures provided an energy spectrum ranging from 

" Buechner, Sperduto, Browne, and Bockelman, Phys. Rev. 
91, 1802 (1953) 

Buechner, Mazari, and Sperduto, Phys. Rev. 101, 188 (1956) ; 
C. P. Browne and W. W. Buechner, Rev. Sci. Instr, 27, 899 (1956), 


— 2.599 +-0.008 


Na™(p,a)Ne* 

Rel, intensity 
E =7,04 Mev 
QO value E, Oiab = 130° 

2.370+0.008 0 
0.73540.008 1.635+0.006 
— 1.878+-0.008 4.248 +-0.006 
4.969 +-0.006 
5.631 40.006 


100 
309 
309 


3,262 +-0.008 


about 2 Mev to 7.5 Mev. This range covered an excita- 
tion region in Na™ up to about 5 Mev and in Ne” up 
to about 6.5 Mev. 

A spectrum of the protons observed from a typical 
target is shown in Figs. 1 and 2. Figure 1 shows the 
protons with energies between about 3.0 and 7.0 Mev 
scattered elastically and inelastically at 130 degrees from 
a thin gold-backed Nal target and recorded simul- 
taneously in nuclear emulsion plates placed in the 
spectrograph. The groups arising from elastic scattering 
are indicated by the chemical symbol of the target 
nucleus. In addition to the known deposits of gold, 
iodine, and sodium, the spectrum shows groups that are 
due to C®, C®, N4, O'8 and S®, all known to be present 
in the Formvar film backing. No other contaminant 
nuclei were observed. ‘Two groups from inelastic scatter- 
ing from gold are observed at distances of 53.3 and 
54.4 cm. These correspond to known levels in Au'%? 
at 545 and 279 kev." The groups shown by dashed 
lines were too intense for normal counting from the 
1000-microcoulomb exposure. The counting of these 
groups was made from a 100-microcoulomb run. The 
groups numbered 1 through 6 are due to inelastic 
scattering, and the individual energy changes observed 
at other angles and bombarding energies are consistent 
with those expected from a target nucleus of mass 23. 

Figure 2 shows the proton spectrum observed at 60 
degrees and 7.45-Mev bombarding energy from a thicker 
Nal target. The energy range depicted here is about 2 
to 5 Mev, so that all the groups shown are due to 
inelastic scattering, those numbered 3 through 11 being 
due to Na™(p,p’)Na™. The group at a distance of 40 
cm has been identified with inelastic scattering from 
C" leading to the well-known level at 4.43 Mev. The 
excitation energy of this group, as measured in these 
experiments, was found to be 4.431+0.008 Mev. The 
pairs of groups 4 and 5, 8 and 9, and 10 and 11 had not 
been previously resolved.® The excitation energies and 
the probable errors of all eleven proton groups are 
listed in Table I. Except in the case of group numbers 
10 and 11, each value of excitation energy is the average 


8B, Elbek and C. K. Bockelman, Phys. Rev. 105, 657 (1957). 





ENERGY LEVELS 
of at least three measurements. ‘The maximum spread 
in the calculated energies from each set of measure- 
ments was generally less than one-half the quoted error. 

In the region of the spectrum shown in Figs. 1 and 
2, in addition to the proton group shown, six groups of 
tracks were observed ranges in the nuclear 
emulsions were appreciably shorter than those produced 
by protons. Five groups were identified as alpha par- 
ticles, and all of these were found to be associated with 
the Na™(p,a) Ne” reaction. One group had track lengths 
corresponding to deuterons, and these were attributed 
to the ground-state transition of the C(p,d)C" re- 
action resulting from the 1.1°/, C content in the natural 
carbon present in the Formvar backings. An accurate 
measurement of the Q value for this reaction was made 
from three different bombardments. The average value 
was determined to be —2.720+0.007 Mev with a 
maximum spread of 2.2 kev. Careful measurements of the 
energies of the alpha-particle groups have been made, 
and the average ( value and excitation energy from 
at least two measurements in each case are tabulated 
in ‘Table I. 


whose 


III. CONCLUSIONS 


Energy-level diagrams of Ne” and Na” are shown in 
ig. 3. Only the excitation region covered by the present 
experiments is depicted in each case. In Na”, the scheme 
is essentially the same as previously summarized,’ ex 
cept that the levels previously indicated at 2.69, 3.70, 
and 4.45 Mev have been resolved in the present work, 
each into two levels at 2.641 and 2.705 Mev, 3.678 and 
3.850 Mev, and 4.431 and 4.778 Mev, respectively. It 
is of interest to note from Fig. 1 the high cross sections 
of the inelastic groups as compared with the elastic 
group. This has also been observed with all the other 
sodium bombardments. In ‘Table I are also listed the 
relative yields of the various inelastic groups with re 
spect to the elastic group for the observations made at 
130 degrees and a bombarding energy of 7.04 Mey 
(spectrum in Fig. 1). 

In Ne”, the excitation energies observed here by the 
Na™(p,a) Ne” reaction are in good agreement with the 
results obtained from inelastic proton scattering from 


IN Na?#® AND Ne?° 


ENERGY LEVELS IN No23 Ind Ne®? 














Ne” 


Na®? +p-p’ 


Na? 


lic. 3. Energy-level diagrams for Ne® and Na™ 
neon by Freemantle ef al.,> and the present value of 
1.635+0.006 Mev for the position of the first excited 
state is in excellent agreement with the value of 1.634 
obtained by the Wisconsin group.® 

We wish to thank the staff of the High Voltage 
Laboratory for assistance during various phases of this 
work, It is a pleasure to acknowledge particularly the 
plate readers, W. A. ‘Tripp, Sylvia Darrow, and Estelle 
for careful the nuclear-track 


l'reedman counting of 


plates. 
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Investigation of the Gamma Radiation Produced by Irradiating B’° 
with Protons in the Energy Range 0.7 to 3.0 Mev 
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(Received December 5, 1956) 


The proton beams from a pressurized Van de Graaff accelerator were used to irradiate targets of separated 
i” isotopes, and the y-ray spectra and yield curves from the B"(p,ay) Be’, B(p,y)C" and B"(p,p’y) B® 
reactions were measured by using a large crystal spectrometer and pulse-height analyzer. 

The 0.434-0.015 Mev ¥ ray from the B!"(p,ay) Be’ reaction was found to have a resonance at 1.540+-0.005 
Mev, the cross section at resonance being 804-40 millibarns. 

The 9.704-0.15 Mev radiation from the B(p,7)C" reaction exhibited a single resonance at 1.14640.005 
Mev, the cross section at resonance being measured as 5.542 ub. 7 rays of about one-twentieth of this 
intensity of energy about 4.2 Mev and 5.5 Mev can also be attributed to this resonance. 

The yield of 0.714-0.015 Mev radiation from the B!(p,p’y)B" increased monotonically with energy. 
The cross section at 2.7 Mev was 114-5 millibarns. For proton energies of greater than 2.4 Mev, weaker 
7 rays of energy 1,00+-0,04 Mey and 2.124-0.06 Mev were also present. 


INTRODUCTION 
HEN B" is 


gamma-emitting reactions can take place. These 

are radiative capture B'’(p,y)C", inelastic scattering 

B'(p,p'y)B"” and @ decay to excited states of Be’, 
followed by gamma emission B"(p,ery) Be’. 

Discrepancies exist in the published work on the 

first of these reactions. Krone and Seagondollar! ob 


irradiated with protons, three 


served broad resonances for gamma emission at 0.78 
Mev and possibly also at 0.95 and 1.33 Mev, while 
Huus and Day? reported a resonance at 1.21 Mev and 
a doubtful resonance at 2.4 Mev. Hahn, Kern, and 
Farney® found a resonance at 1.18 Mev, and Chadwick, 
Alexander, and Warren‘ observed one at 1.1354-0.015 
Mev in the energy range up to 2 Mev. Bair, Kington, 
and Willard,® during their work on B+, made a 
preliminary run on B" in the range 2 to 5 Mev, which 
showed only one broad resonance at about 4 Mev. 

The (p,w) reaction has been observed previously by 
several workers, and the results indicate resonances at 
about 1.1 Mev and 1.5 Mev for a-particle emission to 
the ground state of Be’.6* The yield for shorter range 
a particles to the 0.43-Mev state in Be? also exhibits a 
resonance at about 1.5 Mev.®*® The y-ray resonance 
associated with this reaction has been measured at 
1.52 Mev by Huus and Day,’ and at 1.53 Mev by 
Chadwick et al. 

One group of gamma rays of energy 0.72 Mev from 
the inelastic scattering process has been observed pre 


viously by Huus and Day.* The yield was observed to 

1R. W. Krone and L. W. Seagondollar, Phys. Rev. 92, 935 
(1953) 

*R. B. Day and T. Huus, Phys. Rev. 95, 1003 (1954). 

§ Hahn, Kern, and Farney, Phys. Rev. 98, 1183 (A) (1955). 

‘Chadwick, Alexander, and Warren, Can. J. Phys. 34, 381 
(1956) 

® Bair, Kington, and Willard, Phys. Rev. 100, 21 (1955) 

* Brown, Snyder, Fowler, and Lauritsen, Phys. Rev. 82, 159 
(1951 

. Allan, Govind jec 
350 (1950) 

* J. W. Cronin, Phys. Rev. 101, 298 (1956). 


Phys. Soc. (London) A69, 


and Sarma, Pro« 


rise monotonically with proton energy. The 0.72-Mev 
radiation was also seen by Bair et al.® and by Chad- 
wick et al. 

The aim of the present work was to clear up the 
uncertainty in the reported results on the capture 
resonances, and also to investigate the gamma-ray 
spectra and yield arising from all three reactions for 
proton energies of 0.7 to 3.0 Mev. 


EXPERIMENTAL PROCEDURE 


Protons were accelerated by a pressurized electro- 
static generator’ and their energies were measured 
absolutely to an accuracy of better than one part in 
a thousand by using an electrostatic analyzer." Error 
signals from the exit slit jaws of the analyzer were used 
to stabilize the voltage of the generator.'! A deflecting 
magnet following the analyzer was used for mass 
analysis. Target currents of about 5 wa were normally 
used. The targets consisted of B™ of at least 99% purity 
of thickness 10 ug/cm? and 100 yug/cm?’, separated by 
mass spectrographic deposition on copper or tungsten 
backings by Isotope Division, Atomic Energy Research 
Establishment, Harwell. These were mounted on a 
rotatable target holder which also held thin Cal’, and 
B" targets and specimens of the backing materials. By 
rotating the target holder, background measurements 
could be taken without disturbing the counter geometry 
and also y rays of known energy could be produced from 
the B'(p,y)C™ and F"(pyay)O" reactions for calibra- 
tion of the y-ray spectrometer in the high-energy range. 
A liquid nitrogen trap was placed in front of the target 
assembly to prevent the deposition of carbon on the 
target surfaces. 

The y-ray spectrometer consisted of a 4-in. diameter 
thallium-activated sodium iodide crystal 4 in. long 


*D. R. Chick and D. P. R. Petrie, Proc. Inst. Elec. Engrs- 
B103, 132 (1956). 

” Hunt, Petrie, Firth, and Trott, Proc. Inst. Elec. Engrs. B103 
146 (1956). 

" Millar, Churchill, and Bailey (to be published). 
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mounted with a }-in. long Perspex light pipe on to an 
eleven-stage photomultiplier type E.M.I. 6099 A. The 
spectrometer was surrounded by a 5}-in. thick cylin- 
drical lead shield, and a lead collimating tube could be 
inserted in front of the crystal. Pulses from the photo- 
multiplier were fed into a 120-channel pulse-height 
analyzer of the Hutchinson Scarrott type!® made by 
Sunvic Controls Limited. The instrument accepted 
pulses from 0 to 100 volts and the channel width could 
be varied between 0.83 and 0.042 volt. In the low-energy 
range the instrument 
radioactive sources Na22, Cs!87, Co, and Sb!™. 

The effective dead time of the pulse-height analyzer 
was 600 usec and care was taken to restrict the counting 
rate so that the corrections for counting losses did not 


was calibrated by using the 


become excessive. 

Initial exposures were made using the copper-backed 
targets but the radiation from the copper was found to 
mask weak 9.7-Mev radiation from the target for high 
proton energies. The radiation from tungsten was 
found to be approximately 10 times less intense and did 
not extend to the higher energies. It was consequently 
found to be a more satisfactory backing material. 
igure 1 shows the relative pulse-height spectra re- 
sulting from irradiation of copper and tungsten by 
2.6-Mev protons. 

For most of the irradiations the spectrometer was 
placed behind the target, that is, in the forward direc- 
tion of the beam, but some measurements were also 
made at 90° to the beam. 

The intensity of the y radiation of a particular energy 
was estimated by measuring the area under the peak of 
the y-ray spectrum curve, after making a correction 
for the These 
plotted as a function of proton energy 


areas were 


in order to 


continuous background. 
produce separate yield curves for each y ray. 
Cross-section measurements were made by com- 
paring the yield of the 9.7-Mev y ray from the 
B"(p,y)C™ reaction with that of the 6.14-Mev y ray 
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Fic. 1. Pulse-height spectra of gamma rays from 
copper and tungsten. 
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hic. 2. Yield curve of 0.43-Mev gamma rays from 
B"(p,ey) Be? reaction 


from the F!*(p,ay)O"® reaction at the 1.348-Mev reso- 
nance using the same geometry. This was taken as 
89 mb from the work of Chao et al."* The cross sections 
for the lower energy y rays were then estimated by 
comparison with the yield of the 9.7-Mev y ray, with 
appropriate allowances being made for changes in the 
detection geometry and variation in crystal sensitivity. 
The uncertainty in the result is estimated to be about 
+ 50%. 


RESULTS 


live gamma-ray peaks were measured at 0.43+0.015 
Mev, 0.714:0.015 Mev, 1.004-0.04 Mev, 2.124-0.06 
Mev, and 9.7+0.15 Mev. There were also peaks at 
about 4.2 Mev and 5.5 Mev. 

The high-energy spectrum was calibrated with the 
6.14-Mev gamma ray resulting from the I'!"(p,ay)O'® 
reaction, and the 12.8- and 17.2-Mev gamma rays from 
B'(py)C™ at a proton energy of 1.35 Mev. The 
energies of these gamma rays from B!! were obtained 
by consideration of the 0 value for the (p,y) reaction" 
and the bombarding energy in the center-of-mass 
system, knowing that de-excitation of the C!* proceeds 
both directly to the ground state and via the 4.43-Mey 
level.!® 

The measurement of the 9.7-Mev capture radiation 
from B+ p agrees with the value expected by con 
sideration of the Q-value and bombarding energy, as 
does the measurement of Chadwick ef al.,4 although in 
disagreement with Walker’s!® pair spectrometer result 
of 9.47+0.12 Mev at a proton energy of 1.2 Mev 

The 0.43-Mev gamma ray was by far the most in 


tense, and is attributed to the B'!(pyry)Be? reaction, 
4 Chao, Tollestrup, Fowler, and Lauritsen, Phys. Rev. 79, 108 
(1950 
4 I 
(1955) 
16 'T 


16 


Ajzenberg and T. Lauritsen, Revs. Modern Phys. 27, 77 


Huus and R. B. Day, Phys. Rev. 91, 599 (1953 


L. Walker, Phys. Rev. 79, 172 (1950 
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hic. 3. Low-energy gamma-ray spectra at various energies 

from the results of previous workers. The 9.7-Mev 
gamma ray is attributed to the BY’(p,y)C™ reaction 
and those at 0.71, 1.00, and 2.12 Mev arise from in- 
The reactions will be discussed 


clastic scattering. 


separately. 
GAMMA RAY FROM THE B''(p,ay)Be’ REACTION 


The yield of the 0.43-Mev y ray exhibited a broad 
maximum at 1.540+-0.005 Mev. This was the mean of 
several measurements after correction for target thick 
ness. The rather large limits of uncertainty in the 
resonance measurement are due to the difficulty in 
determining the peak of such a wide resonance from 
the experiment# curve. The curve is shown in Fig. 2. 
It was markedly asymmetric, having a pronounced 
high-energy tail. The experimental curve had a half 
width of approximately 400 kev, but if allowance were 
made for the nonresonant increase in yield with proton 
energy, this was reduced to 220 key and the mean 
resonant energy to 1.5334-0.005 Mev. 

Since the 0.43-Mev y ray was by far the most intense, 
total y-ray yield curves recorded on a scaler with low 
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Fic. 4, High-energy gamma spectrum. 


AND EVANS 

bias setting approximated to the 0.43-Mev y-ray yield 
curve except at the higher proton energies where the 
0.71-Mev y-ray yield started to become appreciable. 
This did not affect the measurement of the resonant 
peak and the half-width and measurements from the 
total yield curves were in agreement with the values 
obtained above. 

The low-energy y-ray spectra showing the relative 
intensities of the 0.43-Mev vy ray and the 0.71-Mev 
7 ray at various energies is shown in Fig. 3. 

The cross section for production of the B!°(pyay) Be? 
reaction at resonance was calculated to be 80 milli- 
barns. 

The value obtained for the resonant energy in the 
present work is in agreement with the work of Day and 
Huus,’ and Chadwick ef al.,* within the experimental 
uncertainties. If one takes the Q value for the capture 
reaction as 8.697 Mev, it indicates a level at 10.097 
Mev in C!! decaying to the first excited state of Be’ by 
a emission. 

Our measurement of the y-ray energy indicates the 


1.146 Mev 
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lic. 5. Yield curve of 9.7-Mevy radiation from B'"(p,y)C". 
energy of the excited state in Be? as 0.43+0.015 Mev 
which is in agreement with the value obtained by Day 
and Huus.? 


GAMMA RAYS FROM THE B'°(p,v)C'!' REACTION 


The gamma-ray spectrum at resonance is shown in 
Vig. 4. In addition to the main peak at 9.70+0.15 
Mev, a small peak at about 4.2 Mev must also be 
attributed to this reaction, since it is not energetically 
possible from either the (p,p’) or (p,a) reactions. Its 
intensity was about one-twentieth of that of the 9.7- 
Mev gamma ray. The peak at about 5.8 Mev probably 
consists of 6.14-Mev radiation from fluorine contamina 
tion, unresolved from a lower energy gamma ray of 
about 5.5 Mev. This suggests that decay of the 9.7-Mev 
level in C™, although proceeding predominantly direct 
to the ground state, may also decay via the 4.23-Mev 
level. De-excitation through intermediate states was 
also observed by Chadwick et al.‘ 

The 9.7-Mev y-ray yield curve exhibited a single 
resonance, the mean value of several determinations 


’ 
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being 1.146+0.005 Mev and the half-width 414+ 20 
kev. The yield curve was slightly asymmetric as shown 
in Fig. 5. Above 2.2 Mev the yield started to increase, 
but there was no indication of a resonance at 2.4 Mev 
reported by Huus and Day. Since Huus and Day’s 
measurements were made at 90° while the present ones 
were made in the forward direction, it was thought that 
this discrepancy may be due to anisotropy in the y-ray 
yields. The present measurements were therefore re- 
peated at 90°. The ratio of the 9.7-Mev y ray at 2.4 
Mev to that at resonance remained unchanged. 

Our result, therefore, indicates a level in C!™ at 9.70 
Mev decaying predominantly to the ground state. 
There is no indication of a level at 10.9 Mev which 
would correspond to a resonance at 2.4 Mey. A search 
was also made for resonances at 0.78, 0.95, and 1.33 
Mev reported by Krone and Seagondollar, but there 
was no indication of these. 

The cross section for the reaction at resonance was 
measured as 5.5 wb compared with a value of 7.5 ub 
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Fic. 6. Yield curve of 
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obtained "by Day and Huus,’ and"one of 3.5 yb by 
Chadwick el al.4 The agreement is within the limits of 
experimental uncertainty. 

If our resonance value is to be identified with the 
one about 1.15 Mev observed by Brown et al.,° Cronin,* 
and Allan et al.” for the (p,a) transition to the ground 
state of Be’, it indicates that the level at 9.7 Mev in 
C" may decay either by gamma emission to the ground 
state of C" or by alpha emission to the ground state 
of Be’. 
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GAMMA RAYS FROM THE B''(p,p’y B'° REACTION 


A gamma ray of energy 0.714-0.015 Mev is inter 
preted as being the y ray from the decay of the first 
excited state of B™ to the ground state. Its yield was 
observed to rise monotonically with energy, as shown 
in Figs. 3 and 6. The cross section at 2.7 Mev was 
calculated to be 11 millibarns, 

When the proton energy was increased to 2.4 Mev a 
weak y ray of energy 1.00+-0.04 Mey appeared, and at 
slightly higher energies a 2.124-0.06-Mev y ray was 
present (Fig. 7). Since they were not present at lower 
energies, it is reasonable to interpret these as arising 
from transitions from the 1.74-Mev to the 0.72-Mevy 
state in B"” and from the 2.15-Mev state to the ground 
state. These peaks were approximately one hundred 
times less intense than the 0.71-Mev peak. The absence 
of radiation from the 1.74-Mev state direct to the 
ground state is in agreement with spin and_ parity 
assignments made by previous authors."* There was no 
definite indication of 1.43-Mey 
2.15-Mev and 0.72-Mey states. 


radiation between the 
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Q-Value Measurements for Aluminum and Chlorine* 
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Nuclear reaction energies have been measured by using a 180° double-focusing magnetic spectrometer. 
In order to test the reliability of the energy calibration of the spectrometer, two Al?’(p,a)Mg™ groups were 
observed, with measured Q values of 1.5964-0.006 and 0.2304-0.005 Mev, corresponding to the ground 
state of Mg™ and the first excited state at 1.3664-0.006 Mev. A further check was provided by the obser 
vation of six Al?’(p,p’)Al*’ inelastic groups, corresponding to Al’ levels at 0.842+0,003, 1.013+4-0.003, 
2.205 4-0.004, 2.727 4-0.004, 2.975 4-0.004, and 2.998 +4-0.004 Mev. In view of the good agreement of these 
results with previous measurements, the ground-state 0 values of the Cl**(p,a)S® and Cl*7(p,a)S* reactions 
have been remeasured as 1.860+4-0.005 and 3.028+4-0.006 Mev. 


I. INTRODUCTION 


N a previous publication,' the first precise determi 

nations of nuclear reaction energies made with the 
180° double-focusing magnetic spectrometer at Bartol 
were described, In the course of these measurements, 
it was discovered that the response of the torsion 
balance (which provided a relative measure of the 
magnetic field) was not proportional to the momentum 
of the analyzed charged particles. This nonlinearity of 
about 0.5% provided a major contribution to the 
uncertainties associated with the reported ground-state 
V values of the Cl°(p,a)S® and Cl*"(p,a)S* reactions. 
A substantial reduction of this nonlinearity has been 
achieved, together with a corresponding reduction of 
the uncertainty associated with the energy calibration. 

In order to test the reliability of the new energy 
calibration, the Q values of several groups resulting 
from the bombardment of aluminum with protons have 
been measured. Since the previous measurements of the 
Cl*(pa)s® and Cl (pa)S* ground-state Q values 
appeared to be consistently lower than those obtained 
at the Massachusetts Institute of ‘Technology,’ it was 
remeasure these reaction 


considered worthwhile to 


energies under the improved conditions. 


Il, EXPERIMENTAL PROCEDURE 


For the present investigation, protons of energies 1.88 
to 4.77 Mev were provided by the ONR-Bartol Van de 
Graaff accelerator. The experimental arrangement, 
shown in Fig. 1, was similar to that used previously. 
The proton beam from the accelerator is deflected 
through 90° by the mass-analyzing magnet, which is 
mounted on a turret, so that the beam can be directed 
chamber. Before 
through a 


center of the 
the 
collimating system of improved design, consisting of 
tantalum collimating and antiscattering slits, 33 cm 


towards the target 


arriving at target, the beam passes 


* This research was supported by the U.S. Air Force, through 
ihe Ofhice of Scientific Research of the Air Research and Develop 
ment Command 

‘Van Patter, Swann, Porter, and Mandeville, Phys. Rev. 103, 
656 (1956) 

*Endt, Paris, Sperduto, and Buechner, Phys. Rev 
(19506) 
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apart. The two slits which define the vertical dimension 
of the beam each consist of a pair of movable slit jaws. 
The position of each slit jaw can be accurately repro- 
duced, being directly connected to a standard microm- 
eter spindle. Each micrometer barrel is mounted in a 
novel fashion, with the thimble held fixed, and the 
barrel allowed only to rotate. This results in a linear 
motion for the spindle and the slit jaw attached to it. 
This arrangement has the disadvantage that the setting 
of the micrometer viewed from a fixed 
angular position. The slit jaws were usually set to 
define a vertical dimension of 1.6 or 2.9 mm. The 
horizontal dimension of the beam was limited to 1.6 mm 
by two pairs of slit jaws, which could be set to provide 
fixed spacing of 1.6 or 3.2 mm. After the insertion of 
this improved collimating system, it was found that 
the continuous background between inelastic proton 
groups was reduced by a factor of about 5. 

For the present determinations, the median angle of 
observation was measured directly as 91.36+0.15°, by 
rotating a slit system from the beam direction to the 
position of maximum counting rate for protons elasti- 
cally scattered from a gold target into the spectrometer. 
The angle of observation was also measured indirectly 
by observing the Be*(p,a)Li®, Be’(p,p), and Au’(p,p) 
groups at a fixed bombarding energy of 4.66 Mev. ‘This 
latter measurement gave a value of 91.0+-0.5°, which 
was considered to be than the direct 
measurement because of deviations between the values 
obtained from using either the Be*(p,a)Li® group 
(O = 2.1624-0.002 Mev)’ or the Be*(p,p) group. 

A measure of the magnetic field of the spectrometer 
is obtained by means of a torsion balance, as described 
previously.! The arrangement for obtaining a signal 
which indicates the angular position of the torsion 
balance is shown in Fig. 1. Daily calibrations of the 
torsion balance are obtained by observing the momen- 
tum profile of alpha particles from a polonium source, 
which can be inserted into the center of the target 
chamber. The polonium source was deposited on a flat 
silver foil, 1.6 mm square. The half-width of the profiles 


cannot be 


less reliable 


3D. M. Van Patter and W. Whaling, Revs. Modern Phys. 26, 
402 (1954). 
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of the Po-alphas corresponded to 0.14+0.01% in 
momentum. Since the maximum observed resolution 
for reaction particle groups was also 0.14+0.01%, no 
correction for a difference in resolution was needed. 
The position of the center of the Po-a source relative to 
the location of the center of the beam striking the 
target was determined within +0.14 mm, which corre- 
sponds to an uncertainty for the Po-a calibration of 
+ 0.018% in momentum. Combining this with the error 
associated with Wapstra’s value of 331.65+0.06 kilo- 
gauss-cm‘ for the momentum of Po-alphas, the total 
uncertainty for the Po-a calibration is +0.0260%. 

Considerable attempts were made prior to the present 
investigation to adjust the balance for an optimum 
combination of sensitivity and reproducibility. The 
sensitivity of the balance was about 0.019% for most of 
the experiment. However, the reproducibility of the 
torsion balance was found to be less satisfactory than 
previously, being subject to changes which averaged 
0.1% from one day to the next. In order to reduce the 
uncertainty arising from this source, several Po-a 
calibrations were taken each day for the present 
measurements, which reduced the uncertainty of the 
torsion balance to about +0.025%, relative to the 
Po-a standard, 

In order to convert the observed momentum profile 
of each reaction group to an energy determination, it 
was necessary to correct for the contributions of target 
thickness and acceptance angle of the spectrometer. 
Estimates of these corrections were obtained in the 
following manner. By using a thin gold target (1.9 kev 
thick for 1.88-Mev protons), where the contribution 
due to acceptance angle was negligible, the resolution 
half-maximum 


corresponding to the width at was 


4A. H. Wapstra, Physica 21,4367 (1955) 


determined as 0.14+0.01%,. The acceptance angle of 


the spectrometer corresponding to the width at half 
maximum was then determined in the following manner. 
The half-widths of nine reaction groups from an alumi 
num target bombarded by protons were measured. It 
was assumed that the contributions to the half-widths 
due to target thickness, acceptance angle, and resolution 
added as Gaussian curves. Having determined the 
resolution, it was possible to determine, by means of a 
weighted least-squares analysis, the acceptance angle 
and the target thickness. Similar analyses were carried 
out for the reaction groups from various targets, which 
resulted in a final estimate of 2.04-0.2° for the accept 
ance angle. 

The procedure adopted in the previous work! for 
analysis of each momentum profile was then followed 
For each momentum profile, the locations of the maxi 
mum and the high-energy cutoff were estimated. A 
correction for the effect of acceptance angle was made 
to the high-energy cutoff; while a correction for target 
thickness was made to the maximum. These corrections 
were somewhat arbitrary, but appeared to be sati 
factory in most instances, resulting in energy determi 
cutoll 
However, It was 


and high-energy 
2 kev 


correction lor 


nations from the maximum 
which usually agreed within 
found that the 
insufficient for groups for which the target thicknes 
1) key 


determinations from the maximum received les 


target thickness wa 


exceeded Hence for these groups, the energy 

weight 

in the final weighted average 
In the case of the Cl(p,p 


necessary to adopt a different procedure as 


elastic group, it wa 
outlined 
previously.' By assuming that the contributions of the 


Cl*® and Cl” isotopes to the elastic group were in the 


ratio of the isotopic abundances, a composite curve wa 
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drawn, The momentum profiles of the observed Cl(p,p) 
groups were similar to this composite curve, permitting 
estimation of the necessary corrections to the maximum 


and high-energy cutoff. 


III. RESULTS AND DISCUSSION 
Energy Calibrations 


The previous investigation using the spectrometer 
had indicated a nonlinearity of about 0.5% in the 
energy calibration curve. This departure from linearity 
was of the correct sign to be explained by the hypothesis 
that the magnetic field sampled by the coil of the torsion 
balance had more saturation than the magnetic field 
experienced by the analyzed charged particles. This 
appeared to be a reasonable explanation, since the 
center of the coil was located 2.3 in. from the center of 
the field, or only 0.7 in. from the edge of the pole faces. 
In order to reduce this source of uncertainty in the 
energy determinations, the center of the coil was moved 
1 in. closer to the center of the field, with the resulting 
disadvantage of increased interference with the particles 
deflected through the spectrometer. It was then neces- 
sary to establish a new energy calibration curve. 

For precise determinations of Q values, it is possible 
to use either the beam analyzer or the reaction particle 
analyzer to provide the primary energy calibration, 
and both methods have been used.’ Attempts were 
made in this investigation to calibrate each analyzer 
separately, and to also make an intercomparison. The 
O° deflecting magnet was calibrated by means of 
the Li’(p,n) Be? threshold (1.8811+0.0005 Mev®), the 
I" (p.n)Ne™ threshold (4.23540.005 Mev’), and three 
resonances for the production of 1.26-Mev gamma 
radiation from the P"(p,p')P® reaction (2.8274+0.0015, 
2.8004-0,0015, and 3.246+-0.003 Mev’). The spectrom 
eter was calibrated by the observation of elastic proton 
groups at these bombarding energies, of the inelastic 
proton group corresponding to the first excited state of 
P® (1.2654-0.003 Mev'*), and of Po alphas. 

An intercomparison between the two analyzers was 
made by observing the Au'’(p,p) group at different 
energies as follows: (1) increasing the bombarding 
energy from the Li’(p,n)Be’ threshold to 3.77 Mev, 
(2) decreasing the bombarding energy from 4.77 Mev 
to the Li’(p,n)Be’? threshold. The current through the 
torsion balance was compared to the frequency required 
for the proton moment probe at several bombarding 


* Strait, Van Patter, Buechner, and Sperduto, Phys. Rev. 81, 
747 (1951); Williamson, Browne, Craig, and Donahue, Phys. Rev. 
84, 731 (1951); C. P. Browne and W. W. Buechner, Rev. Sci. 
Instr. 27, 899 (1956). 

* Jones, Douglas, McEllistrem, and Richards, Phys. Rev. 94, 
947 (1954). 

? Marion, Bonner, and Cook, Phys. Rev. 100, 91 (1955). 

* J. W. Olness and H. W. Lewis, Phys. Rev. 99, 654 (1955), 
and private communication, 

¥P. M. Endt and C. H. Paris, Massachusetts Institute of 
lechnology Annual Progress Report, 1956 (unpublished), p. 105, 
and private communication. 


PORTER, 


AND ROTHMAN 

energies. These observations, together with subsequent 
observations of the Li’(p,n)Be’ threshold, indicated 
that the frequency of the proton moment probe was 
subject to a hysteresis effect of up to 0.28%. This is 
evidently caused by a difference in hysteresis between 
the magnetic field in the external gap where the probe 
is located, and the magnetic field in the region where 
the beam is deflected. On the other hand, the energy 
calibration of the deflecting magnet for increasing field 
appeared to be linear within +0.07% from E,= 1.88 to 
4.23 Mev. However, the fact that such a hysteresis 
effect exists, dictated that the bombarding energy for 
these present measurements was determined by the 
spectrometer, from the analysis of groups elastically 
scattered from the target material. 

In Fig. 2 are shown the results for the energy cali- 
bration of the magnetic spectrometer. The percentage 
difference of each energy calibration from the Po-a 
calibration is plotted as a function of the particle 
momentum. A curve has been drawn, which represents 
a weighted least-squares fit. As compared to the 
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hic, 2. Energy calibration curve for the magnetic spectrometer. 


previous calibration curve,! this curve indicates a non- 
linearity of the opposite sign, which cannot be readily 
explained. However, except for the calibration given by 
the Li’(p,) Be’ threshold, all points are consistent with 
the Po-a calibration, i.e., with K=HpXR=constant 
(R is the reading of the torsion coil current). Since it is 
not clear whether a correction for nonlinearity should 
be applied, a correction of half the magnitude indicated 
in Fig. 2 has been applied to the measurements, with 
an uncertainty equal to the correction. For the present 
measurements, this correction varied from 0 to 1.6 kev, 
and therefore did not contribute appreciably to the 
uncertainty of any of the Q-value determinations. In 
order to obtain the total uncertainty for this energy 
calibration, the uncertainty of 0.026% for the Po-a 
calibration must be included. It should be noted that 
the previous nonlinearity in the energy calibration has 
now been reduced by about a factor of 4, resulting in 
a reduction of up to a factor of 2 in the total uncertainty 
of the energy calibration. 





Q-VALUE 


Aluminum 


In the previous investigation,' three reaction groups 
from the bombardment of aluminum by protons were 
used to provide energy calibrations. In order to obtain 
further verification of the new calibration curve, two 
Al’"(p,a) and six Al*’(p,p’) groups were observed. As 
the analysis proceeded, it was noted that the Q values 
of only three of these groups were known accurately 
enough to be of use for calibrations. Instead, the 
observations were used to provide independent determi- 
nations of the Q values of these groups, which then 
could be compared to the results of other workers. 

At a bombarding energy of 4.655 Mev, two targets 
of aluminum evaporated onto Formvar were used, 0.8 
and 2.7 kev thick for the Al*"(p,p) elastic group. For 
these targets, corrections to the observed momentum 
profiles of the various groups for target thickness were 
negligible. O values of 1.596+0.006 Mev and 0.230 
+0.005 Mev were obtained for the Al*’(p,a)Mg™ 
groups, corresponding to the ground state of Mg™ and 


TABLE I. Q-Values for Al?”(p,a)Mg™ and excitation energies 
in Mg™ and Al*? (in kev). 


Excited states of Al?’ in kev 


Al?"(p,a)Mg™ = Qo kev Qi kev Wisconsin» M.I.T.4 — Bartol 


tee (1) 84342 84246 
2284-3 (2) 1013 +6 
23045 (3) 221346 

(4) 2732 +6 

Ei kev (5) 2977 +6 

1369.7 (6) 3001 +6 
1371 


1366 
1366 


“M.LT 
Wisconsin» 
Bartol 


1595 47 
159442 
159646 


Excited state of Mg™ 


Na™(@-,7) Stockholme 
Mg™(p,~’) Wisconsin® 
Al?’ (p,a) Wisconsin® 
Al?’ (p,a) Bartol 
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® See reference 10. 
b See reference 11, 
© See reference 12, 
4 See reference 13. 


the first excited state at 1.366 Mev. In Table I, these 
results are compared to the previously measured values 
of highest precision,”” and it can be seen that the 
present results are in excellent agreement. 

At the same bombarding energy, inelastic proton 


groups corresponding to six excited states of Al?” were 
Table I, the present results are 
compared to previously measured values of highest 
precision" for the same Al*’ levels from the Al?’(p,p’) 
reaction. The largest difference between the present 


also observed. In 


Van Patter, Sperduto, Endt, Buechner, and Enge, Phys. Rev. 
85, 142 (1952). 

4 Donahue, Jones, McEllistrem, and Richards, Phys. Rev. 89, 
824 (1953). 

2A, Hedgran and D. A. Lind, Arkiv. Fysik 5, 29 (1952), 
corrected for revised Au'* gamma energy." 

‘8 Browne, Zimmerman, and Buechner, Phys. Rev. 96, 725 
(1954). 
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TABLE IT. Q values for Cl**(p,a)S* and Cl"(p,a)S* (in kev). 


Qo in kev 


3015415 
30264 & 
3028+ 6 


Cl (p,a)S* Qo in kev 


1865+15 
1863+ 8 
1860+ 5§ 


1861+ 4 


CP" (p,a)S™ 
Chalk River*® 
Utrecht—M.I.T.» 
Bartol 


Chalk River® 
Utrecht—M.I.T.» 
Bartol 


Average Average 30264 § 


® See reference 14, 
b See reference 2 


results and those obtained at M.I.T. is 8 kev for the 
third level of Al?’. The M.I.T. value for this level may 
not be as accurate as for the remaining levels, since it 
was the only value obtained at one bombarding energy. 
The generally excellent agreement of the present 
Q-value determinations for the Al (p,a)Mg™ and 
Al?" (p,p’) Al? reactions with those reported from other 
laboratories provided confidence for the succeeding 
measurements involving other target elements. 


Chlorine 


In the previous investigation,’ the ground-state 
Cl*°(p,a)S® and Cl*7(p,a)S™ O-values were measured as 
1.851+0.007 and 3.015+0.011 Mev. Particularly in the 
case of the latter 0 value, the quoted error was domi 
nated by the uncertainty of the energy calibration. 
Having now improved this uncertainty, it seemed 
desirable to redetermine these Q values, which are of 
current interest for establishing masses from nuclear 
reaction data. 

Targets of barium chloride, evaporated onto Formvar 
strengthened by gold, 8 and 10 kev thick for the 
Cl*°(p,p) group, were bombarded at proton energies of 
3.76 and 3.77 Mev, corresponding to resonances for the 
Cl**(p,a)S*” and Cl*7(p,a)S" ground-state groups. From 
the weighted average of 3 and 6 determinations, 
QO values of 1.860+0.005 and 3.028+0.006 Mev were 
obtained respectively for these groups. These new 
values supersede the earlier values given above. In 
Table II these results are compared to other recent 
determinations,’"* and the new weighted averages® are 
indicated. 
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An experiment to measure the cross section for high-energy cosmic-ray protons and neutrons to interact 
with the Fe nucleus has been carried out at 3250 m elevation. The detector had a relatively good energy 
resolution, and was designed to select nucleons in the vicinity of 50 Bev. The purpose was to obtain a single 


interaction cross section with good accuracy in order to compare it with results obtained with accelerators in 


the 1 


to 5-Bev region. This comparison yields a value for the elementary meson-production cross section 


[ the average of a(pp) and a(np) | near 50 Bev. The Fe results are: neutrons, ore=0.61+0.03 barn; protons, 


o¥e=0.6140.04 barn. The corresponding average nucleon-nucleon “inelastic’ 


duction) cross section iS Gpucteon = 2144 millibarns. 


I. INTRODUCTION 


YOSMIC rays provide the only source of nucleons 


4 with energies above ~10 Bev that is presently 


available. The flux of such particles—about 10-4 cm 


sec! at mountain altitudes 


is adequate for measure- 
ments of the gross properties of nuclear cross sections 
at energies in the 10 Bey-100 Bev region ; many investi- 
vations have been carried out, with the result that the 
relative probabilities for different processes are now 
known in a general way. Absolute values of nuclear 
cross sections have also been measured, though with 
less precision ; they are interesting because they indicate 
the general trend of the elementary, i.e., (mp) and (pp), 
cross sections with energy. Using the results of nuclear 
cross-section measurements obtained with Bev-range 
machines, one can infer the elementary cross sections 
for meson production from measured values of the 
nuclear cross sections 

We report on a measurement of the collision cross 
section’ of iron for cosmic-ray neutrons, and also 
protons, of about 50 Bev. Our purpose was to do a 
relatively simple experiment, on a single substance, 
using well-known techniques, but to obtain high statis- 
tical accuracy at high energy by means of a large 
apparatus and long observing time. The interest in such 
a measurement was stimulated by the observation that 
existing cosmic-ray cross sections tended generally to 
be higher than the corresponding cross sections meas 
ured with Bev-range machines; an attempt to interpret 
this as an increase in elementary cross section? indicated 
that a surprisingly large increase in cross section would 
he needed 

The present experiment finds a cross section for iron 


which is slightly lower than those measured with 


* Supported in part by the joint program of the Office of Naval 
Research and the U.S. Atomic Energy Commission 

'The terms collision, absorption, inelastic, or reaction cross 
section are used by different authors to describe the nonelastic 
part of the total cross section. At high energies an experimental 
definition is implied, since one cannot hope to separate cleanly 
all inelastic events from the elastic ones. For the present experi 
II, where it is shown that 
wroduction Cross section 


1393 (1955 


ment the problem is discussed in Sec 
what is measured is the particle 


7K. W. Williams, Phys. Rev. 98 


’ (presumably meson pro 


~1-Bev protons and neutrons by the Brookhaven 
groups. We therefore do not confirm the results quoted 
in reference 2, but find that the elementary cross 
sections (for meson production by protons or neutrons) 
decrease somewhat, or at most remain constant, with 
energy. 


II]. EXPERIMENTAL METHOD 


The basic experiment for a “total” cross section of 
some kind—in our case the inelastic or collision cross 
section, since we necessarily have ‘“‘poor” geometry in 
which scattering goes unnoticed—is the attenuation 
experiment, comparing the counting rate of a detector 
with and without an absorber in the beam. Techniques 
for doing this in the cosmic-ray beam were worked out 
by Cocconi and others,*~* following the scheme of 
Rossi and Regener’: (1) One chooses a detector which 
(ideally) responds only to nucleons (and, in practice, 
pions, which are present in the cosmic-ray beam and 
which we shall lump with the protons) and only above 
a certain energy. (2) When the absorber is placed above 
the detector, one makes provision to exclude counts 
from those very-high-energy particles which lose some 
energy by interacting in the absorber but still exceed 
the detector threshold. 

The detector used in this experiment depends on the 
fact that mesons are produced when a_ high-energy 
nucleon collides with a nucleus in a local layer of iron. 
The energy measurement is based on the electronic 
cascade arising from the neutral mesons. The amount of 
ionization near the maximum of the shower is pro- 
portional to the amount of energy in the shower, which 
in turn is, on the average, about 4 of the energy in all 
the mesons, charged and neutral.’ The detector is also 
designed to require the presence of at least two highly- 
penetrating particles among the secondaries, since 
otherwise the electromagnetic processes of high-energy 
muons (whose flux greatly exceeds that of the nucleons) 


4G. Cocconi, Phys. Rev. 75, 1074 (1949) 

‘W. D. Walker, Phys. Rev. 77, 686 (1950). 

*K. Sitte, Phys. Rev. 78, 714 (1950). 

6 J. Tinlot and B. Gregory, Phys. Rev. 75, 519 (1949) 
7B. Rossi and V. Regener, Phys. Rev. 58, 837 (1940). 
8G. Salvini and Y. Kim, Phys. Rev. 88, 40 (1952). 
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CROSS-SECTION ME 
would contribute an undesirable background by causing 
cascade showers similar to those caused by the r°’s 

Figure 1 shows the arrangement actually used at 
Echo Lake, Colorado, elevation 3260 m. The collision 
whose secondaries are detected occurs in the 6 in. 
36 in. X 48 in. block of iron labeled ‘‘producing layer.” 
The ionization measurement is made by the large 
double ionization chamber ® directly beneath the pro- 
ducing layer; essentially it is two parallel-plate cham- 
bers, one above the other. One inch of lead (about 5 
radiation lengths) above the sensitive volume of the 
upper chamber of the 
energy range of interest that originate in the producer 
to be near their maximum development as they cross 
the chamber. The }-in. lead plate between upper and 
lower chambers does not affect the cascade markedly 
(since it is near its maximum development), but pre- 
vents heavily-ionizing nuclear particles from traversing 
both chambers. Thus a coincidence between the two 
chambers assures us that an electronic cascade is 
present. With suitable calibration, the pulse height is a 
quantitative measurement of the number of electrons 
traversing the chamber.'® Pulse-height discrimination 
therefore affords a relatively sharp energy threshold. 
The known properties of 
assumption that the cascades when measured are near 
their maximum, then yield directly the energy of the 
initiating gamma rays. The energy measurement is 
much more definite than that obtainable from the usual 
device, which relies on the multiplicity of penetrating 
particles. 

Minimum energy loss in each chamber was set at 

Mev (actually 1.5 times the Po-alpha end point), 
which corresponds to 142 electrons. Heavily-ionizing 
particles from secondary nuclear disintegrations occur- 
ring in the ionization-chamber walls will occasionally 
increase the amount of ionization in one chamber (for 
example, a proton at the end of its range can lose up 
to 5.7 Mev in traversing the chamber vertically). We 
minimize this error by relying on the smaller of the two 
ionization-chamber pulses for the energy estimate. The 
probability that an event below the threshold energy 
be recorded because of secondary nuclear events in 
both chambers is estimated to be small, of the order of 
one peré ent.!! 

The minimum shower of 142 electrons corresponds to 


causes most cascades in the 


cascade showers, plus the 


® This chamber was developed by H. S. Bridge and L. Altmang 
and is described more fully elsewhere CL Altman, Ph.D. thesis, 
Massachusetts Institute of Technology, 1956 (unpublished) ]. 

” The calibration procedures, depending ultimately on a polo 
nium alpha source, are similar to those described by H. S. Bridge 
and R. H. Rediker, Phys. Rev. 88, 206 (1952). This method of 
measuring number of electrons has been checked by direct com 
parison with a cloud chamber in connection with experiments of 
W. E. Hazen and collaborators Le g., Hazen, Williams, and 
Randall, Phys. Rev. 93, 578 (1954) J. 

Since the number-ene rgy curve of cosmic-ray nucleons is 
fairly steep there will undoubtedly be some subthreshold events 
included in our sample. However, it will be seen below that the 
cross-section curve is not changing rapidly in this energy region, 
so that no correction need be applied. 
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Fic. 1. Diagram of experimental arrangement. Trays A and B 
each consist of 44 Geiger tubes 48 in. long and 1 in. in diameter, 
which are hodoscoped as are the 38 similar Tray C, 
Trays 5,, Sz, and S; each contain Geiger tubes, in parallel, also 
48 in. 1 in. The removable absorber, 2, consists of 6 in. of iron, 
with base dimensions of 48 in. X60 in. The producing layer is of 
iron 6 in. X36 in. X48 in. Between Y and Tray A there is a 1-in 
layer of iron and a 4-in. layer of lead permanently in place. The 
effective plan dimensions of the ionization chamber are 32 in 
22 in. The plates of the ionization chamber are 1 in., } in., and 
1 in. lead. The material between the ionization chamber and 
Tray C is of lead 4 in. 27 in. X48 in. 


tubes of 


an energy of 9.2 Bev in the initiating gamma rays, or 
about 30 Bev the interaction. 
The energy of the incident nucleon is greater by the 
ratio 1/(1—A), where K is the “elasticity” of the 
interaction; A is nearly zero in the Fermi statistical 
theory, but high-energy cosmic-ray results require that 
fraction of the 
sugyvests the average 


in the secondaries of 


the nucleons retain an appreciable 
energy—a recent determination? 
value A~4, 
larger values.' 
available, 


and other workers have proposed even 


However, no direct determination is 


and we shall not put in a correction for 


elasticity; our energy values are therefore subject to 
upward revision by up to a factor of two 

In Fig. 1, the trays labeled A, B, and C 
X48 in. Geiger tubes connected to a hodoscope which 


was photographed each chamber 


contain 1 in, 
time an ionization 
coincidence indicated that a high-energy collision had 
to enforce the 


Tray C served 


that two penetrating particles be present: to be counted 


occurred, requirement 


2 1t is shown below, however, that at least one argument for 
large K is based on a false assumption. 
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Tasie I. Counting rates for various events. Errors are standard 
deviations from counting statistics, with the exception of the 
correction error discussed in the text. 


KE nergy band, 
in terme of Po Counting rate, Counting rate, 
alpha jonization hr='t, hr 


vent equivalent no absorber with absorber 


0.7540.03 
0.264-0.02 
0.05+0.01 


1.794-0.05 
0.614-0.04 
0.144-0.02 


neutron 1 5a 3a 
neutron Sa — 6a 
neutron 1 ka 


Sar 1.314-0.05 
1,150.05 
0.39 +0.03 


0.58 4-0.03 
0.51.40.02 
0.16+0.01 


proton 
proton 6a 
proton Kea 


0.69 +0.03 
0.51 4-0.03 
0.134-0.02 


0.574-0.03 
0.424-0.02 
0.13+40.01 


“meson” ber 
“meson” ber — On 
“meson” 6a 1 Rea 


1.804-0.05 
1.554-0.05 
0.42 40.04 


0.77 40.03 
0.6440.03 
0.134-0.03 


proton, corrected = 1,5a—3a 
proton, corrected 3a — 6a 
proton, corrected 6a — 18a 


Total counting rate, 2-fold 
coincidences 


32.50 22.06 


an event must discharge at least two nonadjacent tubes 
in tray C, and therefore at least two particles must have 
traversed 180 g cm™? of Pb. The record of the two top 
trays is used to select the beam; only neutron events 
(no tubes discharged in A and B) or “clean” proton 
events (essentially a single tube in each tray, with the 
common line headed for the producing layer) were 
accepted, 

A record was also made of the ionization-chamber 
pulse heights, and of discharges of the trays S which 
guard against particles incident at very large angles. 

The experiment then consisted of repeatedly record- 
ing the counting rate of accepted events with and with- 
out the absorber—the 6 in. layer of iron labeled 2 in 
the figure. A collision in the absorber removes a particle 
from the beam either by dropping its energy below 
threshold or by causing extra discharges in A and B. 
It is clear that the cross section measured in this way is 
just the high-energy meson-production (or in general 


particle-production) cross section, and that non-meson- 
producing inelastic collisions will be lumped with elastic 
collisions as unobservable. One would expect on kine- 
matic grounds that the transition between the two is 


abrupt, and there is some experimental evidence that 
13 


this is so. 

To obtain the cross section from the measured 
attenuation, one must take into account the non- 
parallel character of the beam. We approximate the 
angular distribution of the cosmic-ray nucleons around 
the vertical by /(@)=J, cos’@, and find the appropriate 
average path length, which proves to be 12% greater 
than that for particles incident vertically."® 


4% Walker, Duller, and Sorrels, Phys. Rev. 86, 865 (1952). 

14 See, for example, E. P. Todd, thesis, University of Colorado, 
1955 (unpublished). 

% Useful results for simple geometries have been tabulated by 
E. Whitmer and M. Pomerantz, J. Franklin Inst. 246, 293 (1948). 
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There are several small corrections which will not be 
discussed in detail, such as accidental coincidences, 
barometric corrections, and inefficiencies of the Geiger 
trays. An important precaution against spurious effects 
consisted in leaving a large slab of iron (actually 1 in. 
of iron plus 4 in. of lead) permanently in place above 
tray A. This assured us that (a) knock-on electrons 
ejected from the absorber 2 could not reach tray A; 
and (b) the low-energy electrons which accompany 
some high-energy nucleons are at least partly removed. 
These electrons could give rise to a spurious effect, 
since with no absorber they would cause extra dis- 
charges in tray A, therefore excluding the accompanying 
nucleon from the sample, whereas with 2 present the 
electrons would be filtered out. 


III. RESULTS AND DISCUSSION 


Table I shows the counting rates obtained in 1500 
hours of operation. Only } of the total rate of ionization 
chamber coincidences satisfied the criteria for a 
“pure” nucleon beam (even less with absorber in 
place). Most of the discarded events were multiple 
discharges in trays A and B, but there is one class of 
events which is readily recognizable—the knock-on or 
bremsstrahlung-initiated showers due to high-energy 
muons. These events resemble proton events except 
that only the parent particle survives below the 
apparatus, so that only one tube of tray C is dis- 
charged. The rate of such “meson” events is displayed 
in Table 1; the interpretation is confirmed by the fact 
that the rate is almost unaffected by the addition of 
absorber. This affords a direct method of estimating 
the number of spurious “proton” events caused by 
muons. These events arise because a low-energy gamma 
ray from such a meson-induced shower may occasion- 
ally penetrate the 25 radiation lengths of material 
below the ionization chambers and set off a counter in 
tray C. We have used the results of Greisen'® to sub- 
tract these spurious events; the last rows of Table I 
show the corrected proton rates. We have arbitrarily 
assigned a relative error of 50% to the correction, which 
is itself an energy-dependent quantity, amounting to 
5% of the whole sample. In thus assigning a larger error 


TABLE II. The cross sections for penetrating-particle production 
by high-energy neutrons and protons on iron nuclei. Errors are 
standard deviations, with the exception of the correction error 
discussed in the text. 


Proton cross 
section (barns) 


Neutron cross 
section (barns) 


Energy range Median energy 
(Bev) (Bev) 


0.59+0.05 
0.61+0.06 
0.79+0.25 


37 0.60+0.04 
0.62+0.05 
0.6740.13 


28- 58 
58-121 77 
121-387 178 


0.614-0.03 0.614-0.04 


28-387 50 


16K. Greisen, Phys. Rev. 75, 1071 (1949). 





CROSS-SECTION MEASUREMENT 


to the proton data we have taken into account two 
small adverse effects in addition to the correction 
described. One is the internal consistency of the data: 
the proton data were subject to a long-term drift out- 
side of statistics, an effect which is however averaged 
out by the frequent placing and removal of absorber. 
The other is the pion contamination, which depends on 
elasticity and is of the order of 10% (although pions 
may well have properties very similar to nucleons at 
this energy). 

The cross sections for meson production by neutrons 
and protons on iron nuclei are given in ‘Table II, for 
the various energy ranges. In each case, and for the 
aggregate, we quote the median energy, on the basis 
of a dE/E** spectrum.? Three points should be noted: 


(1) The neutron and proton results agree. 

(2) There is only slight indication of an increasing 
cross section with energy, not significant within the 
statistics. We lump all the data, obtaining the numbers 
in the last row, with a median energy of 50 Bev. 

(3) The iron cross section, ¢=0.61+0.03 barn (1 barn 
=10~* cm’), is not greatly different from the cross 
sections measured at the cosmotron for 1.4-Bev neu- 
trons’? and 0.87-Bev protons'*; it is lower by about 
10% (the Cosmotron measurements were on other 
elements; a value for iron has been obtained by inter- 
polation). 


Taking the usual viewpoint that for high-energy 
events the nucleons in the nucleus can be considered to 
be independent, we therefore conclude that the effective 
elementary cross section for the occurrence of measurable 
events—the average of o,, and o,,, which, following 
custom, we shall call é—cannot be very different at 
50 Bev from what it is at 1 Bev.'® We have pointed out 
that for our experiment a “‘measurable event’? means 
particle production. For the Cosmotron experiments a 
wide-angle scattering also would be a measurable event, 
so that the effective elementary cross section ¢@ would 
be intermediate between the meson-production and 
total cross sections. In the original papers!’:!*° ¢ was 
tentatively identified with the total elementary cross 
section, about 43 millibarns at those energies. However, 
the elastic part of the total cross section is strongly 
peaked in the forward direction, at least for (pp) 
collisions* [it has not been measured for (np) }, sug- 
gesting that in the nucleus such collisions are relatively 


ineffective, or in many cases inhibited by the Pauli 


principle. It therefore appears that @ should be closer 


to the meson-production cross section, which is about 


17 Coor, Hill, Hornyak, Smith, and Snow, Phys. Rev. 98, 1369 
(1955). 

16 Chen, Leavitt, and Shapiro, Phys. Rev. 99, 857 (1955). 

% This is contrary to conclusions drawn in reference 1 from 
previous cosmic-ray data. 

*”R. W. Williams, Phys. Rev. 98, 1387 (1955). 

21 Smith, McReynolds, and Snow, Phys. Rev. 97, 1186 (1955). 
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25 mb near 1 Bev.” This assertion is supported by 
consideration of the magnitude of the absorption cross 
sections measured at Brookhaven, and their interpreta 
tion in terms of the nuclear density distribution found 
from electron scattering: the cross sections correspond 
to a & of ~30 mb rather than the 43 mb assumed in 
the original papers.” 

Our cosmic-ray measurement therefore indicates a 
Tmeson production SOMewhat smaller than the é=30 mb 
which fits the Cosmotron data. To be more quantita 
tive, we must calculate the transparency curve which 
relates the observed inelastic cross section to a function 
of the mean free path in nuclear matter, and therefore 
(with a known nuclear density distribution) to the 
effective elementary cross section 6. 

This is readily done, once the nuclear density distri 
bution p(r) is known. Hofstadter and his collaborators" 
have measured the charge-density distribution pen(r) 
for a large group of undistorted nuclei. They find an 
essentially constant region surrounded by a surface 
region in which the density drops smoothly to zero 
The “radius” to the point of 50% of central density, ¢, 
scales approximately as A‘, c=7,A}, with values of rj 
from 1.05X10°" cm to 1.096%10-" cm; while the 
region of dropping density stays constant. The latter is 
conveniently measured by the distance for 90% to 10% 
density change, ¢, and they find t= (2.4+0.3) X10-" em. 
We shall assume that for a given nucleus the nucleon 
density is proportional to the charge density; that is, 
that the spatial distribution of neutrons is the same as 
that of protons. A recent experiment with high-energy 
pions” has shown this to be true even for the heaviest 
elements. We therefore could take p(r) directly from 
Hofstadter’s work, except that the transparency calcu- 
lation ignores the finite range over which the elementary 
interaction can take place. This effect can be treated 
approximately by using an “effective” density distribu- 
tion p.(r) which extends somewhat farther out than 
p(r).2° We have taken, for the parameters of p,(r), 
t= 2.6107" cm; r7;= 1.15107 cm. The latter, which 
is 7% larger than Hofstadter’s mean value for the 
charge distribution, gives the best fit to the Cosmotron 


experiments,'786 when ¢=30 mb is used as the 


effective elementary cross section. 


2R. P. Shutt in Sixth Annual Rochester Conference on High 
Energy Nuclear Physics (Interscience Publishers, Inc., New York, 
1956), p. IV-6 

% This discrepancy was overlooked in the original analysis in 
terms of a realistic density distribution (reference 20) because the 
emphasis then was on the heaviest nuclei, whose cross sections are 
relatively intensitive toa. When the density distribution for lighter 
nuclei became available it became clear that o would have to 
be reduced. These arguments will be elaborated in a summary 
of transparency curves and relevant cross-section measurements, 
to be published elsewhere. 

“Hahn, Ravenhall, and Hofstadter, Phys. Rev. 101, 1131 
(1956). 

4% Abashian, Cool, and Cronin, Phys. Rev. 104, 885 (1956) 

26 Abashian, Cool, and Cronin (to be published), Dr. Cool has 
pointed out to us that there is another effect which also makes r; 
appear larger than the extent of the true density distribution 
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Fic. 2, Transparency curve for Fe, calculated by using for the 
parameters of the effective density distribution p,(r):t=2.6K 10-4 
em and r,;,%1.15%10 “cm. For oy.=0.61 b it is seen that ¢é =21 
mb. The dashed curve represents Ad, the cross section for a 
completely transparent nucleus 


The calculation of the inelastic cross section for any 
nucleus, a8 a function of é, now is a simple generaliza- 
tion of the standard nuclear transparency theory.”’ It 
differs from the results of reference 20 only because the 
taper of the nucleus, /, is not assumed to scale as A! but 
is held constant, with the result that there is no uni- 
versal transparency curve. The transparency curve for 
le is shown in Fig. 2. 

Our result for the interaction cross section in Fe, 
¥e=0.0140.03 barn, corresponds, on the curve of 
lig. 2, to an elementary meson production cross section 
6 = 2142.5 mb. The error corresponds to the statistical 
In fact, however, the Fe curve itself de- 
pends on the value assumed for @ for the ~1-Bev 
Cosmotron experiments; we are in effect determining @ 
at 50 Bev relative to that at 1 Bev, and our error should 
include the uncertainty in @ at 1 Bev, which we estimate 
to be 15%. Compounding the error which this causes in 
21+4 mb as the 
average cross section for meson or particle production 
in up, pp, and nn collisions at ~50 Bev. 

The meson-production cross section therefore has not 


CIror IN Ope. 


6 with the statistical error, we find 6 


changed greatly as one goes from 5.3 Bev, where the 
(pp) inelastic cross section is” ~25 mb to an energy 
around 50 Bev. There remains the puzzle of the previous 
cosmic-ray measurements of collision mean free paths 
at energies probably in the 5-50 Bev region; some of 
these, cited in reference 1, correspond to cross sections 
considerably larger than our measurement would indi- 
0.81 


t0.12 b; this was apparently not corrected for the 


cate. The only measurement quoted for Fe is oy. 
deviation from vertical of the cosmic-ray beam, but 


the Fermi statistics cause similar nucleons in the nucleus to 
tend to stay apart. They therefore are more likely to be hit by a 
passing particle than one would infer from the usual transparency 
calculation. See R. J. Glauber, Physica 22, 1185 (1956). 

27 Fernbach, Serber, and Taylor, Phys. Rev. 75, 1352 (1949). 
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still seems high compared to our 0.61 b. The Pb results 
offer more difficulty—they are much larger than the 
cross section one would calculate from the trans- 
parency curves and ¢=21 or 25 mb, so large in fact 
that they led, in reference 2, to the incorrect inference 
that the elementary cross section must be very large, 
over 100 mb. We have no convincing explanation for 
these very short mean free paths. We can find other 
results which do agree with our expectations (mean free 
path ~210 g cm™*) but there is no reason to select 
them from the whole sample. The results in reference 2 
for carbon are closer to our expectations, though still 
somewhat high.*® 


IV. CONCLUSIONS 


The average (np) and (pp) cross section for meson 
production at ~50 Bev, which we find to be ~21 mb, 
is not very different from that in the 1-5 Bev range. 
This, combined with the fact that meson multiplicity 
does not change much with energy” and that curious- 
particle production does not seem to be copious,*’ 
suggests that the gross features of collision processes in 
this energy region will not prove to be qualitatively 
different from those at energies now accessible to 
machines. 

The small value of the cross section has an interesting 
consequence for the analysis of cosmic rays in the 
atmosphere: the collision mean free path in the 10-100 
Bev range must be 100-110 g cm™, far larger than the 
70 g cm? usually assumed.*' This means that the 
observed absorption length of cosmic-ray nucleons in 
the atmosphere (125 g cm™*) can be explained without 
invoking a very large degree of elasticity (energy 
retention by the bombarding nucleon) in the average 
collision in air. A smaller elasticity is in better harmony 
with the spirit of the Fermi or Landau statistical models 
of meson production. The absolute value of the cross 
section is much less than the r(#/m,c)?=62 mb which 
Fermi assumed.” It corresponds to a smaller volume of 
interaction (R~O.8 & 10~" cm) and therefore somewhat 
lower multiplicity.” 
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28 Recent extensive unpublished results of Todd [E. P. Todd, 
thesis, University of Colorado, 1955] on carbon do agree with our 
predicted values. 

*W.D. Walker and N. M. Duller, Phys. Rev. 93, 215 (1954). 
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* Tn calculating the cross sections of C, N, and O, we have used 
the data on the charge density distribution in C given by Jerome 
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2. Fermi, Elementary Particles (Yale University Press, New 
Haven, 1951), p. 81. 

*% Professor B. T. Feld has pointed out to us that this distance 
corresponds to the “radius of the proton” as inferred by R. Hof- 
stadter from electron-scattering measurements. 
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Nuclear Interactions of Cosmic Rays in Aluminum* 


W. W. Brownt 
University of California, Berkeley, California 


(Received February 21, 1957) 


A method is described in which cosmic-ray nuclear interactions occurring in thin aluminum foils and argon 
yas within a cloud chamber can be detected and the tracks of the emitted charged particles observed 
The observed ratio of the number of nuclear interactions per atom of argon to that of aluminum is 1.4+-0.2, 
in agreement with the ratio of the nuclear areas of these atoms, 1.3 


HE rate of occurrence of cosmic-ray nuclear 
interactions in aluminum at sea level has been 
compared with that in argon by a cloud chamber 
method. The interactions were observed in the argon 
gas and in five horizontal aluminum foils suspended 
inside the chamber. The foils were held in an electrically 
insulated framework. The framework, maintained at 
minus 1000 volts, and eight 3-mil diameter tungsten 
wires strung between the foils, as shown in Fig. 1, form 
a proportional counter system. The eight wires were 
connected in parallel to a linear amplifier, the bias of 
which was set, by means of a retractable polonium alpha 
source, to pass pulses corresponding to the release of 
5 Mev or more in the chamber gas. The pulses were 
used to trigger the expansion mechanism of the chamber 
and to cut off the high voltage on the counter rapidly 
enough so that track formation could take place on the 
positive ions of the pulse producing particles (see 
Fig. 2). When the gas is saturated with isoamy! alcohol 
vapor the counter has a multiplication of about 60 and 
track formation in the cloud chamber can take place at 


TABLE I, Cosmic-ray nuclear interactions (mg™! cm?) occurring in 
the aluminum foils and argon gas inside the cloud chamber. 


Observed 
number of 
interactions 


Interactions 
mg! cm? 


Thickness 
Point of origin mg com? 


1 67.8 2 0.48 
2 11.5 3 28 
3 5.1 31 61 
4 99 )? 24 
5 67.8 0.10 
1 and 5 67.8 0.58 
2, 3, and 4 26.5 3240.3 
Argon (in the 4 
interfoil spaces) 65 


Foil No 


3.04-0.2 


* Assisted by the joint program of the Office of Naval Research 
and the U. S. Atomic Energy Commission. 
t Now at Atomics International, Canoga Park, California. 


an expansion ratio of 1.15. A stereo camera was used 
for both photographing the tracks and later projecting 
them on a screen. 

Except for a few instances in which extensive air 
showers released enough energy in the counter the 
expansions were triggered by the particles resulting 
from the nuclear interactions of cosmic rays in the 
aluminum foils or argon gas. The numbers and places of 
origin of the interactions that have one or more emitted 
charged particles are listed in Table I. Of the inter 
actions involving just one charged particle only those 
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hic. 1. Arrangement of five aluminum foils to form a propor 
tional counter system inside the sensitive volume of the cylindrical 
cloud chamber. The foils are clamped in rectangular aluminum 
frames that are held in position by verticle rods at their corners 
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hic, 2. Three charged particles emerge from a nuclear inter 
action of a neutral particle in the second aluminum foil. The are 
shaped plumes about some of the central wires are from droplet 
formation on the retreating positive ions of avalanches produced 
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when charged particles traversed the counters shortly before the 


triggering event 
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for which the particle had range greater than 85 mm 
(10 Mev for an alpha particle) were counted since those 
of less range are indistinguishable from radioactive con- 
tamination alphas. Of the interactions occurring in the 
gas, only those originating within the rectangular 
volumes between the foils were considered. The detec- 
tion efficiency for the latter interactions is nearly the 
same as for those occurring in the foils. Thus, since the 
exposure times as well as the horizontal areas of the 
layers of foil and gas are equal, the relative numbers of 
interactions per atom for argon and aluminum can be 
calculated from the data in the table. The numbers of 
interactions occurring in the thickest foils, 1 and 5, are 
added in the table without combining their thickness. 
This is to compensate for there being a detector on 
only one side of each of these foils. Even so, because of 
absorption effects, the number of interactions per 
(mg cm~*) is lower than for the three thin foils. There- 
fore, a better estimate of the relative number of inter- 
actions per (mg cm~*) is obtained by comparing the 
data from the combined thickness of the three central 
thin foils with that in the four gas layers between the 
foils. This gives (3.0 40)/(3.227)=1.4+0.2 for the 
ratio of the number of interactions per atom of argon 
to that of aluminum. This agrees’ with (40/27)!= 1.30, 
the ratio of the nuclear areas of these atoms. Previous! 
measurement gave 0.71+0.08 hr-! g atom™! as the 
absolute rate in argon at sea level. 
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Effect of the Exclusion Principle on the Interaction of K Mesons with Nuclei* 


R. M. STERNHEIMER 
Brookhaven National Laboratory, Upton, New York 


(Received February 20, 1957) 


An expression is obtained for the reduction of the effective cross section of K mesons in a nucleus as a 
result of the exclusion principle. It is shown that this effect becomes important for incident A-meson energies 


below ~200 Mev. 


I. INTRODUCTION 


EVERAL experiments on the interaction of K 

mesons in nuclear emulsion have recently been 
carried out.! In connection with the interpretation of 
these experiments, it is of interest to determine the 
effect of the Pauli exclusion principle in reducing the 
effective cross section of the K mesons in the nucleus. 
The ratio n=(a)/o of the effective cross section (a) to 
the cross section o for a free nucleon will be obtained by 
following the general method of Serber,? in which it is 
assumed that all of the nucleon momentum states, up 
to a certain maximum momentum py», are initially 
occupied. The actual procedure of the derivation 
follows closely that given by Clementel and Villi® for 
the case of incident nucleons. 


II. CALCULATION OF 9 


We denote by p; and pz the initial momenta of the 
K meson and the target nucleon, respectively, in the 
laboratory system. The initial momentum of the K 
meson in the center-of-mass system (to be abbreviated 
c.m.s.) is given by 


q = Gopi — aipe, (1) 
where 

aj=m,/(m,+mp), (2) 
with m,=mass of K meson, m,.=mass of nucleon. If 
q’ denotes the c.m.s. momentum of the K in the final 
state, and p,’ is the corresponding K meson momentum 


in the laboratory system, we have 
pi’ =aP+q’, (3) 
where P is defined by 


Pit Pe. (4) 
One thus obtains 
pi? =arP*+q"?+ 2a,Pq' cosh, (5) 
*Work performed under the auspices of the U. S. Atomic 
Energy Commission. 
1B. S. Zorn and G. T. Zorn, Bull. Am. Phys. Soc. Ser. II, 2, 20 
(1957); J. Hornbostel and E. O. Salant, Phys. Rev. 102, 502 
(1956); Hornbostel, Salant, and Zorn, Bull. Am. Phys. Soc. Ser. 
II, 2, 20 (1957); Ritson, Fournet-Davis, Schluter, Pevsner, 
Widgoff, and Henri, Bull. Am. Phys. Soc. Ser. II, 2, 20 (1957); 
Cocconi, Puppi, Quareni, and Stanghellini, Nuovo cimento 5, 
172 (1957). 
2R. Serber, Phys. Rev. 72, 1114 (1947); see also M. L. Gold 
berger, Phys. Rev. 74, 1269 (1948 
4. Clementel and C. Villi, Nuovo cimento 2, 176 (1955). 


where @ is the c.m.s. angle of q’ with respect to the 
direction of P. We note that q’=q. Following reference 
3, and assuming that the cross section @ is isotropic in 
the c.m.s., one obtains , 


3 q : 7 g 
(a) J am f | sinddédy, (6) 
4p v* Cop 9min™ 0 4ar 


where ¢ is the azimuthal angle of q’. The factor q/(asp,) 
is the ratio of the relative velocity v,(p.) of the A 
meson and the target nucleon with momentum py» to 
the value of v, for a target nucleon at rest [v,(O) |. 
In Eq. (6), the double integral over 6 and ¢ gives the 
c.m.s. solid angle available for the A-meson scattering. 
In the integral over 6, @,,;, is the minimum value of @, 
corresponding to the maximum py’, (pi) max, Which is 
determined by the condition that the recoil nucleon 


> py. Thus 
pi + (ai/a2) (ps? 


In view of Eq. (5), we have 


must have momentum 


(pr') max” pr’). (7) 


d cos (2a,Pq') ldp,”, (8) 


so that the double integral of (6) becomes 


Ls Qn ag 
f J sinédéd y 
9 min 0 tor 


0 


Cpr’) mux? — (pr) min? }. (9) 


ta, Py! 
Here ( pi’) min is the minimum value of p,’ and is given by 
(p1’) min? ab? q” 2a,Pq’ 
(ay* t ay’) py’ t 2a\*p,’ | 2(a;" 
2ai( pr?+ p+ 2pips cosx)! 
b4 (ay pi? | ay’ py? 


02) Pi py COSX 


2a cop pz Cosx)', (10) 


where x is the angle between the directions of p; and po. 
By straightforward integration, one finds by means of 
Ings. (7) and (10): 


: (pr’)u x” (Pr") min? 
J f( Ysa Sajayp; 
0 
4,’ 
) (11) 
3 ay 


aypr’ pi 4 
2 | ) 
aop, p 2 5 


jag 
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Fic. 1. The reduction factors nx for K mesons and ma for A 
particles plotted as a function of the kinetic energy 7, of the K 
meson or A particle inside the nucleus. These curves were obtained 
on the assumption that the scattering cross section do/di is 
isotropic in the center-of-mass system, andJthey pertain to 
T y= 25 Mev. (For other values of 7p, see text). 


As will be discussed below, the use of x= for the upper 
limit of the integral J is justified only for p> pr, ie., 
for K meson energies 7; larger than (m2/m,)T », where 
Ty is the Fermi energy of the target nucleons. Thus for 
T »y=25 Mev, we must have: 7,248 Mev. 

In view of (9) and (11), one obtains from Eq. (6): 


3o pr 
(a) . —— f J p?dpr. (12) 
Bacop v* pit o 
The use of po=0 for the lower limit of the integral is 
appropriate in the region p,> pr, for which the above 
expression for J applies [ Eq. (11) ]. The choice of the 
lower limit of py when p;< pyr will be discussed below. 
Upon carrying out the integration of (12), one obtains 


[2+ (m2/m,) | Tr 


5 7; 


: (13) 


which gives for incident AK mesons‘: 


nx =1—0.780(T ¢/T)). (14) 
This expression can be compared with Goldberger’s 
result’ for incident nucleons: 

nn=1 1.4(Tp/T)). (15) 
Thus the coefficient of T'?/7T, for nx is smaller by a 
factor of ~1.8 than that for ny. In agreement with this 
result, one might have expected a somewhat smaller 
effect for incident K mesons than for nucleons, since 
the scattered A meson is not restricted as to its energy. 


*In Eqs. (13) and (14), 7; should actually be the kinetic energy 
of the K meson inside the nucleus, i.e., 7);= 7j»— V, where Tia, 
is the A-meson energy in the laboratory system, and V is the 
nuclear potential acting on the A meson. Similarly, p: is the 
momentum of the K meson inside the nucleus. The same remarks 
apply for the case of hyperons considered below. 


For pi<pr, the integration over x of Eq. (11) 
cannot be extended to 180° for all values of the target 
nucleon energy 7;. The range of possible x values is 
determined by the condition ()1’)minS(p1') max, where 
(pr") max and (p;')min are given by Eqs. (7) and (10), 
respectively. Obviously for (p1’) min=(p1') max, We have 
9m in = 180° [see Eq. (6) |, so that the range of the angle 
of q’ becomes zero. Upon solving the equation (p1’) min? 
= ( pi’) max’ for x, one finds 


{(") (~) = T2) 
COSX max = ~ ™ — on ot; 
2 my, Me (T;T2)! 
— T:— ef 
TT. 


1 f/m\' sm\')(Tr—T2) 
COSX min = | ( ) a (“ ) 
2L \m, m2 (T;T2)4 


Tr(T:+T2—Tr) |! 
T1T2 


For 7\>(m:2/m,)Tr, both values given by (16) are 
outside the range —1 to 1, showing that all values of 
x between 0° and 180° are possible. For 7; between Tr 
and (m2/m,)T yp, the value of (16) obtained with the 
upper (minus) sign lies between 0 and —1 for values of 
T, near the maximum 7;,=Ty. Thus the upper limit 
Xmax Of the integral J [Eq. (11)] is less than 180°, 
However, in this region of 7), the value of (16) with the 
lower (plus) sign is larger than 1, so that ximin is still 0°. 
Finally, for 7;<Ty, depending upon 7», both values 
given by (16) may lie within the range —1 to 1, in 
which case we have xmin>0°, xmax< 180°. 

In order to obtain the values of n for pi<pr, we let 
Ho COSX max @Nd w1=COSXmin. The quantities wo and yy 
are given by Eq. (16) with the following obvious 
qualification. If Eq. (16) gives a value for cosxmin 
greater than 1, or COSXmax less than —1, then we must 
use wi=+1 or wo=—1, respectively. The integral J 
of Eq. (11) is now given by 


Xmax (p "\ max? — (p ’)mnin® 
]- J ( od Wick ) sina 
P 


xXmin 


amy) 
2aja2p + 


ae 


(p2’— pr’) — 2a'p 


R,— Ro 2 
Pips Sazpipe 


X (UeRo— U1 Ri) + Vi— VF], 
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where R;, U;, and V,; (i=0, 1) are defined by: 
R= (pP+pe+2uipips)', 
U.= pr+pe—uipips, 
V = (app +ar"p?— Zeya ipips)?. 
The value of 7 is obtained from 


: PF 
See J J pidp», (21) 
Sajcop r* pi (p2) min 


where the lower limit (P2)min is that value of ps» for 
which J =0. If J as given by Eq. (17) is positive for all 
po, then (p2)min=O0. In general, for 7,<Tp, (p2) min 
equals [pr*—(m2/m,)p.’ |!, corresponding to (72)min 
= T »—T7\; whereas for 7, between 7 and (m2/m,)T p, 
we have (2) min=0. However, in a narrow region of 7), 
which includes 7\=T yr, (P2)min is somewhat 
larger than the preceding values. Of course, for 
T1>(m2/m)T p, Xmin=0°, Xmax= 180°, (P2) min is zero, 
and 7 is given by Eq. (13). 

For pi<pr, the integral of Eq. (21) must be evaluated 
numerically. Figure 1 shows the curve of nx as a func- 
tion of the incident energy 7). Below 7,=48 Mev, this 
curve is based on the following calculated values 
nx(T;) [with 7; in Mev]: nx«(5)=0.029; «(10) 
=().083 ; nx (18) =0.195 ; nx (25) =0.308 ; nx (35) =0.456. 
nx is 0.61 at T7;=50 Mev, 0.80 at 100 Mev, and 0.90 at 
200 Mev. The reduction of the effective cross section 
is thus an important effect for AK meson energies 
below ~200 Mev. It should be noted that the curve of 
Fig. 1 was obtained by using a Fermi energy 7 ”=25 
Mev. However, the expression for » depends only on the 
ratio 7,/T», so that the value of n(7)) for any other 
choice of Tp is given by n(7»=25 Mev) at the energy 
71X25 Mev/T rp, where n(T~=25 Mev) is the value of 
n for Tr=25 Mev, as shown in Fig. 1. 

The ratio nx enters into the expression for the mean 
free path \x of K mesons in nuclear matter. Thus 1/Ax, 
which equals the usual parameter K of the optical model 
of the nucleus,® is given by 


(Nk@s, p + Oc, p) + 


1 Z (A-Z) 
= | 


(neon aton)| (22) 
AK 


where p is the density of nucleons; ¢,,, and o,,, are the 
total scattering cross sections of A mesons by protons 
and neutrons, respectively; o,,, and o,,, are the 
corresponding cross sections for capture of the K 
meson with hyperon formation, for the case of negative 
K’s. o-,, and o,,, are not multiplied by the factor nx, 
since the final products (hyperon+pion) are not 
subject to the exclusion principle. 

In the preceding considerations, we have assumed 
that the A-meson scattering cross section da/dQ is 


6 Fernbach, Serber, and Taylor, Phys. Rev. 75, 1352 (1949). 
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isotropic in the c.m.s, The dependence of the cross 
section on the angle @ can be taken into account in an 
approximate manner as follows. The ratio » represents 
mainly the effect of the cutoff angle @,,\,. The value 
of Omin depends on the magnitude and orientation of the 
target nucleon momentum py. However, we can detine 
an effective average cutoff angle (@,,i.) by the equation 


n 5 (1 + COS rnin ), (23) 


where » is the previously determined ratio (o)/o 
[ Eqs. (13) and (21) }. In terms of (@,,\,), the reduction 
factor # upon inclusion of the angular dependence of 
da/dQ is given 


Buta 
H#—==1— (29 of (da /dQ) sinddé, (24) 


0 


where do/dQ is the c.m.s. differential cross section for 
K-—p or K 
cross section. Of course, when do/dQ is isotropic, so 
that do/dQ= 0/4, Kq. (24) for # reduces to 7. 

We have compared Eq. (24) with the results of a 


n scattering; 0 is the corresponding total 


Monte Carlo calculation carried out by Cocconi et al.' 
for 85-Mev A mesons in emulsion nuclei. These authors 
have determined the ratio # for two possible forms of 
da/dQ, which are given in Figs. 1 and 5 of their report.! 
These two differential cross sections will be referred to 
as (da/dQ); and (do/dQ)s, and the corresponding values 
of # will be called 4, and f», respectively. From the 
Monte Carlo calculation, Cocconi et al.! obtain 4; = 0.65, 
92=0.74. For 7;=85 Mev, Eq. (13) gives n 
that from Eq. (23), 
inserting this value in (24), one obtains for the two 


0.//, so 


one finds (jin 57°. Upon 


shapes of do/dQ: #,=0.65 and H.=0.76. These results 
are in satisfactory agreement with the Monte Carlo 
values of #; and f». It may be noted that the cross 
section (da/dQ); is sharply peaked forward, which 
accounts for the low value of #,. On the other hand, 
(do/dQ), has a minimum at @~80°, a pronounced 
maximum at 180°, and a somewhat weaker maximum 
at 0°. Accordingly, the fraction of the total cross section 
o contained between 0° and 57° is smaller than for 
(da/dQ);, and indeed is approximately equa! to that 
which would be obtained for an isotropic distribution 

The value of 4 will, in general, be somewhat different 
for the protons and neutrons in the target nucleus, 
corresponding to the differences of the angular de 
penden e of da/dQ for A p and AK 


obtaining Eqs. (23) and (24), we have neglected the 


n scattering. In 
fact that the ratio g/(axpi)=1,(py)/v,(0) enters into 
the integral for » [see Eq. (6) |. However, the factor 
q/ (aepi) contributes only a small fraction (~15¢ ») of 
the deviation of » from unity, while the main effect 
entering into 1—7 is the restriction due to the cutoff 


* The curve of (da/d{l); given by 
down to@= 20°. For 6<20 
and has the value 
6= 20 


Cocconi et al.’ extends only 
, we assumed that (da /d{2), is constant 
~3 mb/sterad obtained from the curve for 
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angle 6,.in. Hence in obtaining Eq. (23), we are justified 
in neglecting the effect of q/(a2pi) in view of the more 
important approximation made here of using an average 
cutoff angle. It should be noted that the factor of 
q/(aop;) is taken into account exactly in 4 in the limit 
that do/dQ is isotropic. 

The assumption of an average cutoff angle (min) 
works quite well, because the actual values of 6,,i, do 
not differ considerably from (,,in) for angles x near 90° 
which have the largest weight (« siny). Thus for 
the case 7,;=%5 Mev considered above, for which 
(Omin) = 57°, typical values of Oni, are as follows: 70° 
for po=0; 53°, 63°, and 67° for x=45°, 90°, and 135°, 
respectively, for pp=2-4py=153 Mev/c; 39°, 58°, and 
61° for x=45°, 90°, and 135°, respectively, for po= pr 
= 217 Mev/c. 


Il]. APPLICATION TO HYPERONS 


The equations for 7 given above can also be used to 
obtain the reduction of the scattering cross section of 
A or 2 particles in a nucleus. This effect is of interest 
in the study of A or 2 production in nuclei.’ From Eq. 


7R. Jastrow, Phys. Rev. 97, 181 (1955). 
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(13) (with m,;= mass of hyperon), one obtains 


m=1—0.568(T r/T:), (25) 


nz=1—0.558(T r/T)), (26) 


for A and 2 particles, respectively, where 7; is the 
incident energy. Both expressions hold only for 
T\>(m,/m2)T yp, ie., for 7,230 Mev if we take 
Tr=25 Mev. For lower energies, na and nz must be 
obtained numerically, by using Eqs. (17)-(21). Figure 1 
shows the resulting curve of ma vs 7, for A particles. 
Below 30 Mev, this curve is based on the following 
calculated values na(7,) [with 7; in Mev]: (5) 
=0.040; (10) =0.110; a(15) =0.204; n4(20) =0.314; 
na(25)=0.430. The curve of nz practically coincides 
with ma. Thus nz exceeds na by only ~0.01 below 30 
Mev; for 7,;>30 Mev, the difference nz—1, is still 
smaller. 
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The scattering of photons of 100 to 200 Mev from protons and deuterons is examined in a model in which 
it is assumed that only electric and magnetic dipole photons scatter. Two dispersion relations derived by 
Gell-Mann, Goldberger, and Thirring, and the analysis of photopion production from nucleons by Watson, 
Keck, Tollestrop, and Walker, are used to guide the theoretical prediction of differential scattering cross 
sections. Several approximations are made, including the impulse approximation in the discussion of photon 
deuteron scattering; the accuracy of these approximations is estimated. In this model the photon-proton 
cross section, and the sum of the elastic and inelastic photon-deuteron cross sections are largest at backward 
scattering angles. Several feasible types of photon-deuteron scattering experiments are discussed briefly. 


I. INTRODUCTION 


IDHOTONS of energy in the range 100 to 300 Mev 

may be used to probe the pionic structure of 
nucleons and of complex nuclei. In the past few years 
many laboratories have attacked the problem of meas- 
uring the elastic scattering of high-energy photons from 
nuclei; progress has been slow, however, because the 
photon-nucleon scattering cross section is extremely 
small, on the order of (e?/Mc*)?=1.5X10~-® cm?*/ 
steradian. Experimental cross sections for high-energy 
photon scattering from various nuclei are known at 
present only vaguely, though it appears that the meas- 
urements may be improved significantly in the next 
few years. 

Two different models of photon-proton scattering 
predict that the pionic contributions to the differential 
cross section should be small at energies below 100 Mev 
and should increase rapidly in the energy range 100 to 
150 Mev.®® The experiments of Oxley and Telegdi’ 
tend to support the conclusion that the 100-Mev cross 
section differs by little from the prediction of the Klein- 
Nishina formula modified by the inclusion of the Pauli 
anomalous moment. Pionic effects are isnportant for 
energies greater than 150 Mev also; however, the ex- 
perimental measurement is more difficult in this region 
because of the background of high-energy gamma rays 
produced in the decay of photoproduced neutral pions. 
Since the energy resolution of present gamma-ray de- 
tectors is not very sharp (about 30 Mev), the neutral- 
pion-production events may be separated from scatter- 
ing events only if the angle or energy (or both) of the 
recoiling nucleon is measured with a fair degree of 

* This work was performed under the auspices of the U. S. 
Atomic Energy Commission. 

t Present address: University of Washington, Seattle, Wash 
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accuracy. Above 150 Mev the theoretical analysis also 
is more complicated because recoil effects and effects 
of high angular momenta are more important than at 
lower energies. In this work we shall concentrate pri- 
marily on the energy range 100 to 190 Mev since 
pionic effects should be noticeable in this region, yet 
the experimental and theoretical treatment is not 
excessively complicated. 

Since pure neutron targets are not available, one can 
determine the photon-neutron cross section only by 
analyzing the results of scattering from complex nuclei. 
Such an analysis can be made in a simple manner if 
the impulse approximation’ is valid for this process. 
The deuteron represents the most suitable nucleus for 
application of the impulse approximation, since the 
average separation between the proton and neutron is 
relatively large, and the deuteron wave function is 
known fairly accurately. In Secs. HI and IV of this 
paper possible photon-deuteron scattering experiments 
are discussed, and the validity of the impulse approxi- 
mation is estimated. 

The theoretical prediction of photon-proton and 
photon-deuteron scattering is greatly facilitated by the 
use of dispersion relations. Gell-Mann, Goldberger, 
and Thirring (GGT) have derived dispersion relations 
for the spin-independent and spin-dependent forward 
photon-nucleon amplitudes, and have showed that the 
spin-independent forward amplitude (the coherent 
amplitude) may be determined to a high degree of 
accuracy from a knowledge of the behavior as a function 
of energy of the total cross section for production of 
pions by an unpolarized beam of photons.® Since the 
publication of GGT many authors have derived various 
dispersion relations for pion-nucleon scattering.* It 
appears that the various techniques used in these works, 
if applied to photon-nucleon scattering, may enable 
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one to determine approximately the differential cross 
sections at all angles from a knowledge of the depend 
ence on energy and angular momentum of the photopion- 
production cross sections, The analysis of Watson et al. 
has shown that two mechanisms predominate in the 
photoproduction from nucleons of pions at energies less 
than 400 Mev; first, the production of an S-wave pion 
by an electric dipole proton, and second, the production 
of a P-wave pion in a state of total angular momentum 
3} by a magnetic dipole photon.’ Thus, our present 
knowledge justifies the use of two separate dispersion 
relations in the prediction of the photon-nucleon scat 
tering cross sections. In this paper the two dispersion 
relations derived in GGT and the analysis of photo 
production of reference 9 are used to help make such a 
prediction, A dispersion relation is used for the further 
purpose of estimating corrections to the impulse ap 
proximation in photon-deuteron scattering. 

The basic assumptions of the present model are that 
the dispersion relations are valid, and that only electric 
and magnetic dipole waves are important in photon 
pion-nucleon phenomena at low energies. This latter 
assumption depends on the assumption that only S- 
and P-wave pions are important for low-energy pion 
nucleon phenomena. In addition to these basic assump 
tions several approximations are made, such as the 
impulse approximation in the case of photon-deuteron 
scattering; the accuracy of these approximations is 


estimated, 


Il. SCATTERING FROM PROTONS 
A. The Differential Cross Section 


The forward amplitude for the scattering of gamma 
rays from protons in the laboratory system may be 


written in the form 


T/(k)=Adckde: ee +ib(kpa: exe’, (1) 


where A,(k,) and B,(k,) are complex functions of k,, the 
magnitude of the momentum of the incident photon. 
The vectors e and e’ are the polarization vectors of the 
incident and scattered photons, and @ is the spin opera- 
tor of the proton. The subscript / is used to denote 


amplitudes and momenta that are to be measured in 
the laboratory system. Gell-Mann, Goldberger, and 
Thirring® have shown that the amplitudes A; and B;, 


satisfy the following dispersion relations: 


2k; ” ImA ,( ky’) 
rf dk,’ , 
T ky k,’? k;’) 


Rel Ay(ky) — AO) | (2) 


2k;* ‘ ImB,(k,’) 
rf dk,’ . 
T 0 | Tied k,’? k,*) 


where P? denotes the principal part of the integral. The 


Rel By(k;) — kB (0) | 


* Watson, Keck, Tollestrup, and Walker, Phys, Rev 101, 1159 


(1956 
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integral of Eq. (2) may be written in terms of the total 
cross section o7(k,’) for unpolarized incident photons, 
if use is made of the optical relation, 


ImA 1 (ky) = (ki /4r)or(k,). (4) 


This relation is derived in Appendix A. For simplicity 
the constants # and c are taken to be unity in this paper. 

In order that we may make a partial-wave expansion 
of the scattering amplitude, it is convenient to intro- 
duce the center-of-mass amplitudes A(k) and B(k), 
which are related to A,(k,;) and B,(k,) by the equations 
A(k)=(k/ki) Alki) and B(k) = (k/k;) Bi(ki), where k is 
the center-of-mass value of the magnitude of the photon 
momentum. The amplitudes A, B, A,, and B, are re- 
lated to the center-of-mass and laboratory differential] 
cross sections in the forward direction for unpolarized 
gamma rays by the equations 


do, do A}*+| Bl?, 


Ai|?+ | Bil’, 
Since the threshold value of the scattering amplitude 
is given by the Thomson amplitude, i.e. 


A,(0)=—e*?/m 


’ 


where e and m are the proton charge and mass, Eq. (4) 
may be used to write Eq. (2) in the form 


k? F or(k) 
rf dk,’ ; 
2dr? J, (k,?—k/*) 


Since the reactions y+p-p+n° and y+p-on+n' 
dominate whenever they are energetically possible, one 
may, to a high degree of accuracy, replace or by the 
total cross section for photopion production by un- 
polarized photons when using Eq. (5) to determine 
ReA(k). In GGT, ReA(k) is determined by this pro- 
cedure; the authors then predict the differential cross 
section for photon-proton scattering in the energy range 
0 to 300 Mev on the basis of a knowledge of A(k) and 
some reasonable guesses as to the relative sizes of the 


kh; e 
ReA(k)4 
k m 


(5) 


phase shifts. This section is an extension of the GGT 
analysis, the principal differences being that the effects 
of the anomalous and intrinsic magnetic moments are 
included, and both Eq. (5) and (3) are used, together 
with the analysis by Watson ef al.’ of photoproduction, 
to fix the two parameters A(k) and B(k). 

It is assumed that at energies less than 200 Mev the 
only electromagnetic waves significantly scattered are 
those of angular momentum one, the electric and mag- 
netic dipole waves. This assumption seems reasonable 
in view of the facts that the energy is small compared 
to the proton rest energy, and that dipole photons are 
responsible for the important features of photopion 
production at energies less than 400 Mev. Both the 
electric and magnetic waves may couple to the spin of 
the proton to form waves of total angular momentum } 
and 3. Conservation of angular momentum and parity 
prevents transitions between these four states; thus in 
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this approximation the only nonvanishing elements of 

the center-of-mass scattering amplitude 7 are the 

diagonal elements. We will denote these by 7,°!, Ty*', 

Ty™*, and Ty" where the superscripts “el” and “mg” 

denote electric and magnetic amplitudes. These ampli- 

tudes are related to the phase shifts 6; (which are in 

general complex) by equations of the form 


T = ke" sind,, 


where 7 denotes the parity and angular momentum. 

Since the phase shifts are of the order (ek/m)=0.001 

for our problem, it is an excellent approximation to 
replace the above expression by 

(6) 

Since, in the differential cross section for unpolarized 

particles, there is no interference between spin-de- 

pendent and spin-independent amplitudes, it is con- 

venient to work with such amplitudes. We define electric 

and magnetic spin-independent and spin-dependent 

amplitudes by the equations 

A*'(k) 

A™*(k) 

Be'(k) 

Bme(k) 


Ty (Rk) +47 ;"(k), 
TyP*(k)+47,"*(R), 
5 Ty"'(k)—37,"'(k), 
47 y™*(k) ST y™*(k). 
It may be shown that the forward spin-independent and 
spin-dependent amplitudes, A(k) and B(k), are related 
to the amplitudes of Eqs. (7) by the equations, 
A(k) 
Bk) 


A®!(k)+A™8(k), 
Be'(k)+- Bme(k). 


(&) 


At low photon energies the electromagnetic field feels 
only the gross properties of the proton. It has been 
shown by several authors that, in a gauge-invariant 
and relativistically invariant theory, the first two terms 
in an expansion in powers of energy of the amplitude 
for scattering of a photon from a spin 4 particle are 
determined by the charge, mass, and anomalous mo- 
ment Ae/2m of the particle.’ To order & the center-of- 
mass amplitude 7 is given by 


ke* ie” 
T= ——e-e’ 
kim 


(2\+-1)ko- eX e’ 
2m 


ie’ a: (exXk)x(e’*k’) 
t (A+1)? 
2m? k 


ie” e-k’a- (k’ Xe’) —e'- ka (kX e) 
Po (A+ 1) Eo oy 
2m’ k 


0 F, FE, Low, Phys. Rev. 96, 142% (1955); M. Gell-Mann and 
M. L. Goldberger, Phys. Rev. 96, 1433 (1955). A somewhat similar 
theorem applying to photon scattering from complex, structured 
systems is given by R. H. Capps, Phys. Rev. 99, 926 (1955). 
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where k and k’ are the momenta of the incident and 
scattered photons, respectively."' The last term of this 
expression involves magnetic quadrupole photons, and 
is neglected in the present dipole model. From the first 
three terms of Eq. (9) it is seen that the low-energy 
behavior of the amplitudes A*', A™, Be', and B™* is 


given by 


e ky 
(0.34 , 
m jo 


(2QA+1)ky 


2m* 


e ky; 
0.58——, 
m jb 


k, 
Bre 
k 2m? 


(A+ 1)*ki 


where u is the pion mass and XQ is taken to be 1.79, 

At energies above 100 Mev the scattering amplitude 
should be considerably modified by pionic structure 
effects. Since partial waves corresponding to 7y*' and 
Ty are dominant in low-energy photopion production, 
we follow GGT in neglecting such pionic structure 
modifications in 7y™® and 7,°'. Then the four dipole 
amplitudes have the form 


k, e 
Ty! '(k) 
k 


k, 
T\°'(k) 


Ty™*(k) 
k 





The terms in square brackets in Eqs. (11) are the 
threshold terms, determined from Eqs. (7) and (10), 
while the functions 6(k) and 9(k) represent pions 
structure effects that are to be determined from the 
photoproduction data. It should be noted that, in the 
present approximation, T;, A%*™s, 
Bolme, & and OM are all real at energies below pion- 
produc tion threshold. 

In order that the second dispersion relation, Eq. (3), 
be useful, ImB must be replaced by a quantity that 
has to do directly with the photopion production cross 


the amplitudes 


The analogous expression for the laboratory amplitude is 
given by Eq. (1.1) of Low, reference 10. The sign of T in Eq. (9 
is opposite to the sign of the amplitude discussed by Low; this is 
a matter of convention, 





1034 <<. > 


sections. To do this we define partial cross sections oy 
and a4, which represent the contributions to the total 
cross section for unpolarized, dipole photons from total 
angular momentum states $ and 4, respectively. Thus 
we have 


,o7=aytoyt higher multipole contributions. (12) 


It is shown in Appendix A that, in our dipole model, 
ImB is given by 


ky 
ImB(k,) = (ki/43) (404-04). 


> 


(13) 


If kg. (13) is substituted into Eq. (3) and B’(0) is 
replaced by its value computed from Eqs. (8) and (10), 
kg. (3) becomes 


p04 (k’) 


hy ken ke" 
ReB(k) rf dk; 
k 2m? 2x* Jy hi’ (hk)? 


As with Eq. (5), only the photopion production con- 


a4(k’) | 
. (14) 
k/’) 


tribution to oy and o, need be used in evaluating the 
integral of Iq. (14). It should be noted that if photopion 
production were a spin-independent process, the inte- 
gral of Eq. (14) would vanish in our approximation, for 
an unpolarized beam of dipole photons may be shown 
to be 4 3 and 4 in the state 7=4. Thus, 
if there were no spin dependence, a, would be equal to 
2o0,, and the integral in Kq. (14) would be zero. 
Equations (8), (7), and (11) may be used to write 
A(k) and B(k) in terms of known constants and the 
functions IN(k) and &(k). If these expressions for 31 
and & are substituted into Eqs. (5) and (14), these two 


in the state 7 


dispersion equations become 


¢ k? i” or(k’) 
Re| Wk) + 1&(k) rf dk)’ 
m Qn’? J, (k,'*—k;*) 


e k) D 
Rel fo (k) — $.&(R) | ef dk,’ 
m or? 0 


bay (h’) —04(k’) | 


hi’ (ki? —k?) 
If the analysis of photopion production of reference 9 
is used to determine o7, 04, and oy, and the integrals are 
numerically integrated, Eqs. (15) determine Rei and 
Re& as functions of the energy. The results of such a 
procedure are shown by the solid curves in Fig. 1. 

The imaginary parts of SW and & also may be deter- 
mined from the photoproduction data. Taking the 
imaginary parts of Eqs. (11), we obtain 


Im7,*'=Im7,"*=0; 
(ki/k) ImT,*!= (e?/m) &; 
(ki/k) ImTy"*= (e?/m)yM., 
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If these equations are combined with Eqs. (7), (8), (4), 
and (13), the imaginary parts of 9M and & are given by 


2 


€ 
— Im[m(k) +4 6(k) ]= 
m 


k; 
ork), 
Tv 


(16) 
e 


k 
— Im[}9n(k) —4.8(&) ]=—(4oy(k) —04(h)]. 
m 4n 


The imaginary parts of 9M and &, determined from 
Eqs. (16) and the photoproduction data, are shown by 
the dashed curves in Fig. 1. 

If the functions 9N(&) and &(k) are known, the ampli- 
tudes A*'™* and Be!™* may be determined from Eqs. 
(7) and (11). The differential cross section for un- 


200 260 


LAB PHOTON ENERGY Mev 


Kc. 1. Values of the amplitudes & and JIU as functions of the 
incident photon energy (laboratory system). The solid lines 
represent the real parts of the amplitudes; the dashed lines repre 
sent the imaginary parts. The amplitudes Imé& and ImDIW are 
equal to zero at energies less than 150 Mev. As the energy de- 
creases from 120 Mey to zero, Re& and ReSW approach zero. At 
70 Mev these amplitudes are given approximately by the relation, 
Re &=ReSW=0.05 e/m. 


polarized gamma rays may then be computed from Eq. 
(B3) of Appendix B. [The derivation of Eq. (B3) is 
discussed in Appendix B.] The center-of-mass, differ- 
ential, “unpolarized” cross section, computed by the 
above procedure, is given in Fig. 2 at incident photon 
energies (in the lab system) of 120, 150, and 185 Mev. 

Of the assumptions made in this section, perhaps the 
least justified is the assumption that the amplitudes 
T,*' and Ty™ are given by their low-energy forms 
without pionic structure modifications. However, it 
does appear reasonable that such modifications are 
smaller than the corresponding modifications of 7,*! 
and 7y™*. In the weak-coupling theory of Capps and 
Holladay’ the ratio of the pionic structure modifications 
in the electric amplitudes 7," and 7°! is about } at 
150 Mev. In terms of the present model this ratio R 
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may be written 


(hi/k)Ty°!— (e?/m)[ —§ —4(ki/m)(24+1) ] 
(ki/k)Ty!— (e?/m)[ —3+-3 (ki/m) (2A+1) ] 


Cae) 


In order to test the effect of a pionic structure modifica- 
tion in the amplitude 7;°', we make the rather arbitrary 
assumption that the ratio of Eq. (17) is 4, and recalcu- 
late the differential cross section corresponding to 
k,=150 Mev, again using Eqs. (5) and (14) to deter- 
mine the various amplitudes. The resulting cross sec- 
tion is shown in Fig. 3. It is seen that the most important 
characteristics of the cross section are not changed much 
by this assumption. The effect of a small but finite 
value of the ratio of Eq. (17) is even less pronounced 
at 120 and 185 Mev. The effect of a small finite value 
of Ty" is also somewhat less than the corresponding 
effect for Ty". 

The differential cross sections may easily be con- 
verted to the laboratory system. ‘To make this conver- 


185 Mev 


150 Mev 


120 Mev 





90" 
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Fic, 2, Calculated photon-proton differential cross sections in 
the center-of-mass system, shown at incident photon energies in 
the laboratory system of 120, 150, and 185 Mev. 


sion one may use the relation JdQdae= f'dQdo,, where 
the integrals are over corresponding solid angles, and 
the relation dQ/dQ)= (k,'/k)*. The laboratory differ- 
ential cross sections corresponding to the center-of- 
mass cross sections of Fig. 2 are given in Fig. 4. As the 
energy decreases from 120 Mev to zero the differential 
cross section approaches that of ‘Thomson scattering. 
At 70 Mev the lab-system differential cross section 
calculated from this model is 0.98 e?/m in the forward 
direction, 0.59 e?/m at 90 degrees, and 0.90 e?/m in 
the backward direction. 


B. Comparison with Experiments and 
Other Theories 


The results of high-energy photon-proton scattering 
experiments* are not yet sufficiently conclusive to 
provide a test for the present model. From the analysis 
by the Massachusetts Institute of ‘Technology group'* 
of the scattering of 100- to 140-Mev photons from com- 
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Fic. 3. Dependence of the calculated photon-proton center-of 
mass differential cross section on the value assumed for the pionic 
structure modification of the amplitude 74°. The ratio R is 
defined in Eq. (17). The curves refer to an incident photon energy 
in the laboratory system of 150 Mev 


/80° 


plex nuclei, there is some indication that the photon 
proton differential cross section is greater than (¢®/m) 
at 6=135°, in agreement with the present model. ‘This 
result is quite tentative, however, because of the difh- 
culties both in performing and in analyzing the experi- 
ment of scattering photons from complex nuclei. 

It is instructive to compare the results of this paper 
with those of other theories. The front-back asymmetry 
in the 150-Mev differential cross section given here is 
similar to that predicted by GGT; the center-of-mass 
differential cross section of the present model increases 
from 0.1e?/m to 3.1e?/m as the scattering angle increases 
from 0° to 180°, while the corresponding cross section 
of GGT increases from 0.1e?/m to 2.8e?/m in the same 
range. The scattering amplitudes are quite different in 
the two theories, however. In the model of GGT the 
pionic structure modification of the amplitude 74 is 
larger than the corresponding modification of 74°'; 
the front-back asymmetry is caused by interference 
between the spin-independent part of 7y"* and the 
negative spin-independent electric dipole amplitude 
(the Thomson amplitude). In the present model the 
evaluation of the spin-dependent dispersion relation, 
Iq. (14), indicates that the magnetic modification JI is 
smaller than the electri 150 
Mev; thus the spin-independent magnetic amplitude 
is smaller than the corresponding amplitude of GGT 
The front-back asymmetry in the spin-independent part 
do, of the differential cross section in Sec. ITA is only 


modification & at ky 


165 Mey 


150 Mey 


| 
90° 180° 
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Fic. 4. Calculated photon-proton differential cross sections 
in the laboratory system 
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moderately large: da 4(180°) —da4(0") =0.8e?/m; how- 
ever, there is an additional source of front-back asym- 
metry in the spin-dependent cross section dag: doy(180°) 

day(0")=2.2e’/m. This spin-dependent asymmetry 
arises from interference between the electric and mag- 
netic scattering, which is dependent on the intrinsic and 
anomalous magnetic moments, and also on the mesonic 
structure effects. 

The differential cross section at k;=150 Mev pre- 
dicted by Capps and Holladay,'* who use a modification 
of the weak pion-nucleon coupling theory of Sachs and 
Foldy," is similar to the results of Sec. [JA in the for- 
0).3¢?/m 
In this case the magnetic amplitudes are 


ward direction, but increases only to about do 
at 0=180". 
small; the principal effect of the proton’s pionic struc- 
ture is to reduce the magnetude of the electric dipole 
amplitudes from their threshold values, It is expected 
that the magnetic amplitudes are underestimated by 
this theory, however, since the scattering from the 
pionic contribution to the static magnetic moment is 
not included in such a weak-coupling calculation. 

ITA may arise from 
inaccuracy of either the structure-independent terms of 
the scattering amplitude (those terms depending on 
only the mass, charge, and anomalous magnetic mo- 


Inaccuracy of the results of Sec. 


ment) or the pionic-structure modification terms. An 
estimate of the inaccuracy of the structure-independent 
terms may be made by setting the functions IN(k) and 


&(k) of Eqs. (11) equal to zero, and comparing the re- 
sulting computed differential cross section with the 
cross section given by the Klein-Nishina formula modi- 
fied by inclusion of a Pauli anomalous-moment term." 


Such a comparison is given, for kp = 150 Mey, in Fig. 5. 
It is seen that the neglect of certain recoil effects in the 
present model leads to an overestimation of the struc- 
ture-independent differential cross section at angles 
other than forward angles of about 2007. 

The assumption that the mesonic structure modi- 
fications are appreciable only in the amplitudes 7y'™* 
and 7,*' leads to spin-dependent electric and magnetic 
amplitudes of large absolute value. This leads to a large 
backward peaking in the spin-dependent cross section. 
Figure 3 illustrates the effect of a different assumption 
concerning mesonic structure effects. 

A further error in the mesonic structure contribution 
is introduced by the assumption that only S and P 
wave mesons (and only dipole photons) are important. 
The neglect of virtual mesons of higher angular mo- 
mentum may well lead to errors in the differential cross 
section of 30% or so at angles other than forward angles. 

Because the choices of both structure-independent 
and structure-dependent effects in the present model 


"RK. H. Capps and W. G. Holladay, Phys. Rev. 99, 931 (1955) 
Ihe curve showing the effect of the inclusion of the anomalous 
magnetic moment in Fig. 2 of this reference is incorrectly com 
puted; the resulting differential cross section should increase as 
the scattering angle increases 

“RR. G. Sachs and L. L. Foldy, Phys. Rev. 80, 824 (1950) 

4 J. L. Powell, Phys. Rey. 75, 32 (1949). 
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tend to overestimate the cross section in the range 
90° <8<180°, the curves of Figs. 2 and 4 probably 
are somewhat high in this region. In our opinion a 
reasonable guess would be that the carves in Figs. 2 
and 4 are about 1} times too large at 180°. 


III. SCATTERING FROM DEUTERONS 
A. The Differential Cross Sections 


Information concerning the scattering of photons 
from neutrons must be obtained from the results of 
scattering photons from complex nuclei. The results of 
scattering from complex nuclei may be related simply 
to the corresponding neutron and proton cross sections 
if the total nuclear scattering amplitude is approxi- 
mately equal to the superposition of the scattering 
amplitudes from a group of free protons and neutrons 
having the same momentum distribution as the nucleons 
in the nucleus. This ‘‘impulse approximation” has been 
studied by Chew and others’ and applied to many 
collision problems involving complex nuclei. ‘The im- 
pulse assumption is necessary to the formulas given by 
Pugh, Frisch, and Gomez! for photon scattering from 
medium and heavy nuclei. 

Because a deuteron consists of only two nucleons and 
because these nucleons have a relatively large average 
separation, deuterons represent favorable nuclei for 
application of the impulse approximation to a collision 
process. In this section the impulse approximation is 
used to predict the results of high-energy photon- 
deuteron scattering. 

The formulas relating the deuteron amplitude to the 
proton and neutron amplitudes in the impulse approxi- 
mation are similar to those given by Chew and Lewis 
for the photoproduction of neutral pions from deu- 
terium'®: thus these formulas will be listed here without 
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Fic. 5. Comparison of the structure-independent part of the 
calculated photon-proton differential cross section to the cross 
section calculated from the Klein-Nishina formula modified by 
the inclusion of a Pauli anomalous-moment term. The Klein 
Nishina cross section doxy is taken from reference 14. The cross 
section dog; results from setting & and JI equal to zero in the 
present model. The quantities are measured in the laboratory 
system, at an incident photon energy of 150 Mev. 


16 G. F. Chew and H. W. Lewis, Phys. Rev. 84, 779 (1951). 





PHOTON SCATTERING FROM 
derivation. Letting @ and @ represent spin-independent 
and spin-dependent amplitudes, and letting the sub- 
scripts m and p refer to the neutron and proton ampli- 
tudes, respectively, we may write the unpolarized 
differential cross sections for scattering photons from 
free protons and free neutrons as 


do» 
(18) 
do»= 


The relation of the quantities @,,, and ®»,, to the 
scattering angle and to the various electric and magnetic 
amplitudes is given in Appendix B. The expression for 
the differential cross section for elastic photon scattering 
from deuterons is analogous to Eq. (25) of reference 15 
and is given, in the notation of Eqs. (18), by 


da gl {| @,+@,|?+$|G8,+@,|*}5(q), (19) 


where g is the inagnitude of the vector q, which repre- 
sents the momentum transferred to the nucleons in 
the collision. The “sticking factor” S(q) measures the 
probability that the deuteron remains bound after the 
collision; this factor may be determined from the 
deuteron wave function o(1r) by the equations 


S(q) (20) 


F*(3q), 


F(q) fer 4'g? (41). 


(21) 


The sum of the differential cross sections for inelastic 
and elastic scattering is given by an expression analogous 
to Eq. (27) of reference 15. Representing this sum by 
doa, we have 


dog= | Ap|?+ | An|?+| Bp|?+|@B,|? 


t2Qn* Ap (g) +3 @n*B,F (gq), (22) 


where the interference factor /(q) is given by Eq. (21). 
In inelastic scattering the momentum transfer is not 
determined by the energy and scattering angle alone. 
In the present calculation this momentum transfer is 
assumed to be equal to the momentum transfer of the 
corresponding deuteron elastic scattering, an assump 
tion which is accurate to order k,/2m. 

In order to compute the form factors /(q) and S(q) 
we assume that the deuteron wave function $(r) is 
given by the Hulthen function 


af (B-+-a) i e-ar_¢ 
o(r) (23) 
2nr(B—a)* 

where the constants a and # are expressed in terms of 
the nucleon mass and the deuteron binding energy Y 
by the equations a= (Vm)!=0.322y; 8 


F(q) and S(q) that result from this choice of @(r) are 


6a. The factors 


given as functions of the momentum transfer, by 
Chew.'® They are both unity at g=0, indicating that 


6G, F. Chew, Phys. Rev. 84, 710 (1951) 


Fig. 1 of this paper. 


See Eq. (5) and 
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the scattering is completely coherent in the forward 
direction, As q increases, the two functions decrease 
monotonically. That the difference between /(qg) and 
S(q) is not too large for any value of g indicates that, 
if the neutron-proton system remains in a triplet state 
after the collision, the interference effect in the imelasti 
scattering is not too large. Thus if the momentum 
transfer is large enough to split the deuteron, the 
“struck” 
energy noticeably larger than that of the other nucleon, 


nucleon will generally be left with a kinetic 


in which case interference effects are small. If, on the 
other hand, the neutron-proton system is in a singlet 
state after the collision, the scattering must be inelastic ; 
interference effects in such scattering may be important. 

In order to make a definite prediction for the photon 
deuteron cross sections, we assume that the meson 
effects in photon-nucleon reactions are charge-sym 
metric, and contribute equally to the neutron and 
proton amplitudes. In such a model the neutron ampli 
tude differs from the proton amplitude only in the 
effects of the total charge and the intrinsic magneti 


{¢! {,,™« jel 
‘In y» “in 'y n 


are given, in terms of the corresponding 


’ 


moment. The neutron amplitudes 


> mg 
>n 


and 
proton amplitudes, by 


(B,"" Bm) 
k am 


(2A+1). 


Thus, the structure-independent parts of the neutron 
1,°l= B,¢! 0; Bm 


between the anomalous 


amplitudes are given by A,'™* 
e’n*k/2m*. The 


moments of the proton and neutron is neglected here 


difference 


the 
structure 


If the proton amplitudes are determined by 


procedure of Sec. ITA (neglect of mesoni 
modifications in 74°! and 7)"*, and use of dispersion 
relations), and the neutron amplitudes are determined 
by Kqs. (24), the resulting deuteron elastic and in 
elastic cross sections may be computed from Iqs. (19) 
and (22) and the formulas given in Appendix Bb. ‘The 
the 


energies in 


resulting differential cross section, converted to 


laboratory system, are shown at three 


Figs. 6 and 7 


B. Accuracy of the Model 


At present we know of no reliable experiment that 
may be used to check the present results for photon 
deuteron scattering. Such measurements may be made 
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Fic, 6, Calculated photon-deuteron differential elastic 
cross sections in the laboratory system. 


180° 


in the near future, however; therefore it is important to 
estimate the accuracy of the approximations used here. 

It is expected that the deuteron cross sections of 
igs. 6 and 7 are overestimated somewhat at backward 
angles for the same reasons as given in Sec. IIB in the 
discussion of the proton cross section. Furthermore, 
there are several sources of error in the present treat- 
ment of photon-deuteron scattering in addition to those 
which are present in the treatment of Sec. II of photon- 
proton scattering. One such source is the internal mo- 
mentum of the deuteron; because of this momentum 
the relative energy between the photon and the “struck” 
nucleon is not fixed by the photon energy alone. The 
impulse approximation can be accurate only if the re- 
sulting spread in relative energy is small enough so 
that the scattering amplitude does not vary by a large 
amount within the range of the spread. If the deuteron 
wave function is given by Eq. (23), a calculation shows 
that, for an incident photon energy of 150 Mev, the 
spread in photon-nucleon relative energy is around 15 
Mev; that is, 80%, of the time the relative photon- 
nucleon energy is within 7.5 Mev of the corresponding 
energy for a nucleon at rest. From the curves of Fig. 7 
it appears that the differential cross section at some 
fixed angle may vary by as much as 0.4e?/m in 7.5 Mev. 
‘Therefore errors from this source are not negligible. 

The neglect of recoil leads to several types of small 
errors in the model. The effect of nucleon recoil in the 
photon scattering from the nucleon’s pionic structure 
leads to violations of the charge-symmetry assumption, 
of order «/m. Experiments on the closely related process 
of charged pion production by photons on deuterium 
indicate that the violation of charge symmetry in this 
process is of the expected order, about 15%.'" The 
assumption that the momentum transferred to the 
nucleons in inelastic scattering is equal to the mo- 
mentum transfer of the corresponding elastic scattering 
is another source of recoil errors, which, in this case, 
are of order k,/2m. 

‘The impulse assumption, that the neutron and proton 


amplitudes are additive, neglects the effect of “co- 


7 Sands, Teasdale, and Walker, Phys. Rev. 96, 849 (1954). 
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Fic. 7. Calculated photon-deuteron differential cross sections 


in the laboratory system. These curves represent the sums of the 
elastic and inelastic scattering cross sections. 


operation” between the nucleons in the photon scatter- 
ing. We may estimate the magnitude of these effects by 
making use of certain experimental data. In order to 
formulate this estimate we write the amplitude 74, for 
elastic forward scattering from deuterons in a form that 
is somewhat similar to that of Eq. (1), 


Tas(k) = Aalk)e-e'+ Balk) (0,+@,)- (eX e’) 


+other terms, (25) 


where o, and @, are the spin operators for the proton 
and neutron, respectively. The coherent amplitude A 4 
may be written in terms of the corresponding proton 
and neutron amplitudes by the equation 


Aa(k)=A,(k) +A n(k)+ A(R). 


The quantity A(&) is zero in the impulse approximation 
and represents the error in Ag due to the impulse 
assumption. The imaginary part of A may be estimated 
from experimental data, if use is made of the optical 
relations, 


(26) 


(k/4r)axy, 
(k/4) orn, 
(k/4r) (Ond + O dis). 


ImA , 


ImA, (27) 


ImAg 


The cross sections oy», Orn, and o,a represent the total 
cross sections for photoproduction, by unpolarized 
photons, of pions from protons, neutrons, and deuterons, 
respectively, while aaj, represents the corresponding 
cross section for photodisintegration of deuterons. Only 
terms of order e* are included in Eqs. (27). 

If Eqs. (27) are combined with Eq. (26), the follow- 
ing expression for the imaginary part of 4(&) isobtained : 


ImA(k) = (k/4r)[ oa(h)—onp(h)—oen(k) | 


+(k 4) oais(k) (28) 


‘The two terms on the right side of this expression are 
treated here as separate corrections. The quantity 
ora(k)—o4,(k)—o4n(k) is zero for k,< 140 Mev; it is 
not known at energies above pion-production threshold, 
since o,, is not known. However, there is evidence that 
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the r+ photoproduction ratio of deuterium to hydrogen 
in the energy range under consideration here is about 
0.9,% suggesting that the ratio | (¢,a—Orp—Orn)|/Ona 
is probably not large, perhaps about 10°% or 15%. That 
part of ImA resulting from  photodisintegration, 
(k/4r)oais, is finite at all but very low energies. For 
photon energies in the range 100 to 200 Mev, however, 
(k/4ar)ouis is not greater than 0.30e?/m. Thus, in this 
energy range, the quantity ImA probably is not more 
than 0.3¢?/m or 0.35e?/m. 

The real part of A(k) also may be estimated, if use is 
made of dispersion relations. The real parts of Ag and 
A,, satisfy dispersion relations which are analogous to 
the relation for A,, Eq. (5). If the dispersion equations 
for A,(k) and A,(k) are subtracted from the equation 
for A4(k), the result is an equation for ReA(k), 


kh, e k? L 
ReA(k) =—+ rf dk; 
k 2m 2r’ 0 
Oais(h’) { [ ora(k’) -Oxp(k’) 
x 
(ki?—k/?) 


Orn(k’) | 
(29) 


The constant e?/2m results from the difference of the 
threshold values for scattering from deuterons and 
from protons. 

Again we make the estimate that the error that 
arises because ¢,4—@rp—%rn iS not zero is probably not 
much more than 15%. In order to determine the con- 
tribution to ReA from virtual photodisintegration of 
deuterons, we neglect the difference between o,4 and 
Trpt Orn, and evaluate the integral in Eq. (29) from 
the experimental data on photodisintegration. The 
result is not very energy-dependent in the range 100 
Mev<k;<200 Mev and is given approximately by, 
1.08 ReA(k) ~0.50(e?/m) —0.64(e?/m) = —0.14(e?/m). If 
the contributions to ReA(k) from the two sources 
virtual pion production and virtual photodisintegration 

-are added together, it is seen that | ReA(k)| probably 
is not more than 0.2(e?/m). 

That the contribution to ReA(k) from virtual photo- 
disintegration is fairly smal] (for k;> 100 Mev), may be 
understood more clearly if the region of integration of 
Eq. (29) is divided into two regions k;/>100 Mev and 
ki’ <100 Mev. The contribution of o4i,(k’) is small in 
the high-energy region, since the ratio o4is/ora is less 
than 0.25 throughout this region. In the low-energy 
region, the photodisintegration cross section is large, 
Oais™ 10-7 cm’, and is primarily the result of spin- 
independent, electric dipole transitions. For this region 
the energy denominator (k;?—k?)~! may be expanded 
in powers of (k,?/k/) so that the low-energy contribu- 
tion to the right side of Eq. (29) is 


e 1 100 Mev k,’? kh! 
ao f dbfoau(®)(1 { +--+ -), (30) 
2m 2’ Jo k? ke 


18 Crowe, Friedman, and Hagerman, Phys. Rev. 100, 1799 
(1956). 
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The zero-order term in this expansion, (2*)'/dk,’ 
Xouis(k’) is approximately equal to 0.59(e?/m) ; thus it 
is nearly canceled by the threshold constant, 0.50(e?/m), 
This is a rough restatement of the well-known /f-sum 
rule for the deuteron, which states that the total 
energy integral of the electric dipole cross section is 
approximately 0.5e?/m.'* ‘This fact has been pointed 
out by GGT, who show that the assumption that the 
impulse approximation is valid in the high-energy limit 
may be used to derive a sum rule for the total photo 
disintegration cross sections for complex nuclei. 

The contribution to Eq. (30) from terms of higher 
order in (k;/*/k?) is small also, since (k/?/k?) is small 
if k/’ is such that ogis(k’) is large. 

It is concluded that the quantities ReA(k) and 
ImA(k), which measure the inaccuracy of the impulse 
assumption, probably are not larger than 0.2e?/m or 
0.3¢?/m. It may be argued further that similar correc- 
tions to both the spin-dependent and spin-independent 
amplitudes should be of this order or smaller at all 
angles. Experiments indicate that the deuteron-proton 
ratios for photoproduction of positive pions, and of 
neutral pions, do not vary much with angle'®°; it 
appears that the impulse approximation is reasonably 
accurate for the process of photopion production at all 
angles. Therefore that part of photon-deuteron scatter- 
ing which proceeds through virtual pion production 
states may be treated by the impulse approximation 
fairly accurately for all scattering angles. 

Similar arguments may be given for the contribution 
of virtual photodisintegration states. The fact that the 
total photodisintegration cross section is small for 
energies greater than 100 Mey indicates that all partial] 
wave photodisintegration cross sections are small in 
this energy range; therefore the contributions to the 
deuteron-scattering differential cross sections from ex 
citation of high-energy photodisintegration states should 
not be large at any angle. Excitation of low-energy 
photodisintegration states is primarily a spin-inde 
pendent electric dipole process which, as shown above, 
gives corrections to the spin-independent electric dipole 
amplitude A q*', which are of order 


100 Mev 
(27) f Tain (h’)I k,’?, k? \dk,’ O.05e?/m. 


0 


It is concluded that the present model is not a precise 
one; errors due to neglect of certain recoil effects and 
errors due to neglect of effects in which the neutron and 
proton 
predicted photon-deuteron differential cross sections. 
Roughly speaking, at any given angle, these errors 


“é 


cooperate” may lead to sizeable errors in the 


may be as large as 0.5e?/m or so. Furthermore, we 


1 This sum rule is discussed by J. S. Levinger and H. A. Bethe, 
Phys. Rev. 78, 115 (1950) 

”(G. Cocconi and A. Silverman, Phys. Rev 
and Bingham, Keck, and Tollestrup, Phys 
(1955). 


88, 1230 (1952); 
Rev. 98, 1187(A) 
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expect the predicted cross sections to be somewhat high 
for backward scattering angles for the reasons dis- 
11. However, one may expect the pre- 
dictions of this model to reveal the salient features of 
the 


cussed in Sec. 
the actual cross sections, provided that basic 
assumptions of the model are correct. 


IV. POSSIBLE PHOTON-DEUTERON SCATTERING 
EXPERIMENTS 


Because of the presence of the neutron-proton force, 
the present model is not expected to predict photon- 
deuteron scattering as accurately as scattering from 
free protons. However the difficulties of using photon- 
deuteron experiments to investigate the photon-nucleon 
interaction are partially compensated by one advantage 
of such experiments, namely the possibility of measur- 
ing several different quantities when the scattering is 
from deuterium. One can measure both the elastic and 
inelastic cross sections, and it may be possible to obtain 
further useful information by detecting the recoil of 
one of the nucleons in the inelastic photon-deuteron 
sé attering 

In order to separate the elastic and inelastic scatter 
ing with present experimental equipment, one must 
detect the recoiling nucleon or deuteron in coincidence 
with the gamma ray, using a detector that differentiates 
between deuterons, protons, and neutrons. Such a 
coincidence measurement is not too difficult in elastic 
scattering, since the recoil energy and angle of the 
deuteron are fixed by the incident energy and photon 
scattering angle. If the scattering is inelastic, however, 
the recoil of the nucleons is not fixed by the incident 
energy and photon scattering angle. For this reason the 
least difficult way to measure the inelastic cross section 
is to measure the total cross section and the elastic 
cross section and find the difference. 

It is possible that still further information may be 
obtained from such coincidence experiments. If the 
impulse approximation is a fairly accurate description 
of the inelastic scattering, one expects that the nucleon 
which is “struck” by the photon has a high probability 
of recoiling in a direction that is fairly close to the 
recoil direction in the corresponding scattering from 
free nucleons. If one can detect the recoiling “struck” 
nucleon with appreciable efficiency, one may obtain 
the ratio of knocked-out protons to knocked-out neu- 
trons. In the impulse approximation this ratio is the 
ratio of the proton and neutron differential cross sec- 
tions at the angle in question. Such a procedure is 
difficult experimentally, but has the advantage that a 
neutron-proton ratio is being determined; hence, the 
use of the impulse approximation in determining the 
free-particle cross-section ratio is free from some of the 
errors involved in the analysis of Sec. TIT. 

We may make a rough estimate of the variation in 
direction of emission of the knocked-out nucleons by 
using the impulse approximation and assuming that 
the internal momentum spectrum of the deuteron is 
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given by the Fourier transform of the expression for 
¢(r) given in Eq. (23). For values af.the incident 
photon energy and photon scattering angle of 140 Mev 
and 90° such an estimate indicates that in 50% or more 
of the inelastic collisions the knocked-out nucleon 
emerges in a cone of radial angle 18°, the center of this 
cone being very close to the direction of recoil in the 
corresponding scattering from free nucleons. Though 
such a cone is not small, it does appear possible to de- 
tect a reasonable proportion of the knocked-out nu- 
cleons. The efficiency of such a measurement would be 
lower than in an ordinary photon-scattering experi- 
ment, but it may not be as much lower as it would 
appear at first sight, for the following reason: Present- 
day photon scattering experiments are performed with 
bremsstrahlung beams having a wide energy spectrum, 
and the energy resolution of present photon detectors 
is not very sharp. If the energy of the recoiling particle 
is measured, this measurement makes it easier to sub- 
tract events resulting from photons in the low-energy 
tail of the bremsstrahlung spectrum. Furthermore, 
nucleons struck by low-energy photons have less 
chance of being knocked out of the deuteron and emitted 
in a direction inside a fairly small cone than do nucleons 
struck by high-energy photons. 


V. CONCLUSIONS 


The development of dispersion relations has made it 
possible to predict many features of photon-nucleus 
scattering from a knowledge of photopion-production 
cross sections. In the work presented here two disper- 
sion relations, together with several reasonable approxi- 
mations, are used to predict the differential cross sec- 
tions for photon-proton scattering and elastic and 
inelastic photon-deuteron scattering at energies less 
than 200 Mev. At present the experimental data are 
not accurate enough to check the model used here. 

Since the photon scattering amplitudes may be ex- 
pressed approximately in terms of photopion-production 
cross sections, the primary purpose of measuring pho- 
ton-nucleon scattering probably is not to find new 
information concerning the pionic structure of nucleons, 
but rather to test presently accepted ideas, such as the 
dispersion relations, and the assumption that only 
S-wave and P-wave pions are important to an under- 
standing of low-energy pion-nucleon phenomena. These 
two assumptions are basic to the present model. Further 
approximations are made (such as the impulse approxi- 
mation), but the accuracy of these further approxima- 
tions is estimated. If the measured cross sections should 
differ from those predicted in Secs. II] and III by 
amounts much larger than expected, this probably 
would indicate the failure of one of the two basic 
assumptions. 

In the present model effects of virtual transitions of 
the nucleons to a nucleon-pion P-wave state offangular 
momentum 3 (the resonant state) are important, but 
they do not dominate the effects of S-wave pion- 
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nucleon states, at least at energies below 200 Mev. As 
the photon energy increases from 120 to 300 Mev, the 
virtual P-wave, j= 4, pion-nucleon state becomes more 
and more important. Compton scattering at energies 
corresponding to the peak of the resonance in this 
state (photon energies in the range 275 to 350 Mev) is 
not treated here, but this problem is interesting, both 
experimentally and theoretically. In this region the 
imaginary part of the amplitudes should be quite large ; 
it is easily shown from Eq. (4) that the imaginary part 
of the spin-independent forward amplitude, Im4A ,(&), 
is approximately 3e?/m at the peak of the resonance. If 
only electric and magnetic dipole waves contribute to 
A,(k), the condition ImA ,(k) = 3e?/m implies that the 
total scattering cross section is at least 45 times the 
Thomson cross section; thus the total photon-photon 
cross section must be relatively large in the resonance 
region, 
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APPENDIX A. CONSEQUENCES OF UNITARITY 


Equations of the type of Eqs. (4) and (13) may be 
derived simply from the unitarity property of the 
scattering matrix. Since the photon-nucleon scattering 
problem is more complicated than some others because 
of the spins of the particles, we indicate in this appendix 
how the numerical coefficients of Eqs. (4) and (13) 
are obtained. 

Let the plane wave that represents the incoming 
wave plus the unscattered outgoing wave for a particu 
lar polarization state in a two-particle scattering prob 
lem be expanded in spherical waves in the following 
manner, 


(Al) 


y*(sje* => Cy, (0,5) fi(kr), 


where W*(s) represents the spin wave functions of the 
particles in the polarization state denoted by a, x,(4,5) 
represents a normalized ‘‘angular”’ wave function de 
pending on orbital and spin angular momenta, and 
fi(kr) is the radial wave function depending on the 
relative particle separation r, normalized so that, as 
r—n, fi(kr)=~sinkr/kr. The complex numbers C;* are 
the expansion constants. Let the states denoted by the 
index 2 be eigenstates of the scattering in the sense that 
the scattering cannot cause transitions between states 
corresponding to different values of 7 (though final 
states involving different particles may be produced). 
It may be easily shown from the unitarity of the § 
matrix that the imaginary parts of the scattering ampli- 
tudes 7°; { defined in terms of the complex phase shifts 


5, by the relation 7,;= (e* siné,)/k | are related to par- 
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tial cross sections by the equation 


Im7;,, (A2) 


where o;* is the partial cross section (including elastic 
and inelastic processes) corresponding to the spherical 
wave state 7 for an incident beam of polarization a. 

In the present model the index 7 refers to the four 
dipole amplitudes discussed in Sec. I, 7y°', 7y™*, 74", 
and 7\"*. If we quantize along the direction of the 
incident beam there are two polarization states which 
may scatter differently, the state in which the nucleon 
and photon spins are parallel, and the antiparallel state. 
(Reversing the direction of both spins simultaneously 
does not affect the scattering cross section.) We denote 
these two states by the superscripts p and a. If use is 
made of Clebsch-Gordan coefficients and the expansion 
in vector spherical harmonics given in Blatt and Weiss 
kopf,4 it may be seen that the constants |C,*)* in the 
present model are given by 


Cro? |2=1C 


5 mg” fir. 


From Eqs. (A2) and (A3), equations for the partial 
cross sections may be obtained, 

An unpolarized photon-nucleon beam may be con 
sidered as the sum of a parallel polarized and an anti 
parallel polarized beam, occurring with equal intensity 
Consequently an unpolarized partial cross section a, is 

a 


given in terms of the partial cross sections o,? and oa, 


by the equation 


0 Vig,?-4 


(A4) 


Combining Eqs. (A2), (A3), and (A4), we obtain the 
relations for the electric amplitudes, 
Im7;,"*! 
‘al 
Im7, 


(k 4m )oy els 
(A5) 


(k 2m)ay e}- 


If Eqs. (AS) are combined with the expressions for A*! 
and B!, Eqs. (7), the following equations result 


ImA°! 
ImB"! 


(k/4ar) (a4, 14-9}, 1), 

, (A6) 
(k br) (404, ei ~ 94, ot) 
Exactly similar relationships hold for the magnetic 
amplitudes. Adding together the electric and magnetic 
amplitudes [see Eqs. (8) | and using the fact that the 
total cross section is the sum of partial cross section 


one obtains Kqs (4) and (13) of Sec. I 


Theoretical Nuclear Physics 
York, 1952), Appendices A 


1. M. Blatt and V. I 
(John Wiley and Sons, In 
and B 


Weisskopf 
New 





1042 RB. 


APPENDIX B. RELATION OF VARIOUS AMPLITUDES 
TO DIFFERENTIAL CROSS SECTIONS 


In this appendix the amplitudes @,, @,, @,, and @&,, 
of Eqs. (18), (19), and (22) are related to the scattering 
angle and to the amplitudes A» n*', A», .™*, etc. For- 
mulas for the differential cross sections in different 
states of polarization of the photons and the target 
may be derived by the standard method of expanding 
the photon waves in vector spherical harmonics.” 
Since the scattering cross sections discussed in this 
work refer to the case of no polarization, we shall list 
here differential cross-section formulas only for un- 
polarized beams, Such formulas are comparatively 


simple since the spin-independent amplitudes and spin- 


dependent amplitudes cannot interfere for “unpolar- 
ized” scattering. We introduce four angular dependent 
Xa", X46, X z"', X,™ 


related to combinations of the vector spherical har- 


functions and (which are 


monics), and express the amplitudes @,,, and 63, in 


the form 


(ty A sf ly 4°! { A prsX me 


(y= ByX y°!+ BymeX y™, 


j 


(t,, Ag"X 4°! } A *X a™*, 


Br= Bya"X p*'+ B,™EX y™, 


CAPPS 


In order to compute the cross sections of Eqs. (18), 
(19), and (22), one may substitute for @,,, and By, a 
the above expressions and make use of the relations 


|Xa"'|? $(1+-cos’#), 
| Xp8"|?= | Xy™*|?=4(3—cos’6), 


X °'*X ,™6: X p®'*X p™*- cosé. 


| Y 4me|?2 


(B2) 


The angular functions given above are determined by 
taking the sum and average of final and initial polariza- 
tion directions of the dipole photon waves involved in 
the present model. 

If, for example, the above procedure is applied to 
the scattering from protons, one obtains 
|@,|?+|@,|? 

(|A,*'|?4+- | A ,™*|*)3 (1+-cos*8) 
+ (| B,°'|?+ | B,™®|*)4(3— cos’) 
+ (A ,°'*A ,™!*+ B,°'*B,™*)2 cos. 


do, 


(B3) 


‘The above formulas represent a shorthand method of 
writing the cross sections discussed in this paper. For 
a derivation of the form of the scattering amplitude, 
the reader is referred to references 5 and 21. The 
appendix of reference 5 gives the form of the photon- 
nucleon scattering cross sections for different states of 
polarization. 
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The mean product of cross section and multiplicity ((om)) for evaporation neutrons produced when fast 
cosmic-ray 4 mesons traverse a Pb producer has been measured. A magnet cloud chamber above the pro 
ducer and a hodoscope-absorber array below it serve to identify « mesons; neutron producing events are 
selected by the detection of a delayed coincidence of a thermalized neutron with a penetrating particle 
(am) = (2248) K10-* cm?/nucleon. Theoretical calculations based on experimental photoneutron yields 


give (am) = 1510" cm?/nucleon for the yield due to knock-on showers, and (om 
for the direct yield from equivalent photons of the u-meson field 


9% 10 * em?/nucleon 


rhis theory also agrees with the results 


of underground measurements at higher average momenta. There is no evidence of u~- meson scattering in 
excess of Coulomb scattering. Protons which suffer nuclear interactions produce more than 50 neutrons, 


but seldom produce penetrating secondaries. 


INTRODUCTION 


HE reported cross sections for the interaction of 

fast 4 mesons with nuclei vary considerably, de- 
pending on the method of detection used.' Two types 
of experiments have been performed in which low- 
energy secondary particles are detected. George and 
Evans’ and Kaneko ef al.’ have observed stars pro- 
duced by fast particles passing through photographic 
emulsions exposed underground. George and Evans, 
who counted only stars with at least three heavy prongs, 
reported o= (4.6+-0.5) K10~™” cm?/nucleon and a mean 
heavy-prong multiplicity of 6. Kaneko ef al. found that 
inclusion of stars with 1 and 2 heavy prongs would raise 
the cross section to about 7 10~” cm?/nucleon. On the 
other hand, the Washington University group* and 
Cocconi and Tongiorgi® detected neutrons produced by 
fast uw mesons in subterranean sites. The work of Annis, 
Wilkins, and Miller‘ yields only the mean product of 
cross section and multiplicity, (om); (am) = (40.3+2.1) 
X10-” cm?/nucleon for Pb, in essential agreement with 
the results of Cocconi and Tongiorgi (if their rough 
corrections for shower processes and nucleonic events 


* Research supported by the joint program of the Office of 


Naval Research and the U. S. Atomic Energy Commission. : 

t This article is based on a thesis presented by B. F. Stearn 
to the Board of Graduate Studies of Washington University in 
September, 1956 in partial fulfillment of the requirements for the 
degree of Doctor of Philosophy. 

t Now at the University of Arkansas, Fayetteville, Arkansas. 

§ Now at the University of Cincinnati, Cincinnati, Ohio 

‘A review of much of the work is given by E. Amaldi, Suppl 
Nuovo cimento 11, 406 (1954) 

2E. P. George and J. Evans, Proc. Phys. Soc. (London) A63, 
1248 (1950); E. P. George and J. Evans, Proc. Phys. Soc. 
(London) A64, 193 (1951); E. P. George, Progress in Cosmic Ray 
Physics, edited by J. G. Wilson (Interscience Publishers, Inc., 
New York, 1952), Vol. I, p. 424; E. P. George and J. Evans, 
Proc. Phys. Soc. (London) A68, 829 (1955). 

4 Kaneko, Kubozoe, Okazaki, and Takahata, J. 
Japan 10, 600 (1955). 

4R. D. Sard, Phys. Rev. 80, 134(A) (1950); Sard, Crouch, 
Jones, Conforto, and Stearns, Nuovo cimento 3, 326 (1951); 
M. F. Crouch and R. D. Sard, Phys. Rev. 85, 120 (1952); H. C. 
Wilkins, thesis, Washington University, September, 1952 (un 
published); Annis, Wilkins, and Miller, Phys. Rev. 94, 1038 
(1954), hereafter referred to as AWM. 

5G. Cocconi and V. C. Tongiorgi, Phys. Rev. 84, 28 (1951). 
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in the surrounding water are omitted). For Fe, AWM 
found (om)= (16.2+0.2) X10” cem?/nucleon. In com 
parison, the mean product of cross section and multi 
plicity for protons emitted in George’s work is 2.8 10° 
cm’/nucleon., The and two-prong 
events could not raise this appreciably, because of their 


inclusion of one 
low multiplicity. 

The identification of « mesons in these experiments 
has depended on the fact that more strongly interacting 
particles should not penetrate to the depths used. 
George and Cocconi showed that the interaction rates 
there decreased with depth with a mean length (dis 
tance for decrease by factor e) of ~4000 g cm *. A more 
direct identification of the incident particles is desirable, 
in view of the differing results obtained. More detailed 
information on the characteristics of the nuclear inter 
actions would also be valuable. 


EXPERIMENTAL PROCEDURE 


In the present work, which was performed at sea 
level, the momenta and signs of particles entering a lead 
producer were measured using a cloud chamber in a 
mean magnetic field of 8.5 kilogauss. ‘The experimental 
arrangement is shown in Fig. 1. Paraffin 
moderators and BF; neutron proportional counters® 


neutron 


were placed as close as possible to the producer. Below 
the lead producer were placed three layers of absorber 
and four trays of Geiger tubes. These tubes labeled 17, 
through Hs, in Fig. 1 and the counters in tray /1; were 
individually connected to hodoscope indicating units 
Shield counters ;, So, 
of the absorber, and each group of shield counters was 


and .Sy were placed at the sides 


connected to a hodoscope unit. The materials and 
thicknesses of the two producers and three absorbers, 
the cumulative equivalent Pb the 
momenta necessary for 4 mesons and protons to pene 
trate to this depth are given in ‘Table I 

A Pb filter of 118 g cm ? was placed between the A’ 
and A Geiger trays above the chamber to reduce the 


thickness, and 


* Made by N. Wood Counter Laboratory, Chicago, Ilinois 
The enriched BF, was provided by the Isotopes Division of the 
U. S. Atomic Energy Commission 
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hic. 1, Schematic diagram of the apparatus. This is a section 
in the vertical plane containing the axis of the cloud chamber 
and magnet 


counting rate due to electron showers, and a third tray, 
B, was placed just below the chamber. The cloud 
chamber was expanded and the chamber and hodoscope 


’ 


photographed when a coincidence of the A’, A, and B 
trays (“A B” event) was followed by the detection of a 
thermalized neutron within 255 ysec. This sequence 
defines an “AB: N” event. 

The hodoscope furnished information on the range 
of the primary particle after it traversed the producer, 
the occurrence of any large angle scattering, and the 
production of any penetrating charged secondaries. 
Because of the delay in detecting thermalized neutrons, 
each hodoscope unit had to store the information as to 
whether its Geiger tube fired in coincidence with the 
AB event until the presence or absence of a neutron 
count within the 255-ysec gate was determined. The 
storage unit in each unit was a standard scaler flip-flop ; 
its state was indicated by a neon bulb in the plate 
circuit of the normally nonconducting triode, Each 
flip-flop was triggered by the output of a pentode which 
determined coincidences of the AB master pulse with 
the individual Geiger tube of the unit. If no neutron 
was detected within the 255-usec gate, the master 
circuit reset all the flip-flops electronically. If a neutron 


DEPAGTER, 


AND SARD 
was detected, the reset pulse was delayed until a single- 
frame 16-mm camera photographed the bulbs. 

With the apparatus described, it is possible to sepa- 
rate unaccompanied y mesons which produce neutrons 
and penetrate the entire absorber from other cosmic- 
ray processes which may produce neutrons. The con- 
tribution due to protons which penetrate the absorber 
can be shown to be negligible by the following con- 
siderations. Mylroi and Wilson’ have shown. that 
protons of momenta greater than 2 Bev/c constitute 
less than 0.5% of the ionizing radiation in this momen- 
tum range, that protons have an absorption length of 
160+40 g cm™ Pb, and that penetrating secondaries 
are seldom produced in the nuclear stoppings. From 
these considerations, the a priort probability that a 
penetrating particle is a proton is 5X10~*. The detec- 
tion of a neutron resulting from a nuclear interaction 
further makes it practically certain that the penetrating 
particle is not a proton, as a proton would have been 
stopped in the interaction. The likelihood that a pene- 
trating particle is a r meson is even smaller. The natural] 
flux of m mesons at sea level is negligible. Unaccom- 
panied w mesons could be produced only by protons 
interacting in the filter above the chamber, as neutron 
primaries would not fire the A’ tray. Since protons 
rarely produce penetrating secondaries when they do 
interact, and the probability that a m meson would 
traverse the entire absorber without a nuclear stopping 
is small, it is clear that the number of penetrating 
mx mesons must be even smaller than the number of 
penetrating protons. These conclusions are confirmed 
by the fact that equal numbers of positive and negative 
penetrating particles were found among the AB:N 
events, indicating a negligible proton contribution. 
Many high-momentum positive particles were seen to 
stop in the producing layers, far short of their ioniza- 
tion range; these were presumably protons which 
suffered catastrophic interactions in the producer. 

In order to evaluate the mean product of cross sec- 
tion and multiplicity, it is necessary to know, in 
addition to data on the producer, the rate of u-meson 
traversals of the entire producer and the efficiency for 


Tasie I. Makeup of producer and absorber structure. 


Equivalent 
cumulative Momentum for penetration 
Pb thickness (Bev/c) 


(g cm™?) a 


Materials and 
thickness 
(g cm™?) Proton 


115 0.820 
1.08 
1.30 


Pb 115 
Pb 123 238 
Cu 8&5 369 
Fe 20 
Pb 190 584 
Fe 20 
Pb 198 857 
Fe 60 


1.63 


1.95 


™M. G. Mylroi and J. G. Wilson, Proc. Phys. Soc. (London) 


A64, 404 (1951). 
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detection of coincident neutrons. The latter was meas- 
ured by using a 70-microcurie Ra-a-Be source which 
has been standardized indirectly against Argonne Na- 
tional Laboratory’s “Source No. 38.” It was assumed 
that no serious systematic error is caused by the differ- 
ence in energy between the source neutrons and those 
produced by fast ~ mesons. An average rate for the 
source in various positions in the producer was used. 
The correction to the random efficiency for the finite 
gate length T is 1—exp(—7/r), where + is the neutron 
mean life. The value of 7 could only be estimated on 
the basis of other similar work. The value 1.5X10™ 
sec was used; the result is quite insensitive to errors in 
this factor. The neutron counting rate with the source 
in a standard position was taken each day, and the 
average efficiency for the whole period normalized to 
the average standard position rate. The coherent effi 
ciency for the upper producing layer found in this way 
was 0.74%; for the lower producer it was 1.48%. The 
efficiency for neutrons produced in the center of the 
copper absorber layer was found to be 1.06%, 

The fraction of the AB rate due to particles which 
penetrate the whole absorber was determined by taking 


a group of hodoscope and chamber pictures with only 
an AB event required. This same group of pictures was 
used to estimate the inefficiency of the Geiger tube 
hodoscope units by noting the number of failures for 
particles which penetrated the entire absorber. The 


average inefficiency was found to be (18+ 2)%, despite 
the fact that the hodoscope units were checked for 
operation daily. (It has since been found that the in 
efficiency resulted from fluctuating delays in the light 
ing-up of the neon bulbs, in conjunction with the short 
shutter opening time of the Ciné camera used.) ‘The 
inefficiency does not complicate the analysis of any 
significant fraction of the pictures. 


DATA AND ANALYSIS 


489 technically suitable AB:N pictures were taken 
in an aggregate sensitive time of 3.4510 minutes. 
380 satisfactory AB pictures were taken. The equip 
ment was checked daily during the runs, and its func- 
tioning monitored by an Esterline-Angus 20-pen opera- 
tion recorder. The total number of AB and N counts 
during the AB:N run were (1.432+0.04)*10° and 
(1.111+0.001) X 10°, respectively. 

The cloud chamber and hodoscope films were scanned 
first with a simple magnifier, and the events cataloged, 
The correlation of the chamber and hodoscope pictures 
was checked with the aid of the operation recorder 
chart, which also indicated proper operation of the 
apparatus. Most of the unsatisfactory pictures were 
culled here. All cloud chamber pictures were then 
viewed by using a twin-lens stereoscopic projector. The 
sign, approximate curvature, and geometrical position 
of each unaccompanied track were determined. The 
image fell on a large scale drawing of the apparatus 
projected on the midplane of the chamber, so that the 
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TABLE II. Types of AB: N events found 


No, in 185 No, in 304 


events events 


(1) Protons stopping: 
first Pb producer 
second Pb producer 


(2) « mesons stopping 
first Pb producer 
second Pb produc er 
Particles penetrating 
whole absorber without 
showers (—)3 
(-+-)2 
With shower development 


in block shown: Producer 1 


Producer 2 
Absorber 1 
(4) Particles penetrating Pb 
producer but stopping in 
absorber 


position of the track projection could be checked against 
the hodoscope record. All of the unaccompanied tracks 
in the AB pictures were compared with calibrated arcs, 
in order to check the momenta against the particle 
ranges. ‘The dip angles of the AB tracks were also 
estimated by measuring the angular deviation between 
the two overlapping projected images, in order to 
determine whether the particle paths stayed in the 
absorber structure. 

All of the first 185 AB:N pictures which showed a 
single penetrating particle traversing the chamber were 
further analyzed for track position and curvature using 
a microscope comparator. Measurements on ten “no 
field” tracks (B 
indicate that the maximum detectable momentum was 
roughly 10 Bev/e for the average conditions of the 


325 gauss) at normal magnet power 


experiment. Since higher precision was not needed in 
this experiment, no further studies of the errors were 
made, 

The majority of these 185 AB:N pictures showed 
showers produced in the magnet. Nearly all those in 
which a single particle traversed the chamber fell in 
one of three categories. In order of frequency, these 
were: (1) positive particles with po>1 Bev stopping in 
the two Pb producers; (2) negative particles stopping 
in the producing layers due to ionization loss; (3) par 
ticles of both signs penetrating the entire absorber 
Events in category (1) have been interpreted as nuclear 
stoppings of protons, as found by Mylroi and Wilson.’ 
Those in (2) are clearly 4 mesons producing neutrons 
from Pb subsequent to their capture from rest.® ‘The 
events of category (3) are those of particular interest 
in this work. Consequently, in the last 304 AB: N pic 
tures, all of those cases in which a positive or indeter 
minate particle of high momentum failed to penetrate 


‘For a summary of the literature on this process, see R. D 
Sard and M. F. Crouch, Progress in Cosmic Ray Physics, edited 


by J. G. Wilson (Interscience Publishers, Inc., New York, 1954), 
Vol. IT, p. 1. 
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Tasie IIT. Fractions (/,) of particles in the AB group stopping between the tray shown and the succeeding tray. The row marked 
Ratio gives the ratio of particles stopping to those penetrating the whole absorber. The Ratio (expected) row gives the ratios calculated 


from Rossi’s range spectra.* 


Iray 0 1 


F,, 0.019 4+-0.006 
Ratio 0.100 40.032 
Ratio (expected) 0.074 


0.018 4+-0.006 
00944-0032 
0.081 


, Revs, Modern Phys, 20, 537 (1948), 


the producers were considered to be stopping protons, 
and no further them. 
Similarly, negative particles offsufficiently}low mo- 
mentum which stopped in the producer were counted as 
# mesons. Only single particles which penetrated the 
two producing layers were analyzed further. 

The over-all results of the cataloging of the AB:N 
pictures are shown in Table I. The fractions of the 
AB pictures showing particles stopping at the various 
absorber levels are given in Table ITT. 


measurements were made on 


EXPERIMENTAL RESULTS 


In order to evaluate the experimental results, it is 
necessary first to consider the effects due to stopping 
# mesons and protons. 


A. Neutrons from Stopped » Mesons 


‘The numbers of neutron detections expected from yu 
mesons stopping in the various absorbers have been 
calculated, For the neutron multiplicity in Pb we use 
the value * 1.8, derived from measurements using the 
same neutron source as in this experiment. For the 
multiplicity from Cu the value 1.3 was assumed as a 
rough interpolation between Widgoff’s’ values for Al 
and Sn. The neutron detection efficiencies used for the 
last two Pb absorbers were based on the efficiency 
measured for the Cu, reduced according to an inverse 
square law forzthe distance to the bottom neutron 
counters. The total"number of w~-meson stoppings in 
each layer was taken as the fraction determined from 
the AB data times the total number of AB counts in the 
AB:N sensitive time.SThe expected and measured 
numbers of events are shown in Table IV. The agree- 


IV. Expected and measured numbers of neutron 
detections from stopped ~~ mesons 


TABLI 


Measured! 


4 


Absorber kxpected*® 


First Pb producer 16 + § 15 
Second Pb producer 0 +10 22 
Cu® absorber 16 + § 5 
Pb® absorber 2.54 O08 3 
Pb* absorber 1 Ka 04 ( 


t 
i. 
t 
t 
) 


*Standard errors quoted are those due to the statistical uncertainties 
introduced from the AB data, These are the major errors. 

© Standard statistical errors are quoted 

© These values are based on the efficiency of detection for neutrons pro 
duced in the center of the Cu, Averaging over the Cu volume should reduce 
them by about 20°, 


*M. Widgoff, Phys. Rev. 90, 891 (1953) 


0.0184+-0.006 
0.09440.032 
0.094 


2 

0.05140.011  0.191-40,023 
0.27 +0.07 

0.14 


0.022 +-0.007 
0.12 +0.040 
0.12 


ment for the two Pb producers provides a check on the 
experimental factors used. It would appear that the 
multiplicity for Cu is smaller than assumed. The eight 
cases of w mesons stopping in the Cu and first Pb 
absorbers account for all but one of the nine cases in 
category 4 of Table II. The ninth particle has mo- 
mentum of 860 Mev/c, but did not fire either the third 
or fourth Geiger tray. It is not clear which of several 
possible interpretations apply to it; it cannot be, how- 
ever, an event of the type principally under considera- 
tion in this work. Thus all but one of the negative 
particles stopping in the absorber are simply w~ mesons 
which produce neutrons when captured by Pb or Cu. 


B. Neutrons from Catastrophic Stoppings 
of Protons 


The numbers of catastrophic proton stoppings ex- 
pected can be calculated using the results of Mylroi 
and Wilson.’ The number of AB: N events detected is 
the number of stoppings multiplied by the mean neutron 
multiplicity (m,) and the neutron detection efficiency e, 
if e(m,)<<1; if this condition is not satisfied, higher 
moments of the multiplicity enter into the rate. The 
multiplicity so calculated is (92_,3*”) for protons 
stopping in the top producer and (106_3:1®) for stop- 
pings in the second. These apparent multiplicities are 
so large that the simple expression used no longer holds, 
and we can only conclude that they are lower limits on 
(m,) (e.g., for a Poissonian distribution, (m,)= 180). 
On the other hand, our solid angle definition is not 
precise for particles stopping in the producers, and it 
may be that the number of catastrophic stoppings has 
been underestimated. It seems clear that the multi- 
plicity is greater than 50. This large value can be 
ascribed to nucleonic cascades in the thick producers 
(238 g cm™? or 8} inch Pb). Cocconi et al.° have meas- 
ured the neutron multiplicities for mountain-altitude 
cosmic-ray interactions in which charged particles were 
emitted. They found a multiplicity of 50 for a 4.5-inch 
Pb producer, but only 10 for a 0.25-inch Pb producer, 
in fair agreement with an. estimate of 6 for the multi- 
plicity in single events made by Ortel." In computing 
the number of stopping protons it was assumed that 
the interaction and absorption mean lengths are equal 
in Pb. Of the 28 protons stopping in the second producer, 
4 show double discharges in the first counter group, 


” Cocconi, Tongiorgi, and Widgoff, Phys. Rev. 79, 768 (1950). 
4" W. C. G. Ortel, Phys. Rev. 93, 561 (1954). 
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indicating that the primary interaction probably oc- 
curred in the first producer. In addition, 3 cases were 
found in which a positive particle penetrated the two 
Pb producers before stopping, but multiple discharges 
appeared in one of the first two trays. Thus, contrary 
to the assumption made, some penetrating secondaries 
are produced. ‘This is further reason to believe that the 
assumed nuclear cascade takes place, and that the 
calculated multiplicity refers to a plural process. 

The 11 positive particles which penetrate the two Pb 
producer blocks but do not pass through the whole 
absorber (category 4 in Table II) are all of high mo- 
mentum, and are believed to be stopping protons. Three 
have been dealt with above; of the remainder four stop 
in the Cu and four in the following Pb block. Two of 
the latter scatter noticeably, and so may have inter- 
acted in the Cu. The expected numbers calculated from 
the multiplicity deduced above are 4.3 in the Cu and 
0.4 in the Pb. These are not with the 
numbers found, so that it appears that all of the positive 
particles which do not penetrate the whole absorber in 
AB:N events are protons. 


inconsistent 


C. Neutrons Produced by Fast » Mesons 


Fifteen cases have been found in which a particle 
traversed the entire absorber and a neutron was de- 
tected in delayed coincidence, including three in which 
some shower development is shown. Seven of these are 
positive, seven negative, and one undeterminable; this 
supports the arguments given earlier that the particles 
are w mesons. ‘The AB pictures show that 0.19+-0.02 
of the AB rate is due to particles penetrating the whole 
absorber. The expected number of accidental coinci- 
dences is then 3.7. The expression for the mean product 
of cross section and multiplicity per nucleon is 


n 
(am) 


(AB) {Nze 


where n=number of AB: N events, (AB)=number of 
AB counts, f=fraction of A B’s which penetrate whole 
absorber, V = Avogadro’s number, z= thickness of pro- 
ducer in g cm™, and e=coherent neutron efficiency. 
The product ze is calculated for each of the two Pb 
producers and they are added. There may also be 
production in the Cu; it is assumed that (om)cy 
=(am)ve. AWM‘ found in their underground experi- 
ment that (om)p.=0.40(o0m) p,, so that the thickness 
used for Cu is reduced by this factor in calculating 
Zéecu. 15% of the total production is then due to Cu. 
The result is 


(am) = (2248) K 10~* cm?/nucleon. 


It is unlikely that any appreciable number of yp 
mesons scatter out of the absorber in neutron produc- 
tion events, as no cases have been found in which high- 
momentum negative particles triggered only the first 
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one or two trays. The minimum projected scattering 
angle, deduced from comparison of the hodoscope and 
chamber records, has been measured for both the AB: A 
and a similar sample of AB pictures. The mean angle 
was 1.3° for the AB:N events and 1.1° for the AB 
sample; the greatest scattering angle was 5° in each 
case. It seems unlikely, therefore, that any sizeable 
proportion of the ‘anomalous’ scattering reported” is 
in which neutrons are 


due to inelastic 


produced, 


pre cesses 


COMPARISON WITH THEORY 


There are thought to be two ways in which fast x 
mesons may cause neutron production in a thick ab 
sorber. The first is by the interaction of the electro 
magnetic field of the ~« meson with the Pb nucleus 
directly. This effect can be calculated by using the 
Williams-Weizsiicker approximation and the experi- 
mental photoneutron yields. The second mode is 
through real photons produced in showers started by 
electrons “knocked on” by the incident «4 meson, With 
the thick absorbers used in this experiment, few of the 
showers would be detectable in the hodoscope. We have 
calculated the expected (om) for both of these processes, 
using the photoneutron yields of Jones and ‘Terwilliger.” 
The giant resonance contribution was expressed as (om) 

5.0% 10°-46(W—15) Mev cm?*/atom, where W is the 
photon energy. For 20<W<320 Mev, (om) may be 
expressed by (am) = 210°"710 For W> 320 
Mev, the assumption was made that (om) remains 
constant at 6.4% 10° *° cm*/atom. The direct-interaction 
(om), is calculated by multiplying the above yields by 
the equivalent photon spectrum of the w-meson electro- 


~. ole 
n( ), 
sh, 


and integrating over the uw-meson spectrum. The inte 


cm’*/atom 


magnetic field, 


2 dk 
n(k,)dk, 


37x E, 


gration was performed graphically using the spectrum 
of Owen and Wilson.!® The result is (om),=9.5 10°” 
cm*/nucleon, of which 3.2*10°*% cm*/nucleon is due 
to equivalent photons of energies above 320 Mev, 
where an assumed yield was used, For comparison with 
underground work, the (om), for a momentum of 10 
Bev/c (the approximate average at the depth of 20 
m.w.e.) has been calculated. The result is 16.3% 10” 
cm?/nucleon, of which 6.6% 10°” cm?/nucleon is due to 
photons with £,>320 Mev. 

The shower photon effect was calculated in two ways, 


2 Appapilai, Mailvaganum, and Wolfendale, Phil. Mag. 45, 
1059 (1954); H. J. J. Braddick and B. Leontic, Phil. Mag. 45, 
1287 (1954). Earlier references are cited by these authors and by 
kK. Amaldi, reference 1} 

44 1,, W. Jones and K. M. Terwilliger, Phys. Rev. 91, 699 (1953 

4W. Heitler, The Quantum Theory of Radiation (Oxford Uni 
versity Press, New York, 1954), third edition, p. 414 

1B. G. Owen and J. G. Wilson, Proc. Phys. Soc 
A68, 409 (1955) 
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In both cases the Owen and Wilson y-meson spectrum!® 
and the “Rutherford formula” for the knock-on proba- 
bility’® were used. In the first method we applied 
“Approximation B” shower theory (corrected for de- 
parture from the asymptotic cross section) to find the 
photon track length in the Pb absorber, which was 
assumed to be infinite. The Jones and Terwilliger 
photoneutron yields were then used to calculate 
(am)... The result was 14.6%10°% cm?/nucleon. In 
the second calculation, we estimated the neutron yield 
per knock-on electron by using the cloud chamber 
result'’ that the mean neutron multiplicity is 0.4 for 
electron showers of energies estimated to be between 
250 and 600 Mev. If we assume that the multiplicity is 
proportional to the electron energy, and that the elec- 
tron spectrum is of the form d#/, the constant of 
proportionality is found to be 1.05X10°* Mev"!. The 
result for (om). is 16K10~-% cm*/nucleon, in good 
agreement with the previous calculation. 

The first method of calculation gives (om),),= 27 
10 ” cm?/nucleon for 10 Bev/c u mesons. 


CONCLUSIONS 


shower contribution to (om) just 


25xK10-" 


value of 


The 


calculated 


direct) and 
add up to cm?/nucleon, which 
the (22+8) X10" 
cm’/nucleon. Because of the large statistical uncer 


tainty of the experimental result and the great im- 


agrees with measured 


portance of shower production, not very much informa 
tion can be gained on the direct interactions from this 
experiment alone. From other work (see below) it is 
unlikely that the direct (om) is a great dea! smaller 
than the value calculated. 


16S. Rossi and K. Greisen, Revs. Modern Phys. 13, 240 (1941); 
8. Rossi, Wigh-Energy Particles (Prentice-Hall, New York, 1952) 
p. 17 
‘fe. J. Althaus and R 373 (1953) 


I). Sard, Phys. Rev. 91, 


JONES, pEPAGTER, 


AND SARD 

A comparison of these results with those at a depth 
of 20 m.w.e. is enlightening. AWM*‘ found (om) 

(40.34+2.1)K10-% cm*/nucleon for Pb. We calculate 
that the direct interaction should furnish a (om), of 
16X10” cm?/nucleon (of which 6.6 is from photons of 
E,>320 Mev) and the shower production (om), 
should be 27 10~* cm?/nucleon, so that the calculated 
values agree well with this experimental value at higher 
mean energy. The theoretical (om), for direct produc- 
tion also agrees with Cocconi’s corrected value.® It 
thus appears that the two interaction modes assumed 
are capable of explaining all the experiments in which 
neutrons are detected, although further experimenta- 
tion is needed in order to evaluate the relative contribu- 
tions of the shower and direct interactions. In the 
present work, the identification of the ~ mesons by 
magnet cloud chamber and hodoscope is more certain 
than in the underground experiments using counters 
alone. The agreement of the theory with both the 
sea-level and underground results indicates that the 
underground events were correctly assumed to be 
primarily due to ~« mesons. There is no evidence of 
nucleonic cascades in these events. 

The smaller values of the direct (om), deduced from 
nuclear emulsion work must indicate that in many of 
the neutron-producing events no charged particles are 


produced. 
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Maximum Likelihood Estimation of K*-Meson Lifetime* 
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The method of maximum likelihood is applied to the observations of the decay in flight of K,* and r® 


mesons in emulsion. The values obtained are (1.19+0.17)K10~8 sec and (1.06+0.53) X10 ® sec, 


respec 


tively. Possible sources of error in the application of this method to A* beams in emulsion are discussed 


ITH the availability of K*+-meson beams from the 

large accelerators it is possible to undertake a 
systematic study of A*-meson scattering in nuclear 
emulsion utilizing the ‘‘on track”’ scanning technique. 
The usual application of this method to momentum 
defined beams starts with the application of some 
criteria designed to efficiently select A* mesons from 
the beam which consists of protons, A+ mesons, mt and 
u* mesons and electrons. The tracks so selected are 
then followed in detail and their fate One 
observes the following classes of events: 

(a) Scatterings; either elastic or inelastic in which a 
K* meson is observed by virtue of its decay. 

(b) Disappearances ; by this we mean events in which 
the incident particle “disappears” in flight. 

(c) Decays in flight of A* mesons. 

(d) Stars; by this we specifically refer to events in 
which no K* decay is observed, but at least one prong 
emerges from the interaction. 

The observation of class (c) events, the decays in 
flight, immediately suggests that an application of the 
method of maximum likelihood! will allow a deter- 
mination of the A* lifetime. This is certainly true but a 
certain degree of caution must be exercised. 

In the application of this method to photoemulsions 
the appropriate expression for the lifetime is given by 


Amaldi! as 
1 ) I 


where we have used the notation of his paper. The last 
term corresponds to decays in flight of events for which 


noted. 


Na nb Ne 


> #?+ 44+ tit 


Norn, t i=l kel j=1 BUF san 


the potential time is not infinite ; for the case of exposure 
to machine-produced K* mesons and the application 
of suitable geometrical criteria in the selection of tracks 
for following, n.=0. A slight uncertainty is introduced 
into the analysis however by the fact that it is quite 
difficult to identify as a decay in flight an event occurring 


* This research was supported in part by the U. S. Atomic 
Energy Commission and the Office of Scientific Research of the 
U.S. Air Force. 

t American Association of University Women Post-Doctoral 
Fellow. 

tOn leave of absence from Laboratorie Leprince-Ringuet, 
Ecole Polytechnique, Paris 

1M. S. Bartlett, Phil. Mag. 43, 249 (1953). Its application to 
photographic emulsion has been described by E. Amaldi, Suppl. 
Nuovo cimento 2, 253 (1955) 


near the end of the track. This difficulty can be reduced 
by assuming all decays occurring within the last 2mm 
of range as decays at rest; the error in proper time thus 
introduced is quite small and contributes an error of 
less than 2% to the lifetime. We have adopted this 
convention. The first term which includes all proper 
decays at rest thus includes the contribution from 
possible decays in flight of very short residual proper 
time while the second term then contains all well 


identified decays in flight. Since the photoemulsion 
technique’ in conjunction with the momentum defini 


tion of the beam allows a quite precise determination 
of the times ¢,° and & the application is straightforward 
and the results limited only by the statistics obtainable. 

However, certain precautions must be maintained 
in the application of the method. The usual selection 
criteria besides involving some geometrical basis also 
For the 
500 


involve some consideration of ionization 
momentum of the beams available to date (pes 
Mev), the ionization criteria biases strongly ayainst the 
inclusion of the light particles (* and wt mesons and 
electrons) since they are essentially at minimum joni 
zation. However, even with quite careful selection a 
certain contamination due to protons will arise. If this 
contamination is not excluded from consideration, 
systematic errors can be introduced into the analysis 
In following particles to rest, besides observing A‘ 
decays and some obvious protons, one observes also 
events classified as K,; this notation means a A* meson 
stopping with no visible secondary. This can arise from 
a geometrical bias since K* decays with the secondary 
steeply dipping are quite difficult to detect, or the 
secondary may be difficult to detect if the decay occurs 
We 
have estimated the loss due to these effects in our 
emulsions® find it though certainly not 
negligible. This effect will in fact be some function of 
the degree of development of the emulsions and of the 
background. In addition one also expects that a certain 
may in reality be 


too near the air or glass surface of the emulsion 


and small 


fraction of events classified as K, 


b 
stopped protons unless specific measurements on each 
individual track are made. In addition to the above, 
there can exist a source of error due to faulty identi 


2 The determination of the proper time of flight in emulsion 
involves a knowledge of the range-energy relation. For 8(=0/c) 
<0.6 the uncertainty existing at present in this relation introduces 
a negligible error in the evaluation of the proper time of flight 

4+ T. F. Hoang et al., Phys. Kev. 105, 278 (1957) 
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TaBe I. Decays in flight of K,’ mesons. 


No. of 
decays in 


flight 


Lifetime 
(sec) 


’ Total time of 
Group flight (sec) 
Berkeley and 

M.LT.* 19 
M.L.T. (unpub 

lished ) 4 
Rochester 27 


Total 50 


19.2K10°* (1.0140.33) K10°* 


(1.824-0.91) K 108 
(1.22+4-0.23) K 10~* 


(1.194+-0.17) K 10-8 


7.3K10-* 
33.06% 10°* 


59.56 10-8 
* see reference e 4. 


fication of decays in flight. Because of the geometrical] 
developmental biases referred to above, in a certain 
fraction of real A* decays in flight, the secondary will 
not be detected and the event would be classified under 
category (b), as a disappearance. If, however, the 
restriction is imposed that the times ¢,° and & are taken 
only for those cases in which the decay is observed, no 
biases should be introduced since the same detection 


efliciency exists for decays in flight as for decays at rest. 
If this procedure is not followed and it is assumed that 
the particles in the beam are selected as A+ mesons 
with 100% efficiency, and some residual contamination 
of protons does remain, there would result an increase 


“na 


0 
imyt, due to events 


in the contribution of the term 
appearing as K, which is uncompensated for by decays 
in flight. In determining the number of decays in 
flight, m, one is faced with the problem of deciding 
which of the disappearances are truly decays or are in 
fact charge-exchange scatterings or disappearances of 
non-A * mesons. If an error in classification results in a 
lowering of m» from its true value this would appear in 
the analysis as a longer lifetime coupled with a rela- 
tively increased amount of charge exchange scattering. 
In order to minimize these sources of error we have 
followed the first procedure above. That these sources 
of error can appear is evidenced by our data® in which 
we expect on geometrical considerations that approxi 
mately 10°, of our decays in flight should appear as 
disappearances; this is borne out. 


AND KAPLON 

In order to increase the statistical weight of the 
lifetime determination we have added to our data in 
Tables I and II the results obtained by the Berkeley- 
Massachusetts Institute of Technology*® group in 
which the same procedures have been followed. The 
particles listed in Table I, which we designate as K,’- 
mesons, include all decay modes other than the normal 
decay to 3 charged w mesons, since the analysis has 
usually not delineated the alternate + decay and the 
K,s decay; Table II contains the data on the 7r* decay 
(r*—2rt+ 7). 

The combined result for the Ky,’ lifetime can be 
meaningfully compared with the Ky, lifetime as deter- 
mined by counters® and is in excellent agreement. The 


TABLE IT. Decays in flight of r(—+>27*+-2~) mesons. 


No. of 


decays in 


Group flight 


Total time of 
flight (sec) 


Lifetime 
(sec) 


Berkeley and 
M.1L.T.2> 
M.1.T. (unpub 
lished) 
Rochester 


Total 


1.2 107° 1.210 * 


0.9710 * 
1.0410 ° 


(1.06-4-0.53) K10°8 


0.97 1078 
2.08 10-8 
4.25X10°* 


® See reference 4 
b See reference 5. 


r* lifetime, though limited by poor statistics, is com- 
patible with the K,’ lifetime. The lifetime for all 
K* mesons deduced from the above data is (1.18+0.16) 
10-8 sec. The degree of agreement between the life- 
time determined by the maximum likelihood method 
applied to emulsions, and that obtained by counters,® 
indicates the reliability of this method if suitable pre- 
cautions are taken in its application against the intro- 
duction of biases. 

*E. L. Tloff et al. Phys. Rev. 99, 1617 (1955) 

6 Professor G. Goldhaber, University of California Radiation 
Laboratory (private communication). 

*L. W. Alvarez et al., Phys. Rev. 101, 503 (1956); V. Fitch 


and R. Motley, Phys. Rev. 101, 498 (1956); R. Motley and 
V. Fitch, Phys. Rev. 105, 265 (1957). 
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Monte Carlo Calculation of Single Pion Production by Pions* 
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A phenomenological calculation of single pion production in a pion-nucleon collision has been mace 
using a 3, § isobaric nucleon model and a Monte Carlo type of calculation on a high-speed digital computer 
The results are in good agreement with observations of pion production for incident pion energies of approxi 


mately 1.0 and 1.5 Bev. 


HE suggestion that the 3, 3 resonant state of the 

pion-nucleon system might play an important 
role in pion production appears to have originated at 
the Brookhaven Laboratory. Yuan and Lindenbaum! 
who investigated the energy spectrum of pions arising 
from high-energy proton bombardment of beryllium, 
suggested that the observed strong yield of pions at low 
energies might be attributed to the 3, } resonance at 
approximately 0.2 Bev. On the basis of arguments of 
charge independence, Peaslee? concluded that the 
variation of single to double pion production with 
proton energy, which was observed by Yuan and 
Lindenbaum, could be well interpreted in terms of the 
3, 3 excited state of either or both nucleons involved in 
the production reaction. Fowler, Shutt, Thorndike, and 
Whittemore,’ who investigated pion production in high- 
energy n-p collisions, ascribed the observed strong 
angular correlations of rt and m~ mesons with protons 
and neutrons, respectively, to the excitation of 3, 3 
isobaric nucleon states. Walker, Crussard, and Koshiba,‘ 
who investigated pion production in high-energy pion- 
nucleon collisions, also concluded that the observed 
pion and nucleon angular distributions were consistent 
with what might be expected from an excited nucleon 
model. 

In the course of an investigation of pion production 
in heavy nuclei in emulsions, we have also observed 
that the pion spectrum has a maximum at much lower 
energies than one finds from Monte Carlo calculations 
in which an isotropic pion-production model is as- 


sumed.® Consequently, we have been interested in 


developing other models of pion production, and in 
particular the isobar model, which could be applied to 
Monte Carlo calculations of pion production in nuclei. 
An analytical evaluation of the effects of nucleon 
excitation in nucleon-nucleon pion production has 


* Supported by the joint program of the Office of Naval Re- 
search and the U. S. Atomic Energy Commission. 

1L. C. L. Yuan and §S. J. Lindenbaum, Phys. Rev. 93, 1431 
(1954). 

21. C. Peaslee, Phys. Rev. 94, 1085 (1954). 

4 Fowler, Shutt, Thorndike, and Whittemore, Phys. Rev. 95, 
1026 (1954). 

4 Walker, Crussard, and Koshiba, Phys. Rev. 95, $52 (1954). 

® Bivins, Metropolis, Storm, Turkevich, Miller, and Friedlander, 
Bull. Am. Phys. Soc. Ser. II, 2, 63 (1957). 


recently been made by Yuan and Lindenbaum® and 
Sternheimer and Lindenbaum.’ 


OUTLINE OF THE MODEL 


An incident high-energy pion is assumed to collide 
with a free nucleon at rest. After the collision, it is 
assumed that a scattered pion, w,, and a nucleon isobar, 
N*, conserve energy and momentum of the initial 
pion-nucleon system. ‘The mass of the isobar is assumed 
to be equal to the sum of the masses of the bare nucleon 
and created pion, m2, together with the mass-equivalent 
of the excitation, Q, of the }, } isobar. 

We make the ad hoc assumption that the probability 
for the formation of the isobar with a particular 
excitation, Q, is proportional to the product of two 
factors: (a) the observed pion-nucleon total scattering 
cross section, a, in the 3, } state at a kinetic energy in 
the center-of-mass system of the created pion and 
nucleon equal to Q, and (b) the two-body phase space 
factor, Ff, for the scattered pion and isobar, equal to 
Prilivitiye/E, where py, is the momentum of the 
scattered pion, /,, and Ey* are the total energies of the 
scattered pion and isobar, respectively, and / is equal 
to the sum of /,, and Ey*, momentum and energy 
being given in the center-of-mass system of the colliding 
particles. Assumption (a) implies that, apart from the 
phase space factor, the formation of the isobar is a 
process which is quite independent of the scattering of 


will be seen later that we also 


the incident pion. It 
make the same assumption from the converse viewpoint 
of the scattered pion, 

The isobar is then assumed to decay isotropically in 
its rest system, the available energy, Q, being conserved 
by the nucleon and created pion. The complete process 
is thus considered as two successive two-body inter 
actions. 

Since we are particularly interested in Comparing our 
calculations with the experimental observations of 
Shutt ef al.* and Walker et al.,° we shall concern our 


wl SL ee F Lindenbaum, Phys. Rev. 103, 404 


(1956). 

7R. M. Sternheimer and S. J 
Soc. Ser. IT, 2, 62 (1957). 

* Kisberg, Fowler, Lea, Shephard, Shutt, 
Whittemore, Phys. Rev. 97, 797 (1955) 

*W. D. Walker and J. Crussard, Phys. Rev. 98, 1416 (1955); 
Walker, Hushfar, and Shephard, Phys. Rev. 104, 526 (1956) 


Yuan and S. J 
Lindenbaum, Bull. Am. Phys 


Thorndike, and 
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Fic. 1. Histogram of 1000 values of o used in the Monte Carlo 
calculation of pion production in pion-nucleon collisions at 1.5 
Bev. The broken curve is the calculated Breit-Wigner formula for 
o. The solid curves are the calculated phase space factors, F, for 
the different incident pion energies indicated on the curves. 


selves mainly with a description of the process in the 
plane of the three final particles. ‘The orientation of 
this plane, about the direction of the scattered pion as 
axis, is determined by the line of disintegration of the 
isobar. In assuming that the isobar disintegrates with 
spherically symmetrical angular distribution in its own 
system, we have neglected the possibility of pion-pion 
interaction, 

Although a calculation of the momentum and angular 
distributions in the plane and center-of-mass (c.m.) 
system of the three final particles yields an adequate 
test® of the isobar model, it is necessary for the purposes 
of a Monte Carlo calculation in nuclei to obtain the 
information with respect to the incident pion direction 
and to the nuclear system. Reference to the incident 
pion direction has also been made in a number of 
experimental distributions.*” Thus, in order to convert 
angles in the c.m. plane into those with respect to the 


incident pion, we require a function describing the 


probability for the scattering of one of the particles at 


a particular angle to the incident pion direction. The 
particular scattering function employed will be dis- 
cussed in the next section. The assumption which is 
implicit in this procedure is that the probability distri 
bution of excitation of isobars remains constant as a 
function of scattering angle. 


I 


Fic, 2. Disintegration of isobar in center-of-mass system of 
isobar. #* is the angle of disintegration with respect to the isobar 
direction of motion. /’/ is the direction of motion of the isobar 
with respect to the incident pion direction, X’X, in the center 
of-mass system of the colliding particles. 


AND 


LAVATELLI 


FURTHER DETAILS OF THE CALCULATION 


One of the first steps in the Monte Carlo calculation 
is the random selection of a Q value from a probability 
distribution which is proportional to the total pion 
scattering cross section, o, multiplied by the phase 
space factor, /. We used for the scattering cross section 
the theoretical Breit-Wigner formula which was fitted 
to the experimental data by Brueckner" and Gell-Mann 
and Watson." We have allowed the curve to extend 
to the maximum possible value of Q permitted by the 
phase space factor. A histogram of the o values actually 
selected in a run of 1000 cases for an incident pion- 
energy of 1.5 Bev is shown in Fig. 1. The smooth curve 
is the calculated Breit-Wigner formula which is used 
to compute o. That the histogram of o values fits so 
well merely reflects the randomness of the random 
number generator.” Also shown in Fig. 1 are the phase 
space factors, F, for the various incident pion energies 
which were used in the computations. 


Fic. 3. Pion production in inelastic pion-nucleon collision in 
center-of-mass system of incident pion and nucleon. Scattered 
pion, m, created pion, wz, and nucleon, N, conserve momentum 
in the plane C of the three final particles. Plane A, containing the 
incident pion direction, X’X, is a reference plane in the plane of 
the paper. Plane B contains the scattered pion direction, 1’, at 
an angle @; to the incident pion direction, and the angle x is an 
azimuthal rotation of plane B about the axis ¥’X. Plane C is the 
disintegration plane of the isobar, and it is rotated about the 
axis /’] at an angle y to plane B, 


The effective mass of the isobar is determined by the 
selection of Q. From the incident pion energy and the 
masses of the isobar and scattered pion, the momentum 
of the isobar is evaluated. This then determines the 
transformation velocity of the isobar in the c.m. 
system of the isobar and scattered pion. 

The isobar is next allowed to explode in its own 
system and py* and p,* are calculated from the known 
Q (see Fig. 2). The probability of the angle of disinte- 
gration being between ¢* and o*+-d¢* is assumed to be 
proportional to the solid angle subtended between 
these angles. In the Monte Carlo calculation cos ¢* is 
made proportional to a random number. 

The final momenta of the nucleon and created pion, 
pw and p,y2, respectively, as well as the relative angles 

 K. A. Brueckner, Phys. Rev. 86, 106 (1952). 

1M. Gell-Mann and K. M. Watson, Annual Review of Nuclear 


Science (Annual Reviews, Inc., Stanford, 1954), Vol. 4. 
"8 N. Metropolis et al. (to be published). 
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lic. 4. Distribution of nucleon momenta in c.m. system of 
colliding particles, for incident pion energy of 1.5 Bev. 


between the particles in the “plane,” are calculated by 
using Lorentz transformations into the c.m. system of 
the isobar and scattered pion (see Fig. 3). 

Given the axes X’X and I'J, the angles y and x, 
shown in Fig. 3, determine the orientation of the 
reference plane in space. Although this information is 
important in analyzing pion production in nuclei, we 
will not concern ourselves with it because we are 
considering here only a free nucleon scattering center. 
The angle y, however, is required for determining the 
directions of the nucleon and created pion relative to 
the incident pion direction. We have allowed y to 
assume a uniform distribution about the direction of 
motion of the isobar, i.e., the axis /’J, Fig. 3. The 
problem of choosing angle 6, is a difficult one. Probably 
the most suitable information for this purpose would 
be a knowledge of the pion-nucleon differential inelastic 
scattering cross section. The experimental observations 
closest to this cross section have been obtained by 
Walker et al.,® but their distribution is inappropriate 
because it also contains pions which have come from 
the disintegration of isobars, 1.e., the incident pions 
have been charge-exchange scattered. Our analysis has 
shown that a significant fraction, e.g., of the order of 
10% at 1 Bev, of the higher energy pions comes from 
the isobars. However, we cannot readily correct the 
observed cross sections without having information of 
the magnitude of inelastic charge-exchange scattering. 
The differential scattering probability that has been 
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Fic. 5. Distribution of nucleon momenta in c.m. system of 
colliding particles, for incident pion energy of 1.37 Bev. 
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Fic. 6. Distribution of nucleon momenta in ¢c.m. system of 
colliding particles, for incident pion energy of 0.93 Bev. 


used tentatively in the present analysis is: ?(6)= 3 cos‘# 
+4 cos#?+1. This has already been used in the Monte 
Carlo calculations in nuclear cascades.® To a certain 
extent, the experimental angular distributions of pions 
and nucleons with respect to the incident pion direction 
may provide a check on the differential inelastic 
scattering cross sections in pion-nucleon events. 


RESULTS 


Histograms of the Monte Carlo calculations are 
compared with the available experimental results and 
are shown in Figs. 4-21. In general, the agreement 
between calculation and experiment is good, 

The nucleon momentum distributions for three 
energies: 1.5 Bev, 1.37 Bev, and 0.93 Bev, are shown in 
Figs. 4, 5, and 6. It should be pointed out that, accord- 
ing to Walker ef al.,? many of the pion-nucleon collisions 
observed in their experiments (1.5 and 0.93 Bev) may 
have occurred on nuclear peripheral nucleons. To some 
extent this may account for the somewhat poorer 
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Fic. 7, Distribution of pion momenta in c.m. system of colliding 
particles, for incident pion energy of 1.5 Bev. 
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1G. 8. Distribution of pion momenta in c.m. system of colliding 
particles, for incident pion energy of 1.37 Bev. 
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hic. 9. Distribution of pion momenta in c.m. system of colliding 
particles, for incident pion energy of 0.93 Bev. 
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Fic, 10. Angular distribution, in c.m. system of colliding 
particles, of nucleons relative to the more energetic pions for 
incident pion energy of 1.5 Bev. 


correspondence of the Monte Carlo histograms with 
experiment in these cases than in the case of the 
comparison at 1.37 Bev, for which the experiment* was 
performed in cloud chambers using hydrogen gas. It 
should also be indicated that the experimental histo- 
grams are based upon small numbers of cases (numbers 
are indicated in parentheses in the legends). Generally 
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within statistical error the experimental and calculated 
histograms agree. 

The pion momentum distributions for three energies: 
1.5 Bev, 1.37 Bev, and 0.93 Bev, are shown in Figs. 7, 
8, and 9. These histograms contain both “fast” and 
“slow” pions together. The distinction between fast 
and slow pions was used by experimenters to bring out 
the qualitative nature of the isobar model. However, 
as we have already indicated, we find that the fast pion 
in ~10% of the cases is not the scattered pion. The 
broad distinction, nevertheless exists, and this is indi- 
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Fic. 11. Angular distribution, in c.m. system of colliding 
particles, of nucleons with respect to the lower energy pions for 
incident pion energy of 1.5 Bev. 
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Fic. 12. Angular distribution, in‘c.m. system of colliding particles, 
of m; relative to m2 for incident pion energy of 1.5 Bev. 
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Fic. 13. Angular distribution, in c.m. system of colliding particles, 
of mw, relative to w, for incident pion energy of 0.93 Bev. 





SINGLE PION 
cated by the two peaks in the histograms at approxi- 
mately 0.2-0.3 Bev/c and 0.5-0.6 Bev/c in Figs. 7 and 
8. The poorest correspondence between calculation and 
experiment occurs at high momentum in the case of 
the 1.37-Bev incident pion energy. It is possible that 
the difficulties of high momentum measurement may 
have increased the 0.6-0.7 Bev/c bin at the expense 
of the 0.5-0.6 Bev/c. 
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Fic. 14. Angular distribution, in c.m. system of colliding 
particles, of nucleons relative to the incident pion direction for 
incident pion energy of 1.5 Bev. 
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Fic. 15. Angular distribution, in c.m. system of colliding 
yarticles, of nucleons relative to the incident pion direction for 
incident pion energy of 1.37 Bey 











Fic. 16. Angular distribution, in c.m. system of colliding 
particles, of nucleons relative to the incident pion direction for 
incident pion energy of 0.93 Bev 
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Fic, 17. Angular distribution, in c.m. system of colliding 


particles, of both pions with respect to the incident pion direction 
for incident pion energy of 1.5 Bev. 
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Fic. 18. Angular distribution, in ¢.m. system of colliding 
particles, of both pions with respect to the incident pion direction 
for incident pion energy of 1.37 Bev. 
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Fic. 19. Angular distribution, in c.m. system of colliding 
particles, of both pions with respect to the incident pion direction 
for incident pion energy of 0.93 Bev. 


Although it cannot be decided experimentally 
whether the fast pion is always the scattered pion, the 
angular distributions of the fast and slow pions are 
features which can be definitely checked with calcu 
lation. These angular distributions with respect to the 
nucleon are shown in Figs. 10 and 11 for an incident 
pion energy of 1.5 Bev. The angular distributions of 
the two pions with respect to one another are shown in 
Figs. 12 and 13 for energies of 1.5 and 0.93 Bev. The 
agreement is generally close 

The comparison between calculation and experiment 
shown in the histograms thus far has been in the ¢.m. 


system of the colliding pion and nucleon and the plane 
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Fic. 20. Distribution of pion momenta, in c.m. system of colliding 
particles, for different incident pion energies. 


containing the three final particles. We have already 
pointed out that a comparison on such a basis should 
prove a sufficient test of the isobar model. The agree- 
ment between the two sets of data is satisfactory, and 
we therefore believe that the isobar model approxi- 
mately describes single pion production in the energy 
region studied. 

The angular distributions of the final particles with 
respect to the incident pion can be calculated in the 
present model only by inserting in the computation a 
rather inaccurately-known differential pion-nucleon 
inelastic scattering cross section. For the formula 
already given in the previous section, the angular 
distributions of the nucleons relative to the incident 
pion direction are given for three energies: 1.5, 1.37, 
and 0.93 Bev, in Figs. 14, 15, and 16. It is seen that 
there is reasonable agreement between the two sets of 
histograms, especially at the higher energies. The 
poorer agreement at the lowest energy of 0.93 Bev may 
possibly be attributable to a less-forward peaking of 
the differential scattering cross section at this energy 
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Fic. 21. Distribution of nucleon momenta, in c.m. system of 
colliding particles, for different incident pion energies. 


than is assumed in the formula used. Walker et al.’ give 
some experimental indication of this in their result. 

The angular distributions of both pions with respect 
to the incident pion direction are shown in Figs. 17, 
18, and 19. These histograms, while showing general 
agreement between calculation and experiment, exhibit 
a divergence at 0.93 Bev which is similar to that 
observed in the nucleon case of Fig. 16, above. 

Finally, in order to indicate what variations might be 
expected at comparatively low energies from the isobar 
model, we have calculated the distributions of pion and 
nucleon momenta shown in Figs. 20 and 21 for a number 
of incident pion energies. 

We wish to acknowledge the generous allotment of 
computing time on Illiac by the staff of the Digital 
Computer Laboratory. 
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Expressions are found for radial and vertical free-oscillation amplitudes in synchrotrons taking particular 
account of the radiation emission. In strong-focusing electron synchrotrons the radial oscillation may be 
come undamped unless corrective measures are taken. 


INTRODUCTION 


SCILLATIONS about equilibrium by charged par- 

ticles in circular accelerators can be divided into 
free (or betatron) and phase (or synchrotron) oscilla- 
tions. Free oscillations were analyzed by Kerst and 
Serber.! However, radiation forces were not included, 
as only particles of low energy were then considered. 
Phase oscillations were analyzed by Bohm and Foldy?* 
who included the radiation by the circulating particles. 
Blachman and Courant* discussed the effects of 
straight sections and fringing fields. Sands‘ extended 
the treatment by Bohm and Foldy to include the 
quantized nature of the radiation, which becomes 
apparent at extreme energies. In the following article 
we will examine the effects of radiation and of quan- 
tization on the free oscillations; thus, the treatment 
will be analogous to that performed by Bohm and 
Foldy and by Sands for the phase oscillations. 

It can be shown that phase oscillations and free. 
oscillations are almost orthogonal modes. The oscilla- 
tions are described in numerous general references.’ 
Phase oscillations are slow; they involve deviations of 
energy from equilibrium. There are associated devia- 
tions of phase and radius. Since the phase oscillation 
frequency is much less than the orbital frequency, it is 
permissible to consider the particle as traveling in 
circles of slowly oscillating radius. Superposed on the 
phase oscillations are the much faster free oscillations 
which occur at nearly orbital frequency. These are 
deviations of the orbit from circularity and from the 
equilibrium plane, but there is no deviation of energy 
(if one ignores the radiation and accelerating forces 
which are much smaller than the magnetic forces). 


THE FORCES ACTING 


For simplicity we shall consider only motion in a 
completely circular machine; the effect of straight sec- 
tions has been discussed by Blachman and Courant.’ 
The magnetic field has complete axial symmetry and 
also has mirror-image symmetry above and below the 
equatorial plane. The equilibrium orbit lies at radius 


1D. W. Kerst and R. Serber, Phys. Rev. 60, 53 (1941). 

2D. Bohm and L. Foldy, Phys. Rev. 70, 249 (1946). 

3N. Blachman and E. Courant, Rev. Sci. Instr. 20, 596 (1949). 
4M. Sands, Phys. Rev. 97, 470 (1955). 

5M. S. Livingston, > emeay’ 4 Accelerators 


(Interscience 


Publishers, New York, 1954), pp. 27, 33. 


ro in the equatorial plane. The magnetic field increases 
with time, however it increases by only a very small 
fraction during one revolution of the particle. Conse- 
quently, it is legitimate to regard it as constant in time 
when considering only a few revolutions. There is also 
an accelerating electric field. In synchrotrons the field 
is produced at discrete points on the circumference in 
such a way that, at any instant, the energy gain per 
turn is independent of radius; we shall make the cus- 
tomary idealization that the accelerating field is 
smoothly distributed around the circumference; so the 
electric field will have to vary as 1/r and it will have 
only an azimuthal component. 

Only the radiation force remains to be considered. 
The classical radiation by a charged particle in a mag 
netic field has been treated by Schwinger.® He showed 
that, when the energy of the particle is much greater 
than its rest energy, radiation is emitted in the instan- 
taneous direction of motion in a narrow cone of angle 
mc/E. Here mc* is the rest energy and £ the total 
energy of the particle. The power radiated, P,, is 
4057? B?(E/mc*)*, where c is the velocity of light, r, is 
the classical radius of the electron, and B is the magnetic 
induction. The reaction force on the particle is just 
P,/e. 

The azimuthal electric force has to be greater than 
the radiation reaction force if the particle is to be 
accelerated. At very high energy the fractional excess 
is slight. For simplicity we shall consider the case 
where the excess is zero, i.e., the particle is not on the 
average gaining energy and the magnetic field is not 
increasing. Thus we can write the electric accelerating 
force as F(ro/r) and the radiation reaction force as 
F(B/By)?(E/Eo)*. This automatically makes these 
forces cance] for an equilibrium particle and artificially 
decouples the free oscillations from the phase 
oscillations. 

Considering vertical free oscillations, we see that 
the radiation force and accelerating force in combina- 
tion will damp the motion. These forces are equal in 
magnitude. The electric force always points exactly 
azimuthally while the radiation force points in almost 
the reverse direction. But when the particle moves up, 
the radiation force has a small downward component 
which is not balanced by the accelerating force, and 
vice versa. This component acts as a damping force. 


* J. Schwinger, Phys. Rev. 75, 1912 (1949). 
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Fic. 1. Forces acting 
on an electron 


The radial free oscillations are more complicated since 
the magnitude as well as the direction of the radiation 
force changes with the deviation from the equilibrium 
radius. (See Fig. 1.) 


THE MAGNETIC FIELD AND THE LAGRANGIAN 


The magnetic field is exactly vertical in the equatorial 
plane and, in the neighborhood of the equilibrium 
radius, the vertical component B, is given by Bo(ro/r)", 
where n is termed the field index. Since the field is con- 


we have 
curlB=0; curl,B=0, 
OB,/d2=0B,/dr 


stant in time, 


nBo/To. 
Therefore, near the equatorial plane, 
B, nBoz/ro, 
and near ro in the equatorial plane, 
B,= Bo(1ro/r)". 


The last two equations can be satisfied with a vector 
potential A which has only an azimuthal component 


Ag=[Bo/(2—n) |(10/r) "7+ (nBo/219)2” 


Then B,, By, and B, can be obtained from the relation 
B=curlA, 


The Lagrangian applicable to the motion of relativistic 
particles is 

eA-y 

2)! 


v*)! 
rd? 7 
= eBy(2- a 


L mi (c? 


mo(c* 


-n) '(r0/ r)"9h— (enBo/2ro)2*r¢. 


LINEARIZED EQUATIONS OF SMALL OSCILLATION 


We will now write the general differential equations 
of motion, set 
d . dot Y; a= 2, 


7=FfotX; 


and retain only terms of the zeroth and first powers in 
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x, ¥, z and their derivatives. 


(d/dt)(AL/d%) — (AL/dr) = — F (B/Bo)*(E/Eo)*(*/2) 


ro 2n 
() 
r ra 


The electric accelerating force and radiation reaction 
force are not included in the Lagrangian; the right 
member of the last equation is the radial component 
of the radiation force; there is of course no radial 
component of the accelerating force. Upon expansion 
this equation becomes 


r(ri+rig’+rdbot 22) 
(2—r2g?— j2— 32)! 


en Boz? 


e— ride r 


2 (rge+i+a)h 


_ rd? — r— 


i—r¢’ 
(?— rd? — P— 2*)4 
eBoror' "ob 
2mcro 
e— rio 
C cag rd? — p— 2 
f 
x— =, (i) 
(r°g?+ 72+ 22)1 


We linearize, denote (c?—ro’do”)' by X, note that the 
second term is entirely of second or higher power, and 
obtain from the zero power terms the familiar result 
for a particle moving in a circle 
mcodo/X == eBo. 


From the first power terms we obtain 


2robo role! a 
a ~ Ek 
x mc nie 


w redo’ (1—n)eBodo 
mes fo 


» «ee mc 


(1b) 


| =0. (1a) 


The @ equation is similar, but here, in addition to the 
radiation force, the electric accelerating force enters. 
Also the equation has the dimensions of torque and this 
must be remembered when writing the terms not in- 
cluded in the Lagrangian. 


(d/dt)(0L/dd) — (0L/d) 
rF( (10/1) — (B/Bo)*(E/Eo)* (1/2) ]. 


Proceeding as before, we obtain the linearized ¢ equation 


ro fF ope’ 2rerdo? 
ae “lit [ns |i 
X x ’ mcl X? 


2rudo robo? eBoro 
+| Pha “le 
ax xX* mc 
F Arete? 
-{ 1-204 — je-o. (2a) 
xX? 


me 





FREE OSCILLATIONS 


The z equation is 


(d/dt)(L/dz)— (0L/dz) = — F (B/ By)? (E/E)? (2/2), 


and when linearized it yields 


(mc/X )2+ (F/robo) z+ neBodoz = 0. (3a) 


In Eqs. (1a), (2a), and (3a) we can eliminate By by 
substituting from (1b). The motion in small oscillations 
is then defined. It will be noted that x, y and their 
derivatives enter into both (la) and (2a), so that these 
two equations are coupled. However z and its deriva- 
tives do not enter into (la) and (2a), while x and y 
and their derivatives do not enter into (3a). Thus the 
vertical oscillations are to first order uncoupled from the 
radial oscillations. The terms in F in Eqs. (la), (2a), 
and (3a) result from the electric accelerating force and 
the radiation reaction force. Therefore these terms did 
not appear in the treatment by Kerst and Serber.’ The 
remaining terms should give a result identical to theirs, 
but omitting the adiabatic damping which results from 
the slow increase with time of B and Eo. We shall solve 
the equations omitting the terms in /’, and we shall 
then introduce these terms as small perturbations. 


OSCILLATION FREQUENCIES AND DAMPING 
CONSTANTS 
Turning first to Eq. (3a) for the vertical oscillations, 
we see that it has the form of a slightly damped 
oscillator 


2—2a,2+w,’2=0, 


where 
w,?= (enBo/mc)X do=nde’, 


which is just the result of Kerst and Serber, and where 


a,=-— (F/2mc)(X, rodo) F/ 2po = (P 0/2), 


po being the equilibrium momentum merodo/X and F 


the equilibrium radiation force. The solution of the 
oscillator equation is of course 


z= Ce cos(w,t+D). 
Equations (1a) and (2a) are of the form 


Ry+Si+ui+Vx=0, (1c) 


and 


Git+hy+ Li+qe=0, (2c) 


where G, h, L, q, R, S, u, and V are constants. The 
lower-case letters represent terms containing /’, which 
is a small perturbation, and the upper-case letters 
represent the dominating terms. We substitute 


y= Yer, x= Xeer', (4) 
into (1c) and (2c) and form the determinant, which 
yields 

— iw AGS — wh Gut iwGV —wP7hS 


+twrhu+hV —iw,RL—Rqg=0. (5) 
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TABLE I, Damping constants, a. 


phase free 


_1 Py 3—4n 
2 Eo 1—n 


Pyo 1 

2Eo l—n 
Pyo 2Fo 
Ko/ (29) 
Eo/ (2E¢) 


ee radial 
Radiation J : 
dampin : 

ping | vertical 
Adiabatic paees 


damping 


Eo/ (2E) 


vertical 


Retaining only the dominating upper-case constants, 
we find 
(GV RL) GS (1 n) do", (6) 


and Serber. 


9 
Wri 


which is the result of Kerst Next we 
substitute 

lw, = lwp tay 
into Eq. (5) and retain only terms of first order in 
h, q, u, and a,. This gives 


30r?GSar— (GuthS)w,? (GV RL)a,+(hV Rq) 0). 


Using Eq. (6) to eliminate w,,’, and evaluating G, h, L, 
q, R, S, u, and V as before by comparing (1c) and (2c) 
with (la) and (2a), we obtain 


—[n/2(1—mn) |(F/ po) [ /2(1e—n) |(Py0/ Eo). 


Gy 


Evidently a, is quite similar in form to a. There is 
however a significant difference. a, is negative for all 
values of m; a, is negative for values of n between 0 
and 1, but is positive otherwise. Consequently the 
radial free oscillations decay in conventional synchro- 
trons, but grow in strong-focusing synchrotrons, where 
|m| is much greater than 1, although » itself changes 
sign in alternate sections. The radial phase oscillations 
are also undamped at high energy when {<n <1. 

Even though one mode of oscillation is undamped, 
there need not be divergent motion if the oscillations 
are mixed sufficiently quickly. Rutherford collisions 
between the particles in the bunch and between the 
bunch and residual gas atoms are too infrequent for 
appreciable mixing. Some numerical cases are given by 
Moravesik and Sellen.’ However there is a variety of 
electric and magnetic methods to mix the oscillations. 
For instance a small azimuthal magnetic field B, would 
rotate the plane of free oscillation of a particle about the 
azimuthal axis with the Larmor frequency eByc?/2Ko, 
since the particle has effective mass /y/c* for small 
transverse motions. To mix the radial phase and free 
oscillations one must introduce nonlinearity in the 
variation of energy gain or loss with radius. 

Table I shows that there is a net damping when the 
vertical, radial, free, and phase oscillations are thor 
oughly mixed. At very high energies the adiabatic 
damping constants are evidently negligible. It is also 
clear that the sum of the radiation damping constants 
is negative for all values of n. For the sake of complete 


™M. J. Moravesik and J. M. Sellen, Rev. Sci. Instr. 26, 1156 
(1955). 
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TABLE II. Squares of oscillation frequencies. 


phase free 


deen (4) 


de (1—n) 
den 


radial 
vertical 


ness we give the squares of oscillation frequencies in 
Table IL. In the radiation damping coefficients we have 
written F/po=Py/Eo where Po is the equilibrium 
power radiated. This equation holds when FE >>mce’*, 
which is always true in present-day magnetic fields 
when the radiated power is significant. All the above 
results are intended to apply only to circular machines 
without straight sections. go is the equilibrium power 
picked from the accelerating cavity, i.e., Pao= Pot Eo; 
Wo is the equilibrium phase angle; & is the number of 
oscillations performed by the cavity during one revolu- 
tion of the particles. Thus, including the adiabatic 
damping terms, the linearized equations of radial and 
vertical free oscillation are 


n Py Ey 
i4 + Jet (1m 0, 
1 


nkE,y Eo 


Py Ey 
| +. [4 ngitz=0. 


Ko Eo 


(7) 


RADIATION QUANTA 


We now take into account the fact that the radiation 
has a discrete character. The two previous equations 
describe the motion only if the radiated power P, is a 
smooth function of time. We consider the motion before 
and after the emission of an increment of energy « at 
time tq; «& is not included in P,. Then the above equa- 
tions still apply, but after the emission the equilibrium 
values will have changed. In particular the equilibrium 
radius will have changed by an amount 


ox (Or9/OEv)ex= — (1—n)"(19/ Eo) ee. (8) 


Thus the problem to be solved is that of a slightly 
damped harmonic oscillator of which the origin suffers 
sharp displacements 6, at times fy. The velocity remains 
unchanged during the displacement. The equation of 
such an oscillator is 


£+ 2ak+w(x+ SY 5) =0. 


t<& 


(9) 


During the displacement the amplitude of the oscilla- 
tor may change by an amount 6, or by some lesser 
amount, depending on the phase of the oscillator at 
time &. (See Fig. 2.) Thus the amplitude a(¢) is given by 


bie a(t ') cosb, +-b€ a(t 2) CosBe+- - 7) 


5,*e 2a(t—t)) cos’O, + 5,7 2a(t—te) cos’, + ‘ee 


a(t) 
a*(t) 


} 26 dve eGe~tr—ta) cos6; COSbs + alia (10) 
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If all the displacements are of uniform size 6, and if 
they occur at a mean frequency u so large that the 
sum can be written as an integral, then, averaging over 
all phases, the cos terms yield 0 and cos? terms yield 
}. Hence the means square amplitude 


(a*) = (u6?/2) J eta di,=ub/4a, (11) 


If u is a function of 5, then by an obvious extension 
of the above argument 


(a?) = (1/4) f 5 (8)d8 
s (11a) 


= (1/4a) (ore/aks) f (e— @)*u(ede, 
0 


where u(e)de is the frequency of emission of photons of 
energy ¢€ to e+de. The spectrum is given by Schwinger® 
as 


® 


K 5/3(n)dn, 


4/te 


u(€) = (34/82) (P40/€2) 
where €,= (3/2)hdo( Eo/mc*)*. Sands‘ evaluates 


f e'u(e)de= (55/253!) P,o€, 
0 


while by definition 


f eu(e)de= P49. 
0 


Noting the asymptotic behavior of K(n) as 7-0, we 





Fic. 2. Phasor diagram of excitation of free oscillation. 





re OSCILUTATIONS 


easily verify that 


= f au(dde/ J u(ej)de=0. 
0 0 


Inserting these results into the expression for (a), the 
mean square radial free oscillation amplitude, we find 


(a*)= A[n(1—n) Fv, (12) 


where 
A . (55 '2°31) (he ‘Cy (re /¥9) (Eo, ‘mc*)*. 


This differs only by a constant from the result found 
by Sands for the mean square radial phase oscillation 
amplitude, which was 


(Ar*) = A[ (3—4n)(1—n) Jn. 


(13) 


This is not surprising, since each time a photon is 
emitted, there is an excitation both of the phase and 
of the free oscillations. The difference between (Ar*) 
and (a*) arises solely from the difference in the damping 
times. Since the phases of the two oscillations are com- 
pletely uncorrelated, one should add (Ar’) and (a*) to 
find the total mean square radial amplitude 


(Arto?) = 3[:n(3—4n) | Ar,?. (14) 


In the Caltech synchrotron, a typical machine, 


ro=375 cm; L=590 cm; n=0.6; Eo nax= 2200 me’. 


Here L is the total length of the straight sections. This 
gives, after making appropriate corrections for the 
straight sections (Blachman and Courant’), 


(a?)4=0.7 cm; (Ar’)4}=0.5 cm; (Artor?)!=0.9 cm. 


Note that all these amplitudes increase linearly with 
Eo. Since they are amplitudes of sinusoidal oscillation 
and since the amplitudes are distributed in a Gaussian 
fashion, it follows that the mean square instantaneous 
displacements will be 4 of the mean square amplitudes. 
It should be pointed out that in some synchrotrons the 
damping time 1/a is not much shorter than the ac- 
celeration time, so that a stable distribution in ampli- 
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tude is not achieved. In this case (a?) is not given by 
(11a) but rather by the more general form 


he’ 
J ff euonntouy/20) 
2 wo 0 
t 
xenp| 2f eae iat (15) 
. t 


» 


(a’) 


Similar expressions apply for (Ar*) and (Argo); Q(t) is 
the frequency of the particular oscillation considered. 


CONCLUSION 


Thus, as larger machines are built, one might expect 
the radial amplitudes to vary as Ey! and as ry!. This 
imposes &@ minimum on the area of the aperture and on 
the volume of the magnetic field. The application to 
strong-focusing machines requires a knowledge of the 
devices which mix the phase and free oscillations; for 
large m it appears that the radial amplitudes will vary 
as 1/n. By contrast, the vertical oscillations are not 
excited by the emission of discrete quanta, so at high 
energy the beam spreads radially but becomes very 
small vertically, a behavior actually found in the Cal 
tech synchrotron. 

After completion of this work, my attention has 
been called to parallel Russian work in this field; in 
particular Kolomenskii and Lebedev® derive expres 
sions for the radial spread in phase and free oscillations. 
Also Robinson and Ritson’ have derived the damping 
constants for free oscillations. 

I wish to thank Professor L. Davis, Jr., and Professor 
M. Sands for helpful suggestions and corrections 
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The systematic study of hyperfragments using nuclear emulsion, 
which has been reported on in two previous papers, has been con 
tinued, Examples of aH‘, ,He, and ,Li hyperfragments are re 
ported here, A® particle binding energies previously reported have 
range-energy data of 
Barkas ef al. Average values found for the binding energy By are: 


sH*(Ba= —0.34-0.4 Mev); ,H*(B,=1.8+404 Mev); 
AHe*(B,=1.94-0.4 Mev); ,He*’(By=1.64-0.6 Mev); 
ALi®(B,y=6.843.0 Mev); aLi®or,Li’(Ba=5.20r5.042.5 Mev); 
ALi’ or ,Li*(Ba=5.140.6 Mev); aBe*(By=5.144.0 Mev); 
ABe*(B, = 6,240.6 Mev); 4C"(By=1346 Mev) 


been corrected according to the latest 


The absence of ,H? indicates the A°-nucleon system does not have 
a bound state. The absence of ,He’ implies that 4H? is an isotopic 
spin singlet. The agreement in the binding energies of 4H‘ and 


INTRODUCTION 


HE data on hyperfragment decays yield infor 
mation on the interaction between the A° particle 
and nucleons,’ and also, with the aid of certain 
theoretical considerations, on the intrinsic properties 
of the A° particle, i.e., spin, parity, and isotopic spin. 
For example, Ruderman and Karplus* and Primakoff® 
have shown how the data on nonmesonic to meson 
decay ratios for hyperfragments may be applied to 
obtain information on the spin of the A°. If the A° 
particle is, as has been suggested,® a parity doublet, 
this too should be reflected in the values of these 
ratios.’ Angular correlations in the mesonic decays of 
hyperfragments may also yield information on the 
spin.® Dalitz’ and Jones and Knipp" have pointed out 
that if charge independence holds for hyperfragments, 
then the observation of charge multiplets whose 
_ members have equal binding energies for the A° would 
verify the assignment of 7’=0 for the isotopic spin of 
the A’. 
The data on hyperfragments which were previously 
reported on in two papers, henceforth to be referred to 


* Supported in part by the U. S. Atomic Energy Commission 
and by the Graduate School from funds supplied by the Wisconsin 
Alumni Research Foundation. 

'R. H. Dalitz, Proceedings of the Sixth Annual Rochester Con 
ference (Interscience Publishers, Inc., New York, 1956) 

2). T. Jones, Jr., and J. M. Keller, Nuovo cimento 4, 1329 
(1956) 

41). B. Lichtenberg and M. Ross, Phys. Rev 

*M. Ruderman and R. Karplus, Phys. Rev 

®H. Primakoff, Nuovo cimento 3, 1394 (1956) 

*T. D. Lee and C. N, Yang, Phys. Rev. 102, 290 (1956), and 
104, 822 (1956). 

7S. B. Treiman, Phys. Rev. 104, 1475 (1956) 

*P. Zielinski, Nuovo cimento 3, 1479 (1956) 

*R.H. Dalitz, Phys. Rev. 99, 1475 (1955). 

“J. T, Jones, Jr., and J. K. Knipp, Nuovo cimento 2, 857 


(1955) 


103, 1131 (1956). 
102, 247 (1956). 


aHe* supports the hypothesis of charge independence for A®-nu 
cleon forces. The ratios of nonmesonic to mesonic decays of 
hyperfragments Q‘~), as defined by Ruderman and Karplus, are 
found to be: for hydrogen hyperfragments Q‘~’=0; for helium 
Q'~=1.5; for hyperfragments of Z 2 3, O°’ =43. According to 
the analysis of Ruderman and Karplus these values suggest that 
the A® particle decays into an angular momentum state of 1=0 
or l=1, and hence that the spin of the A® is either 4 or $. In the 
case of hyperfragments which decay into a proton, r~ meson, and 
a recoil, the angle 0,4, between the r~-meson direction in the A°® 
rest frame and the direction of motion of the A® within the hyper- 
fragment can be measured, if it is assumed that the interaction 
of the decay particles is negligible. The distribution of these angles 
shows a peaking in the forward and backward directions. This is 
suggestive of a spin greater than 4 for the A°. 


as I" and IT,” have been expanded and the further 
results are reported here. 


PROCEDURE 


Pellicle stacks were exposed to cosmic rays and to 
3-Bev m mesons, and K~ mesons" from the Berkeley 
bevatron. The methods for finding and identifying 
hyperfragments were the same as reported in I and II. 


OBSERVATIONS 
A. Production of Hyperfragments 


Since I and H, 42 hyperfragments were found from 
48000 3-Bey w~ stars, 33 from 78000 cosmic-ray stars, 
and 35 from 795 K~ stars. The data on hyperfragment 
production frequencies from I, I, and III are combined 
in Table I. As previously pointed out, some of the events 
may be the ‘result of the capture of slow m~ mesons. 
However, if the range of the connecting track is greater 
than 15 microns, a fragment generally can be distin- 
guished from a w~ meson. Such events are also included 
in Table I. The results of Fry and Wold,'* who studied 
the range distribution of m 
where the incident energy was below the threshold for 
A® production, suggests that few of the short-range 
events listed as hyperfragments here, could have been 
due to slow r mesons. It is not surprising that many 
hyperfragments have a very short range since most of 
them have a charge greater than 3 and thus a high rate 
of energy loss. 

The charge distribution of all the hyperfragments 
listed in Table I is given in Fig. 1 and the charge dis- 


mesons from interactions 


" Fry, Schneps, and Swami, Phys. Rev. 99, 1561 (1955) 

"Fry, Schneps, and Swami, Phys. Rev. 101, 1526 (1956). 
Fry, Schneps, Snow, Swami, and Wold (to be published). 
“W. F. Fry and D, C. Wold, Phys. Rev. 104, 1478 (1956). 
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TABLE I. Frequencies of hyperfragments 


1.5-Bev 
mesons 
Number of stars observed 500 
Total number of hyperfragments 1 
Number of hyperfragments with R >15 u 0 
Ratio of all hyperfragments to total stars 2x10 


Nature of exposure 


Ratio of hyperfragments with R >15 u to total stars 0 


tribution of those with range greater than 15 microns is 
given in Fig. 2. The range distribution of all hyper 
fragments is given in Fig. 3. 


B. Measurable Events 


In this section are described m-mesonic decays, 
events in which the binding energy of the A° could be 
measured, and events which could be interpreted as 
r’-mesonic decays. The range-energy relations of 
Barkas and co-workers!’ was used for singly charged 
particles in all cases, and that of Wilkins!® for multiply 


charged particles. 


Event 133 


This hyperfragment emerged from a cosmic-ray star. 
Its range was 1410 microns and the characteristics of 
its track showed its charge was one. A multiple scat- 
tering measurement along the track gives a mass of 
(6300_ y600°°™)m, for the hyperfragment. The hyper 
fragment decayed into three charged particles whose 
tracks are coplanar. A summary of the measurements 
is given in Table IH and a drawing of the event is shown 





rT 

















Fic. 1. The charge distribution of hyperfragments. The shaded 


area represents hyperfragments from K~ stars. 


16 Barkas, Barrett, Cuer, Heckman, Smith, and Ticho, Uni 
versity of California Radiation Laboratory Report UCRL-3254 
(unpublished). W. H. Barkas, University of California Radiation 
Laboratory Report UCRL-3384 (unpublished). 

is J. Wilkins, Atomic Energy Research 


: Establishment, 
Harwell Report G/R664 (unpublished). 
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in Fig. 4. The requirement of momentum balance 
identifies tracks 1 and 2 as due to a proton and triton, 
respectively. Any other assumptions lead to a large 
momentum unbalance. The disintegration scheme can 
be written 


Hp tite +0, 


where O=35.1+0.3 Mev. The binding energy of the 
A® particle in ,H* is then 1.8+0.4 Mev. It is to be 
noted that the identification of this fragment from its 
decay is consistent with the scattering measurement on 
its track. 


Kevent 143 


This hyperfragment was produced by a 3-Bev m 
meson. Its range was 138 microns and it decayed into 
three particles, a wm meson and a proton whose tracks 
make an angle of 171°, and a short recoil of range about 
1.3 microns. Unfortunately the m-meson track could 
not be followed to its end, but its energy was found 
from grain density to be about 30 Mev. The residual 
momentum of the proton and wm meson is 16 Mev/c. 
Only a hydrogen recoil of this momentum would have 
a range as large as 1.3 microns. Therefore this event is 
interpreted as the mesonic decay of ,H® or ,H*. 








TITIT, 














Fic. 2. The charge distribution of hyperfragments whose range 
is greater than 15 microns. The shaded area represents hyper- 
fragments from K~ stars 
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Fic. 3. The range distribution of hyperfragments. The shaded 
area represents hyperfragments from K~ stars. 


Event 190 


This hyperfragment came from a star produced by 
a stopped K~ meson. The measurements are summar- 
ized in Table IL. 

The three tracks from the decay are coplanar within 
the error in measurement. However track 2 is steep and 
its projected length is only 2.2 microns. Therefore it is 
difficult to measure its dip angle accurately. An 
accurate value for the dip angle can be obtained by 
assuming track 2 is in the direction of the residual 
momentum of tracks 1 and 3, assuming track 1 to be 
due to a proton. Then track 2 is found to have a dip 
angle of 71° and a range of 7.1 microns.!” When this 
value for the range is used, momentum is balanced by 
assuming track 2 to be due to He*. It should be pointed 
out that if the range were 5 microns then He* would 
balance momentum. Any other assumption for track 1 
other than a proton is inconsistent with the data. The 
most likely interpretation is then 


sHet He} ptm +0, 


where O= 34.6+0.5 Mev. The binding of the A° then 
is 2.34+.0.6 Mev. 


TABLE II. Measurements on event 133. 


Angles in 
decay plane 


Energy in 
Mev 


Range in 


Track microns Identity 


Hyper- 
fragment allt 33.0 
p 14.9 
r 4.7 
15.5+0.3 


1410 
1120 
2 &2 
3 4921 1 


} 160° 
| 96° 


17 This result only holds if the normal shrinkage factor of an 
emulsion can be applied to tracks which are both very short and 
very steep. It is possible that this may not be the case. 
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Mvent 213 


This hyperfragment also came from a K~ star. Its 
range was only about one micron. It decayed into two 
particles, one a proton (track 1) of range 2.79 cm and 
the other a singly charged particle (track 2) of range 
790 microns. The measurements on this event are given 
in Table IV. 

If track 2 is assumed to have been made by a deuteron 
and it is assumed that only one neutron was emitted 
from the decay, the energy of the neutron is 57.34+2.4 
Mev. The decay scheme is 


sHe*>p+d+n+0, 


where Q=167.5+2.6 Mev and the binding of the A° 
is 2.14+2.6 Mev. 





a’ 


Fic. 4. A 4H‘ hyperfragment (event 133) from a large cosmic- 
ray star decayed after coming to rest into a proton (1), a triton 
(2), and a w~ meson (3). 


If one assumes that only one neutron was emitted, no 
other decay scheme is consistent with known data on 
binding energies. 


Event 186 


The range of this hyperfragment, which originated 
from a K~ star, was 102 microns. The measurements on 
this event are summarized in Table V. 

The three tracks from the decay are coplanar within 
the error of measurement. The best value for the range 
of track 2 is 2.0+0.5 microns. If the residual momentum 
of the proton and ~ meson is given to a He’ or a He‘ 
nucleus, their expected ranges would be 2.9 microns 
and 2.7 microns, respectively. Thus one cannot dis- 
tinguish between these two. The disintegration could 
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have been either 


sHe'He?+ p+r-, 


sHe*—>He!+ pte. 


The binding energies for these two possibilities are 
3.3+0.6 Mev and 3.2+0.6 Mev. 


Event 188 


A stopped K~ meson produced this hyperfragment. 
The data are summarized in Table VI. 

The only visible tracks from the decay are 1 and 2. 
However, the emission of one or more neutrons is not 
consistent with a hyperfragment decay, since it leads 
to negative binding energies for the A° particle. It turns 
out, that if track 2 is due to a proton, the residual 
momentum vector of the proton and m~ meson lies 
directly underneath the hyperfragment track, and its 
magnitude is 39 Mev/c. A recoil of length less than 2 


TABLE III. Measurements on event 190. 


Angles in 
decay plane 


Energy 


Range in 
Identity Mev 


Track microns 
Hyper 
fragment 200 Het 
1 15.1 p 
2 i He} 2.0 
3 16825 " 31.5+0.5 


20.5 
1.1 }113° 
}154° 


TABLE IV. Measurements on event 213. 


Angle in 
degrees 


energy in 


Range in 
Mev 


Track microns Identity 
Hyper- 
fragment 1 aHet 
27900 p 
790 d 


94.2+0.8 


| O7 
16.0403 [129.718 


2 
E,=57.342.4 Mev 


microns would be masked by the hyperfragment track. 
A triton recoil would have a range of 3 microns, whereas 
He*® and He‘* would both have a range of about 1.5 
microns. It seems likely then that the decay scheme was 
either 

asHe*>He*+ p+, 
or 

aHe*’—He't+ p+, 


with binding energies for the A° of 2.0+0.6 Mev and 
2.1+0.6 Mev, respectively. If the recoil were heavier 
than He‘, then the binding energy, as will be seen later, 
would not be consistent with values found for heavier 
hyperfragments. 


Event 211 


A negative K star was the source of this hyper- 
fragment whose range was 111 microns. From the 
appearance of its track the charge of the hyperfragment 


OF 
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TABLE V. Measurements on event 186. 


Angles in 
decay plane 


Energy in 
Mev 


Range in 

Track microns Identity 
Hyper- 

fragment 102 

1 271 6.48 ) 

He? or 0.49 

Het 0.64 \ 

: J 


aHet or ,aHe® 13.5 or 17.0 


2 2.0-+0.5 


128° 


> 


85 


3 12570 T 26.6+0.5 


is estimated to have been 1 or 2. It decayed into a 
proton, m meson, and a recoil, but unfortunately the 
m meson left the emulsion stack so that its energy had 
to be determined from its grain density. ‘The measure- 
ments on this event are given in Table VII. 

The residual momentum of the proton and m meson 
is 120.54+3.5 Mev/c. If the recoil were He‘, its mo 
mentum would be (from its range) 117+7 Mev/« 
whereas if it were He’, its momentum would be 10347 
Mev/c. Therefore this event is best interpreted as 


sHe'—>He!+ p+a +0 


’ 


where (= 35.64:1.5 Mev and the binding of the A® is 
1.341.5 Mev. 


Event 172 


This event occurred in a plate exposed to cosmic 
rays. The hyperfragment had a range of 5 microns and 
decayed into three particles which were not coplanar. 
The data are summarized in ‘Table VIII. 

Track 2 could have been due to a particle of charge 1 
or 2. ‘Track 3 was produced by a particle of charge 1, 
A multiple scattering measurement on it gives a mass 
of (3150 500°%’)m,, which indicates that it was most 
likely due to a deuteron. If we assume this and that 
track 2 
residual momentum to one neutron, the energy of the 
neutron is 90.5 Mev. The disintegration scheme is 


was also made by a deuteron, and give the 


aLi® p+ d+d+n+0O, 

where (= 146.8 Mev and the binding energy of the A® 
particle is 6.84+-3.0 Mev. 

It should be pointed out that the fit with one neutron 
may be fortuitous. 

Event 123 

This hyperfragment was produced by a 3-Bev x 

meson. In this case the hyperfragment track was very 


Pan_e VI. Measurements on event 188. 


Energy in 
Identity Mev 


Range in 
Track microns Angle 
Hyper 
fragment 36 aAHet* or sHe® 
1 17250 " 
F 59.6 p 2.6 
3 see He?* or Het 0.3 or 0.2 


7401693 


( 
32.0 162° 
) 
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TaBie VII. Measurements on event 211 


Range in 


microns 


nergy in 
wey 


Angles in 
Track Identity decay plane 
Hyper 
fragment 111 AHe® 
1 1495 p 17.7 
2 73230 " 16.04+1.5 
5 6841.0 Het 1.9 


16.3 


long, 985 microns, and the 6 rays along it plus the lack 
of thindown near its end show that the fragment had a 
charge of three or four. The hyperfragment decay 
consisted of two tracks. Track 1 was due to a particle 
of charge one or two and track 2 to a particle of charge 
one. Since it is known that the fragment charge was 
three or four, this makes it clear that track 1 was due 
to either He’ or He‘. The grain density of track 2 indi 
cates that it was produced by a deuteron. The data on 
this event are given in ‘Table LX and a drawing is shown 
in Fig. 5. 

If the residual momentum of the two visible decay 
particles is given to one neutron, then the following two 
schemes fit a hyperfragment decay : 


aLi®->He*+d+n-+-O,, 
and 


»He'+-d+n+Oz, 


ali’ 


153.9 Mev and O,= 168.6 Mev. If the event 
was 4Li®, then the binding energy is 5.24-2.5 Mev. If it 
was 4Li’, the binding energy is 5.04 2.5 Mev. 

Again it must be remembered that a fit to one neutron 
may be fortuitous. For example, the event could have 


where Q, 


been 


,Li*>Het+d+ 2n. 


Event 164 


\ cosmic-ray star was the origin of this hyperfrag- 
ment. The range of the fragment was 27 microns and 
it decayed into three particles; a m meson, a proton, 
and a recoil of short range whose direction is consistent 
with coplanarity. The data on thisevent are summarized 
in ‘Table X. 

The range of the short recoil is difficult to measure. 
A. best is that it lies between 0.5 and 1.3 
microns. Since the size of a grain can be as large as 0.5 


estimate 
micron, the exact measurement of the range is not too 
significant, The residual momentum of the proton and 
mw meson is 44 Mev/c. He’, He‘, Li®, and Li’ recoils of 


Tasre VIII, Data on event 172 


Energy in 
Ideritity Mev 


Range in 


Track microns 


Hyperfragment 5 4Li® 
1 


{ 5 
4020 p 31.1 
3 


2. 
i, 
2 123 d .F 
3 1111 d 19. 


9 


, FRY, 
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this momentum would have ranges of 1.4, 1.3, 0.4, and 
0.35 micron, respectively. If the recoil were helium, 
however, the event would give a binding energy of 
4.94+-0.6 Mev for ,He* or ,He® which is not consistent 
with the previously determined binding energies for He. 
Therefore the most likely interpretation is that the 
disintegration was either 


ALi’ Li®+ p+mr +0, 


aLi* *Lil+ ptr +2, 


where Q,; and Q» are both 31.8+0.5 Mev and the 
binding energy of the A° in either case is 5.1+0.6 Mev. 

The only other possibility for this event is that track 
1 was due to a deuteron and the decay was 


ALi*Li'+d+r 


“ 


hic. 5. A qaLi® or ,Li? hyperfragment was produced by a 3-Bev 
m meson. After coming to rest it decayed nonmesonically at the 
point P into a deuteron (2), He or He*(1), and a neutron (event 
123). 


However, in this case the binding energy is 3.4 Mev 
which is considerably less than the 6.2-Mev binding 
energy which was found for ,Be’. Since the binding 
energy is probably primarily a function of mass number, 
this interpretation seems less likely than the other two, 
although it cannot be ruled out. 


Event 167 


This event was found in a stack exposed to cosmic 
rays, but unfortunately it occurred before the pellicle 
stack was assembled. Hence, those tracks which leave 
the pellicle cannot be followed. The fragment had a 
range of 52 microns and decayed into three particles 
whose trajectories were coplanar. One produced a light 
track and was presumably a r~ meson. The track of the 
second particle leaves the stack shortly before stopping 
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and its total range is estimated to be about 2000 
microns. If it was due to a proton, the momentum was 
about 200 Mev/c. The third track is a recoil of 3 
microns. Knowing the angles between the tracks, one 
can make various assumptions for the decay and test 
them for consistency with the range of the recoil. The 
only ones which are consistent are 


aLi7—Li*+ p+a-, 
and 


LS Li?+ pte 


A He recoil should have had a range of about 8 microns 
and a Be recoil should have had a range of 2 microns. 
Therefore, this event was most likely the mesonic 
decay of 4Li. 


Event 144 


This hyperfragment came from a cosmic-ray star. Its 
track is only 6 microns long but shows a large angle 


TABLE IX. Data on event 123. 


Range in 

Track microns Identity Energy in Mev Angle 
Hyper- 

fragment 985 ALi® or 4Li? 

1 233 He’ or Het 


2 5670 d 


E,=81.0 Mev if ,Li® 
E,=93.1 Mev if 4Li? 


104 or 112 
21.4 or 24.0 
S15 


4 20.9° 
/ 


® This range should be multiplied by 1.014 to take into account the 
density of the emulsion, before applying the range-energy relation 


TABLE X. Measurements on event 164 


Angle in 
decay plane 


energy in 
Mev 


Range in 
Track microns Identity 
Hyper 
ragment 27 ALi? or 4Li’ 
136 p 
2 13250 
O0.5<R<1,3 


17.5 or 20.0 
4.28 
" 27 

Li or Li’? 0.17 or 0.15 


1452° 
140° 


scattering just before its end which indicates that the 
fragment came to rest. There are two decay tracks, both 
of which are very short. A drawing of this event is 
shown in Fig. 6 and the data are summarized in Table 
XI. 

It is not possible to say anything about the identity 
of the hyperfragment or its decay particles from their 
tracks. However, the visible energy release in this 
event is so low that it seems quite likely a 2” meson was 
emitted. Various assumptions were made for tracks 1 
and 2 and the residual momentum given to a 7’ meson. 
It was possible to fit the data by assuming tracks 1 and 
2 were due to He’ and a triton, respectively, or vice 
versa. Then the hyperfragment decay was 


,Li®>He*+-14+-2°+0 


’ 


where 0 = 24.1 or 25.6 Mev, and the binding of the A° is 
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ric, 6. Event 144 can be interpreted as the #®-mesonic decay 
of aLi®. The hyperfragment came from a cosmic-ray star and had 
a range of only six microns. Tracks 1 and 2 were due to He’ and 
a triton, or vice versa 


5.8+1.5 Mev or 4.34+1.5 Mev. Of course, it is possible 
that this fit is fortuitous. 


Ievent 161 


In this event, which was produced by cosmic rays, 
the hyperfragment range is very long, 1310 microns. Its 
track indicates that it came to rest and that its charge 
was 4+ 1. As in event 144, the low visible energy release 
suggests that a mr” meson may have been emitted, If one 
of the tracks is assumed to have been produced by He‘, 
and the other by He’, then the following scheme tits a 
hyperfragment decay : 

,Be’—>He'+ He? +2 +0, 
where 0 = 38.8+1.8 Mev if track 2 is Het and 38.04 1.8 
Mev if track 1 is He*. Then the binding energy of the A° 
is 83+ 1.8 Mev or 9.141.8 Mev. As pointed out before, 
such a fit may be fortuitous. The details of this event 
are given in Table XII. 


TABLE XI. Data on event 144, 


Range in lnergy in 


Track micron y fev 


Hyper 
fragment aLi® 3.5 
1 He* or ¢ 1.45 or 0.52 
2 is) tor He’ 0.57 or 1.58 


TasLe XII 


Data on event 161 


Kange in 
Track micron 
Hyper 
fragment 1310 
| 90.4 
2 92.5 


Be? 194 
He* or Het 12.0 or 13.3 


Het or He! 13.5 or 12.1 piis-2 
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TABLE XIII. Events in which A® binding energies 
could be measured.* 


vent 
Paper number Hyperfragment 


87 aH? 
49 aH? 
35 aH? 
70 alf* 
133 alt 
4 aHet 
95 aHe* 
90 aHet 
190 aHet 
213 aHet 
146 aHet 
or sHe® 
18% aHet 
or jHe® 
36 aHe® 
aHe® 
aLi® 
aLi® 
or aLi? 
164 ALi? 
or aLi® 
144 aLi® 
161 abe? 
3 abe? 
1 abe® 
100 sBe® 
2 acu 


Decay scheme 


Ba(Mev) 


0.2406 
—14+0.6 
0.2+0.6 
1.94-2.0 or 0.542.0 
1.8+0.4 
4.1+1.0 
0.042 0 
1.7+-0.6 
2.3+0.6 
2142.6 
3.24+0.6 
3.2+0.6 
2.0+0.6 
2.1+0.6 
1.7+0.6 
1.341.5 
6.84-3.0 
5.242.5 
5.042.5 


p+d+d+n 
He*?+-d-+n 
He*+d+n 
Li®+p+m 5.140.6 
Li’+p+n 5.1+0.6 
He*+1t+7° 5.8+1.5 or 4.341.5 
Het+He®+-7® = -8.341.8 or 9.141.8 
He*+p+p+n 5.94+-8.0 
Het+He'+n 5.14+4.0 

Be*+ p+ 6.3+0.6 

Li’ + He*+ p 13+6 


* Binding energies of events previously reported in I and II were re- 
evaluated by using the new range-energy data of Barkas et al.!* which were 
also used to calculate the binding energies of events reported in III. 


C. Summary of A° Binding Energy Data 


The hyperfragments which were reported in I and I 
were analyzed by using the range-energy relationship 
for x mesons and protons contained in the tables of Fay, 
Gottstein, and Hain.'® Since then, more accurate 
measurements on the range-energy relationships of high- 
energy m mesons and low-energy protons have been 
reported by Barkas ef al.'* Therefore, all the hyperfrag- 
ments reported in I and II were reanalyzed using the 
newer range-energy data. In most cases this led to a 
change of a few tenths of a Mev from the binding 
energies reported before. The corrected binding energies 
of the hyperfragments from I and II, and the binding 
energies of the hyperfragments reported in this paper, 
II], are listed in ‘Table XIII. The average values of 


TABLE XIV. Average binding energies of hyperfragments. 


Average Ba (Mev) 


0.34-0.4 
1.8+0.4 
1.9+0.4 
1.6+0.6 
6.8+3.0 
§.242.5 or §.042.5 
5.14+0.6 
5.144.0 
6.340.606 
13+6 


Hyperfragment 


aH? 
alt 
95, 90, 190, 213 aHet 
36, 211 aHe® 
172 aLi® 

123 aLi® or aLi? 

164 ALi’ or aLi® 
1 aBet 
100 aBe® 
2 ach 


Events 


87, 89, 35 
133 


Fay, Gottstein, and Hain, Suppl. Nuovo cimento 11, 234 


(1954). 


FRY, 


AND SWAMI 

binding energies for various hyperfragments are sum- 
marized in Table XIV. In averaging, the. individual 
values were weighted inversely proportional to the 
squares of their errors. 


D. Nonmesonic vs Mesonic Decays 


Table XV gives the number of nonmesonic decays vs 
the number of x~-mesonic decays for hyperfragments of 
various charges (all the hyperfragments from I, I, and 
III are included). The ratios given should be taken as 
upper limits since the nonmesonic decays probably 
include some events due to slow x~ mesons. The number 
of nonmesonic decays would be expected to include 
some 7’-mesonic decays. For the case of Z >3 the per- 
centage of w® events included in the nonmesonic decays 
would most likely be very small since the nonmesonic 
mode of decay predominates. In the case of ,He or 4H 
however, the number of m°-mesonic decays is not 
expected to be too small. Therefore the nonmesonic ,He 
events must be examined to see how many could be due 
to r’-mesonic decays. From an observation of ~-mesoni« 
decays we would expect that in almost every case a 7° 
decay of a helium hyperfragment, ,He‘, would be by 
the mode 

sHe4—He* !+-n-+-2". 


mesonic 


TABLE XV. Ratios of non-w 
to w~-mesonic decays. 


Non-x~-mesonic 


Hyperfragment x~-mesonic 


0/6=0 
18/7 =2.6 
31/2=15.5 
140/2=70 


Hydrogen 
Helium 
Lithium 
Z>3 


In such an event the recoil would have a fairly short 
range, and therefore it would be very difficult to dis- 
tinguish this event from a scattering. Therefore, it is not 
surprising that no such events are included among the 
18 noncharged mesonic He hyperfragments, and it 
seems most likely that very few of the 18 events were 
n’-mesonic decays. 

All the non-w--mesonic ,jHe hyperfragments are 
listed in ‘Table XVI, and the kinetic energy of the two 
charged decay products is given. In about half of the 
events the visible energy is considerably greater than 
the Y value for the free A° decay. In the others it was 
not possible to fit the data by the assumption that a ° 
meson was the only neutral particle emitted (except for 
event 4). If it is assumed that one neutron and a 7° 
were emitted, then only events 108, 155, 169, and 171 
could reasonably be interpreted as m’-mesonic decays. 
Even for these it seems improbable that such is the 
case because the kinetic energy carried off by the 
neutron and 7° is only about half of the total energy 
release, whereas they would be expected to carry off a 
large fraction of the kinetic energy. 
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From the above discussion it would seem reasonable 
to assume that about two of the 18 non-r~-mesonic 
events are m°-mesonic, and therefore the ratio of non- 
mesonic to m~-mesonic decays for ,He is about 16/7. 


DISCUSSION 


No events have been found which can be interpreted 
as 4H*. Their absence cannot be attributed to scanning 
bias because it is expected that the mode of decay 
would be 


spt ptr, 


which would be extremely easy to detect. The absence 


TABLE XVI. Helium hyperfragments which decayed without the 
emission of a ~ meson. 


Visible 
energy in 
dec ay» 


(Mev) 


Range of 
Source of hyper- 
hyper- fragment* 
Event fragment*® (ms) 


4 3-Bev p_ 


Remarks 


6.5 Can be interpreted as 
AHet—>p+t+7° 
Unlikely that a 7° was 
emitted 
One proton of 100 Mev 
Very improbable that a 
nw was emitted 
Possible that a neutron 
and 7° were emitted 
One proton of 64 Mev 
Unlikely that a 7° was 
emitted 
One proton of 60 Mev 
Possible that a neutron 
and 7° were emitted 
Possible that a neutron 
and w® were emitted 
Possible that a neutron 
and w® were emitted 
One proton of 42 Mev 
and one of 37 Mev 
Can be interpreted as 
aHet+p+d-+n 
One proton of 48 Mev 
One proton of 80 Mev 
Very unlikely that a 7° 
was emitted 
One proton of 46 Mev 
One proton of 84 Mev 


38 CLR. 23 


61 3-Bev ar 120 
74 3-Bev r~ 30 


3-Bev 2~ 15 


3-Bev x~ : 
3-Bev a~ : 23 


C.R. 
3-Bev x~ 


C.R. 

C.R. 
star 
213 ~ star 1 
215 


219 
220 


star 10 
star 11 
star 66 
221 ~ star 130 
223 K7™ star 2 


* C.R. =cosmic ray. 

> In all the events listed in this table two singly charged particles were 
emitted from the hyperfragment decay. The visible energy was obtained 
by assuming both to be protons. Some could have been deuterons or tritons, 


of 4H? indicates the nonexistence of a bound state of the 
A°-nucleon system. This might be expected from a con- 
sideration of the low binding energy of the A° particle in 
aH?®. The data of Table XIII strongly suggest that this 
value is less than 0.5 Mev. 

It is still the case that no examples of 4He* have been 
found. It is considered quite unlikely that the mesonic 
decay of 4He® would be missed in scanning, for it would 
be a quite distinctive event, 1.e., 


sHe*—>p+ p+ ptr. 


It seems most likely that ,He* is not bound. From the 
nonexistence of ,He*® and the assumption of charge 
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TABLE XVII. Nonmesonic to mesonic decay ratio, Q'~, for 


aHe‘ as a function of pion angular momentum, as given by 
Ruderman and Karplus. 


i 0 1 2 3 


O.4(Ba)t 6.8(By)* 120(B,a)* = 2000(Ba)4 
2800 


Q™ (Ba in Mev) 


Q” for Byh=2.0 Mev 0.6 9.6 170 


independence, 7’=0 can be assigned to the ground state 
of ,H*. This assignment follows from the fact that the 
total binding of ,H* is greater than 2.2 Mey. If it were 
a T=1 state, the total binding energy of ,He® would be 
at least 1.5 Mev since the Coulomb energy of ,He* is 
surely not greater than that of He’*, which is 0.7 Mev. 
It also follows from the nonexistence of ,He’® that the 
binding energy of 4°, if it exists, is less than something 
of the order of 0.7 Mev. 

The binding energies of 1.8+-0.4 Mev and 1.9+-0.4 
Mev for ,H* and ,He‘ are consistent with the assump 
tion that 7 
and that charge independence is valid for hyperfrag 


} for the system of 3 nucleons and a A®, 


ments. No other examples of complete charge multiplets 
have been identified. 

The four ,Li events reported here make it clear that 
the binding energy of the A® in ,4Li is considerably 
larger than it is in 4He. The binding in ,Li is about 5 
Mev. 

The binding energy data can be fitted to the assump 
tion that the A° moves in an s state in a square well of 
range ~1.2(A—1)'X10-" cm and a depth of about 20 
Mev. 

The data of Table XV shows that the nonmesonic 
mode of decay is rare for hydrogen hyperfragments, is 
comparable to the mesonic decay for helium, and 
strongly predominates for hyperfragments with Z > 3. 
Fowler has shown that these data require that the 
lifetime for the mesoni 
matter must be much greater than the lifetime for the 
decay of a free A°, and that the lifetime for the non 
mesonic A® decay must be comparable to that of the 
free A® decay. The suppression of the mesonic mode of 
decay in nuclear matter may be due to the effect of 
the Pauli principle on the nucleon from the A® decay. 

Ruderman and Karplus‘ have shown how to apply 
the data on the nonmesonic to mesonic decay ratios to 
a determination of the spin of the A® particle. Their 
results are summarized in Tables XVII and XVIII for 
aHe‘ and for hyperfragments of Z> 2. The nonmesoni 


mode of decay in nuclear 


to mesonic decay ratios, V“?, are given as a function 


Taste XVIII, Nonmesonic to mesonic decay ratio, QO), for 
hyperfragments of Z>2 as a function of pion angular momentum, 
as given by Ruderman and Karplus 

5 
24000 


’ IT. K, Fowler, Phys. Rev. 102, $44 (1956) 
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TabL_e XIX. Momenta, kinetic energies, and decay angles 04, for 
A® particles in hyperfragments. 


P E 


A “A Onn * 
(Mev/c) (Mev) 


I vent Hyperfragment (degrees) COMA 


47 al® 103 
KY AH? 72 
144 AH® or ,H* 16 
144 allt 165 
9”) aHet 57 
95 alle 4 
190 alle 106 
146 aHle* or aHe® oo 
18% aHet or ,He® W $5 0.42 
6 aHle® 131 44 0.72 
211 aHe® 121 6.6 155 0.90 
164 ALi’ or aLi® 44 0.9 77 0.21 
167 ALi’ or aLi® 117 6.1 162 —0.95 
100 aBe® 145 95 24 0.91 


34 0.83 
170 0.98 
78 0.22 
100 0.17 
166 0.97 
30 0.87 
29 0.87 
107 ().29 


-_— 
conN> 
SnNNO KK SS SH 


NON UW = bt 


*Orq ie the angle in the A® center-of-mass system between the direction 
of motion of the # meson from the A® decay and the line of flight of the A. 


of the angular momentum of the pion from the decay 
A’ p-+4 

If we assume that A°->n-+-7’ occurs half as frequently 
as A’-+p+m (this is the case if the A® decay is a 
transition from isotopic spin 7=0 to T= 4), then since 
OM~O” * where O is the nonmesonic to mesoni 


ratio for the mode A*--n+-r", we would expect that 4 
of the 16 nonmesonic ,4He decays would be due to the 
conversion of a neutral pion. Hence OW? = 4(16/7)= 1.5. 
/ is measured for a mixture of ,He‘ 
and ,He® hyperfragments whereas the results of Table 
XVII are for ,4He*. However, since the binding of the 
A® in ,He® appears to be not much different than in 
aHe*, Table XVII should also be a good approximation 
for ,He®. 

In the results of Table XVIII for heavy hyperfrag- 
Karplus have taken into 
account the fact that 2’-mesonic decays in most cases 


This value of O' 


ments, Ruderman and 





[] nw” forward 
Z nm” bockward 
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Angular distribution of 14 cases of A decays from hyper- 
and III and enumerated in Table 


hic. 7 
fragments reported in I, II, 


XIX 
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would be interpreted as nonmesonic decays. Hence QO 
for hyperfragments of Z>2 can be found directly from 
Table XV and is 171/4=43. 

Both for ,4He and the heavier hyperfragments the 
observed value of Q“? is intermediate between the 
values expected for /=0 and /=1. Thus the data indi- 
cate a spin of § or 3 for the A°. The intermediate values 
of VQ? could be the result of insufficient experimental 
data or approximations used in the theoretical calcu- 
lations. Another possibility of great interest is that the 
A® may be a parity doublet, one member of which 
decays into an /=0 state, and the other into an /=1 
state. Then it would be quite conceivable that OW 
should be intermediate between the expected values for 


l=Oand 1=1 in Tables XVII and XVIII. The effect of 








[] nw’ forward 
] mw bockward 
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hic. 8. Angular distribution of 24 cases of A decays from hyper- 
fragments which include the 14 enumerated in Table XTX plus 
10 reported by Zielinski.* 


a A® parity doublet on the nonmesonic to mesonic decay 
ratios has been discussed by Treiman.’ 

As was pointed out in II, it may be reasonable, in 
view of the low A®° binding energy, to assume that in 
mesonic decays the proton and w~ meson do not interact 
with the residual nucleus. Then the momentum of the 
A® within the hyperfragment is simply given by the 
vector sum of the momentum of the 
proton. Zielinski® has pointed out that using this 
approach we can also obtain the angle @4,, in the 
A°-particle rest frame, between the direction of motion 
of the decay m meson and the line of flight of the A°. 
Table XIX lists the kinetic energy and momentum of 
the A® within the hyperfragment, and the angle 64,, for 


meson and 


such events. Figure 7 is a histogram of the frequency 
distribution of the 14 decay angles given in Table XIX. 
Zielinski, in his paper, gave this frequency distribution 
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for 16 cases obtained from various laboratories and 
including the six events reported in LI. If the eight 
cases reported in this paper are added to his distribu- 
tion, this gives the histogram of Fig. 8 for 24 events. 
Of the 24 events, 14 decay with the w forward and 10 
with the w backward. Hence no statement can be made 
as to a possible forward-backward asymmetry. How- 
ever, there does appear to be a significant peaking in the 
forward and backward directions. The probability 
(from « chi-square test) that the histograms of Figs. 7 
and 8 could result from an isotropic distribution is 
about one percent. 

If the assumption that the proton and m meson do 
not interact with the residual nucleus is correct, then a 
possible explanation for this angular distribution would 


be that the spin of the A° is greater than 4. The results 


on the nonmesonic vs mesonic decay ratios, however, 
make it appear unlikely that the spin is greater than 3, 
and infer that if the spin is } the parity of the A° is the 
same as that of the proton. 

It is to be noted that certain events, namely numbers 
4, 144, and 161 are strongly indicative that the decay 
mode A°—»n-+7° does indeed occur, although in general 
it is difficult to detect. We also point out that decay 
modes such as A°>p+e +v or A°>p+y +v would be 
easily detectable in emulsion if hyperfragments should 
decay by them. No examples of these were seen out of 
17 w -mesonic hyperfragment decays. 

No examples of decays in flight of hyperfragments 
were found in this study. The total moderation time of 
all the hyperfragments in I, II, and III is of the order 
of the lifetime of the free A’. Hence it appears that the 
lifetime of the A° particle is not appreciably shortened 
in hyperfragments. 
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revised calculation of the nonmesonic to mesonic decay 
ratios as a function of pion angular momentum. ‘The 
values for 0! quoted in ‘Tables XVII and XVIII 
represent: minimum hence determine an 
upper limit for the spin of the A°. A better estimate for 
the values of OW? was made by including the following 
modifications: (a) A factor 1.7 comes from using the 
nuclear density obtained by electron scattering. (b) A 
factor 5 comes from Primakoff’s more accurate treat 
ment of the exclusion principle in heavier fragments. 
(c) A factor greater than one comes from positive 
position correlations from the A°-N attraction. The 
revised values of OW? are given in Table XX for ,He 
and in Table XX1 for hyperfragments of Z 2 3. 


values and 


TABLE XX. Revised estimate for OQ? as a function of pion angular 
momentum for ,He* 


0 1 2 ] 


14B 43 
20 


40008 44 
5600 


O O.8B 44 


Sf 240B 44 
for By =2.0 Mey 1.1 


440) 


A comparison of the data with these revised values 
strongly indicates that the S-wave pion predominates 
and hence that the spin of the A° is 4. There may be 
some P-wave contribution if parity is not conserved 
in the A° decay. 


TABLE XXI. Revised estimate for Q 
angular momentum for hyperfragments of 72 3 


/ as a function of pion 


2 4 


14 000 240 000 


} seems 


Since the evidence that the spin of the A° is 
strong, we must look for a reason other than a high 
spin to explain the anisotropy of Fig. 8. Dr. R. Gatto 
has pointed out to us that it may be possible that this 
effect is indeed the result of the interaction of the final 


particles with the residual nucleus. In fact since the A° 


stays mainly outside the nucleus, it might be expected 
that the reabsorption cuts out a contribution mainly 


from angles of about 90°. 

We are pleased to thank Dr Dr 
Karplus for sending us their revised calculations, and 
Dr. Gatto for an enlightening communication. 


Ruderman and 
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By combining previously reported high-altitude total intensity data from balloon flights at Minneapolis 
and Jowa City it is found that the magnetic rigidity spectrum of solar flare particles at 2100 G.M.T. on 
February 23, 1956 (17 hours after onset of the event) was steeply rising toward low rigidities as about R~* 
for rigidities R of about 1.2 By. The flare data at high altitude and high latitude are compared with 


low-altitude neutron monitor data. 


1. INTRODUCTION 
— the cosmic-ray increase following the 


great solar flare of February 23, 1956, two sets 
of high altitude balloon observations were made. The 
first of these consisted of measuring the counting rate 
of a single Victoreen Geiger tube as a function of atmos- 
pheric depth at the latitude of Iowa City. The second 
consisted of measuring the vertical intensity of cosmic 
rays as a function of atmospheric depth with a small 
threefold telescope, also utilizing Victoreen tubes, at 
the latitude of Minneapolis. The results of these two 
observations have been reported independently.’ ? 

The two sets of observations extended over nearly 
the same time interval—from about 1900 G.M.T. to 
2100 G.M.T.-and, in particular, the respective equip- 
ments were at maximum altitude at very nearly the 
same time (2100 G.M.T.). The onset of the solar flare 
was determined optically* to have occurred at 0331 
G.M.T.; the onset of the great increase in cosmic-ray 
intensity occurred‘ at 0351 G.M.T. 

The objective of the present paper is to derive a 
magnetic rigidity spectrum of the flare particles during 
the latter phase of the storm over the lower rigidity 
range corresponding to the geomagnetic cutoffs of 
Minneapolis and Iowa City, respectively. 


2. REDUCTION OF DATA TO COMMON TERMS 


The following observations are available as a function 
of atmospheric depth: 

(a) The normal counting rate of the telescope at 
Minneapolis latitude and at Iowa City latitude.®® 

(b) The normal single counter rates at Minneapolis 
and Iowa City.7* 


1 J. R. Winckler, Phys. Rev. 104, 220 (1956). 
2 J. A. Van Allen and C. FE. McIlwain, J. Geophys. Research 61, 
569 (1956). 

* Notuki, Hatanaka, and Unno in dossier of H. Elliot and T. 
Gold on the February 23, 1956 Event (private communication). 
«Meyer, Parker, and Simpson, Phys. Rev. 104, 768 (1956). 

6]. R. Winckler and K. A. Anderson, Bull. Am. Phys. Soc. 
Ser. IT, 1, 229 (1956). 

*1.. H. Meredith, M.S. thesis, State University of Iowa, June, 
1952 (unpublished). 

7E. C. Ray, M.S. thesis, State University of Iowa, June, 1953 
(unpublished) : 


* J. R. Winckler (unpublished), 


(c) The solar flare telescope rate at Minneapolis.' 

(d) The solar flare single counter rate at Iowa City? 

(e) The normal zenithal distribution of intensity at 
Iowa City’ and Minneapolis.® 

The total cosmic-ray intensity at atmospheric depths 
of 80 to 20 g/cm? is found to be very nearly isotropic’ 
over the upper hemisphere at both Iowa City and Min- 
neapolis under normal] conditions. Hence, single counter 
and vertical telescope measurements can be reduced to 
the same basis simply by dividing the rates by the 
respective geometric factors appropriate to isotropic 
radiations. The rates of reference 1 should be divided 
by (9.38)(60)=563 and the rates of reference 2 have 
already been appropriately divided therein. The results 
are absolute vertical intensities Jy in units of (cm? sec 
steradian)~'. In the comparison there is some systematic 
uncertainty due to slightly different stopping powers. 

No measurements of angular distribution of intensity 
were made during the flare. But a plot of the observed 
flare values of Jy (/o/cos@) against 6 for the atmospheric 
depth ho= 30 g/cm* indicates that even in this case 
the conversion of single counter rates to vertical inten- 
sity can be done with an error or less than 5% by 
dividing these rates by the geometric factor for hemi- 
spherically isotropic radiation. The measured angular 
distribution under normal conditions is actually more 
nearly isotropic than would be indicated by the corre- 
sponding plot of this type. Hence it is likely that no 
significant error is involved in assuming isotropy. This 
has been done. 

The results of the above described reductions are 
shown in Table I. 


3. CONCLUSIONS 


From Table I it is seen that the Minneapolis/Iowa 
City ratio of vertical intensities of flare particles is 6.8. 
To evaluate the magnetic rigidity spectrum of the flare 
particles, the geomagnetic latitudes must be known. 
According to the conventional model, the geomagnetic 
latitudes of Iowa City and Minneapolis are \=52° N 
and \=55.4° N, respectively, with corresponding ver- 


* H. Anderson, M.S. thesis, State University of Iowa, June, 1957 
(unpublished). 
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tical geomagnetic cutoffs on simple Stérmer theory of 
0.189 and 0.161 stérmer (2.1 and 1.5 Bv). If we assume 
a power-law integral number-rigidity spectrum of the 
form 

J(>R)~R™, 


then y is given by (0.189/0.161)?7=6.8, or 
7¥=6.0. (1) 


However, direct measurements of cutoff energies at 
latitudes in north central United States in photographic 
emulsions” indicate that the effective cutoffs are more 
likely 0.156 and 0.128 stérmer, respectively (1.5 and 
1.0 By). Our corresponding value of spectral exponent 
is 
y=4.8. (2) 
An implicit assumption of the above calculations has 
been that the intensities observed at 30 g/cm? at the 
two sites are proportional to the primary particle inten- 
sities at the top of the atmosphere. It is difficult, if not 
impossible, to assess the magnitude of the error so 
incurred in the estimate of y, but the direction of the 
error is likely such as to give a falsely low value of 7 
in Eqs. (1) and (2). 


4. REMARKS 


Using (a) counting rate data from six neutron monitor 
stations at various latitudes, (b) an earlier deter- 
mination"? of a “yield function” relating primary 
particle intensity to the counting rate of a neutron 
monitor at low altitudes as a function of the magnetic 
rigidity of the primaries, and (c) conventional geomag- 
netic theory, Simpson ef al.‘ have estimated the spec- 
trum of flare particles at 0500, 0900, and 1400 G.M.T. 
on February 23, 1956, in the rigidity range 2 to 14 By. 
They report the approximate spectrum 


J(>R)~R™, (3) 


with the exponent nearly constant during the decline 
of the flare. The uncertainties in the spectrum as 
deduced in this way are of quite a different sort than 
those of paragraphs 2 and 3, though perhaps of com- 
parable magnitude. 

From the results of the present paper, it appears 


Based on unpublished measurements of the energy spectrum 
of primary a particles in nuclear emulsions by P. Fowler and 
E. P. Ney, University of Minnesota. 

"4 J. A. Simpson, Phys. Rev. $3, 1175 (1951). 

2S. B. Treiman, Phys. Rev. 86, 917 (1952). 
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TABLE I, Vertical cosmic-ray intensities at 30 g/cm? 
atmospheric depth. 


Jv (particles/cem* sec 
steradian) 


Minneapolis 
0.51 
0.57 
0.51 


Technique lowa City 


Telescope* (normal conditions) 
Telescope” (normal conditions) 
Single counter® (normal conditions) 


0.48 
0.43 
0.51 
Single counter (flare conditions) 0.74 
Telescope® (flare conditions) ve 


Adopted flare increment 0.25 


* See references 1 and 5 

b See references 6 and 9 

© See reference 7 and Meredith, Van Allen, and Gottlieb, Phys. Rev, 99, 
198 (1955). 

4 See reference 2, 

* See reference 1. 


that a similarly steep spectrum persisted until at least 
2100 G.M.T. (over 17 hours after onset) and that the 
steep rise continued to the lowest observed rigidity 
with only a mild tendency toward flattening. 

It is of interest to estimate the particle intensity at 
high altitude during the (unobserved) early phase of 
the flare. The Chicago neutron monitor‘ rate was about 
10%, above normal at 2100 G.M.T. and 2400% above 
normal at 0415 G.M.T. At corresponding times, the 
Ottawa monitor’ rate was 10%, and 2500°%, above 
normal, respectively. At an atmospheric depth of 10 
g/cm’ over Minneapolis at 2100 G.M.T., the flare incre- 
ment of intensity was about 1.7 particles/cm? sec 
steradian. These data in conjunction with the foregoing 
discussion suggest that the vertical intensity over Min- 
neapolis at 0415 G.M.T. and at 10 g/cm® was of the 
order of 400 particles/cm® sec steradian (1000 times 
normal). Such considerations lend plausibility to the 
possibility that directional intensities of the order of 
many millions of very-low-rigidity particles/cm? sec 
steradian may have been an integral part of the 
“cosmic-ray” spectrum early in the flare period, At 
sufficiently great intensities and low energies, “isolated 
particle” cosmic-ray phenomena likely blend into the 
arriving neutral-plasma phenomena of auroras'* and 
of the anomalous ionospheric D-region attenuation of 
radio waves.'® Indeed, an extraordinarily large attenu- 
ation of radio waves in the D region was observed 
during the flare of February 23.'° 


J), C, Rose and J. Katzman, Can. J. Research 34, 884 (1956) 

4 J. A, Van Allen, Proc. Natl. Acad. Sci. U. S. 43, 57 (1957) 

18S. Chapman and G. C. Little (to be published) 

6 Dossier of H. Elliot and T. Gold on the event of February 23, 
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Electron scattering from the deuteron has been investigated experimentally at higher energies and larger 
scattering angles than before. Calculations have been made also for the scattering expected from deuterons 
with repulsive-core and with Yukawa-type neutron-proton potentials. As before, it is found necessary to 
introduce 4 proton size into the deuteron (or to modify the Coulomb interaction) in order to obtain agree 
ment between the experimental results and the scattering calculations. Using the proton size determined 
by electron-proton scattering experiments, a comparison is made between the various calculated curves and 
the experimental data. It is found to be impossible to rule out either the repulsive-core or the Yukawa 


potentials 


I, INTRODUCTION 


LECTRON-SCATTERING experiments from the 

deuteron already have revealed a discrepancy 
between the deuteron size as measured by low-energy 
neutron-proton scattering and that measured by elec- 
tron scattering.’:? Further experiments now have been 
performed at higher electron energies and at larger 
scattering angles. The results of these experiments 
would be expected to reveal more details of the deu- 
teron structure. In order to analyze the data, several 
deuteron wave functions’* which yield the correct 
deuteron binding energy, quadrupole moment, and 
triplet effective range have been used with the theo- 
retical scattering formula of Jankus® to calculate the 
scattering from various possible deuteron structures. 
A comparison is made then between the experimental 
results and the various theoretical possibilities. 

As was found before,’ a large discrepancy appears 
between the experimental data and the scattering cal- 
culated from all possible theoretical deuterons. This 
discrepancy was removed before by assuming that the 
charge distribution of the proton in the deuteron had a 
root-mean-square radius of O0.8X10~" cm. It was 
pointed out, however, that a modification of the 
Coulomb law of interaction between the deuteron and 
the scattered electrons at distances of 0.8107" cm 
also could be used to remove the discrepancy. The 
same conclusions about the proton size were reached by 
Chambers and Hofstadter® in their analysis of experi- 
ments of electron scattering from the proton. The 
consistency of the deuteron- and proton-scattering 


*The research reported here was supported by the joint 
program of the Office of Naval Research and the U. S. Atomic 
Energy Commission, and by the U.S. Air Force through the Office 
of Scientific Research, Air Research and Development Command 

t Now at Lady Brabourne College, Calcutta, India 

1). A. McIntyre, Phys. Rev 103, 1464 (1956). 

7A theoretical analysis of this discrepancy is given by Yennie, 
Lévy, and Ravenhall, Revs. Modern Phys. 29, 144 (1957). 

*S. Gartenhaus, Phys. Rev. 100, 900 (1955); wave functions 
kindly were supplied by S. Gartenhaus 

*H. Feshbach and J. Schwinger, Phys. Rev. 84, 194 (1951); 
wave functions kindly were supplied by H. Feshbach 

*V.Z. Jankus, Phys. Rev. 102, 1586 (1956) 

*F. KE. Chambers and R. Hofstadter, Phys. Rev 
(1956) 
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results has been discussed by Yennie, Lévy, and Raven- 
hall.? Use will be made of this consistency in the 
following. The procedure adopted in this paper will 
therefore be the opposite of that adopted previously, 
i.e., the deuteron scattering experimental results plus 
the measured proton size as determined by electron- 
proton scattering will be used to determine the deuteron 
charge distribution, instead of using the deuteron- 
scattering experimental results plus the calculated deu- 
teron charge distribution to determine the proton size. 
If this procedure is valid and the experimental! data are 
sufficiently accurate, it should be possible to determine 
the deuteron charge distribution accurately enough to 
distinguish between various possible neutron-proton 
potentials in the deuteron. 

For the sake of convenience, the procedure to be 
followed has been discussed in terms of a proton size. 
However, as mentioned above, a modification of 
quantum electrodynamics can just as well explain the 
electron scattering data. No preference between these 
two possibilities is implied in this paper although the 
point of view of a proton size will be used. 


Il. EXPERIMENTAL PROCEDURE 


The experiments reported here were all performed 
with the electron-scattering apparatus at the end of the 
Stanford Mark III linear accelerator. This equipment 
has been described before. All data were taken by 
using a high-pressure deuterium gas target (~2000 psi 
pressure). Experimental accuracy was limited to the 
same extent as before by the lack of reproducibility of 
the data (~+ 10%). 

‘Two new experimental difficulties appeared in extend- 
ing the measurements to higher energies and larger 
angles than before. The first difficulty is caused by the 
saturation of the spectrometer magnet which is used 
for analyzing the energy of the electrons scattered from 
the target. It was found that the number of scattered 
electrons was not proportional to the area of the slit 
at the entrance of the magnet if this slit opening wsa 
too large. However, by decreasing the slit opening 
sufficiently, a constant ratio of counting rate to slit 
opening could be obtained. Because the deuteron recoil 
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increases with electron scattering angle, this saturation 
effect occurred only at the small electron-scattering 
angles where the scattered electrons have the highest 
energies, Therefore it was possible to use the large slit 
opening at the large scattering angles where the count- 
ing rate was low and a smaller opening at the small 
angles. 

The second difficulty encountered in extending the 
measurements was the appearance of pulses in the 
counter not due to scattered electrons. ‘These pulses 
presumably became apparent because of the lower 
counting rates obtained at the larger scattering angles. 
Some decrease in this background was obtained by 
changing from a Lucite Cerenkov counter (index of 
refraction 1.50) to a liquid Cg yO Cerenkov counter 
(index of refraction 1.276). 

The presence of this background is detected easily as 
shown in Fig. 1. The peak of elastically-scattered elec- 
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lic. 1. Elastic electron-scattering data obtained at 80° and 
400 Mev. The discriminator was set to count all electron pulses 
(low discriminator setting). Counts due to background appear 
on the high-energy side of the peak. 


trons should drop to zero on the high-energy (high 
magnet current) side if no background is present. 
Counts at energies above the peak therefore indicate 
background. A subtraction can be made by extending 
the background region under the electron peak. How- 
ever, this method may be rather inaccurate because of 
the low counting rates involved. Consequently, a second 
technique was used also to eliminate the background. 
A second pulse-height discriminator and scaler were 
driven in parallel with the usual discriminator and 
scaler. This second discriminator was set to accept 
only the largest pulses from the Cerenkov counter. 
When this was done, virtually no background pulses 
appeared. Figure 2 was taken simultaneously with Fig. 
1 using the higher discriminator setting. Figure 3 shows 
the Cerenkov counter integral pulse-height distribution 
spectrum and indicates the discriminator settings for 
Fig. 1 and Fig. 2. This spectrum was taken at a small 
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Fic. 2. Elastic electron-scattering data obtained at 80° and 


400 Mev. The discriminator was set to count only the largest 
electron pulses (high discriminator setting). The background 
counts on the high-energy side of the peak have disappeared 


scattering angle where the counting rate was high 
enough to be convenient. There is virtually no back 
ground contribution at the small angles because of the 
high electron counting rates. 

There are two disadvantages incurred in using the 
method of Fig. 2 instead of Fig. 1. First, the number of 
counts is smaller than in Fig. 1 (sometimes the high 
discriminator setting eliminated a large number of elec- 
trons along with the background). Second, the dis 
criminator is set beyond the end of the “plateau” of the 
pulse-height distribution in Fig. 3; thus, any electronic 
drifts would be serious. In practice, it has been found 
that the data obtained for the two different discrimi 
nator settings are in good agreement and so an average 
of the results of Fig. 1 and Fig. 2 has been taken as the 
correct result. (The normalizing hydrogen point also 
was taken at both discriminator settings.) 

The areas under the peaks shown in Figs. 1 and 2 
were defined on the left by the dotted lines. These were 
drawn to be roughly symmetrical with the well-defined 
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Fic. 3. The integral pulse height distribution obtained with the 


Cerenkov counter at small scattering angles 
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curves determining the right side of the peaks. This 
procedure is valid here because the inelastic contribu- 
tion to the scattering (points to the left of the dotted 
line) is approximately the same fraction of the elastic 
contribution at all scattering angles. Thus, the fraction 
of the inelastic scattering that extends under the 
elastic peak always is about the same and always small. 

In converting the areas under the peaks in Figs. 1 
and 2 to cross section values, it is necessary to convert 
the abscissa values which are in units of magnet 
current to units of beam displacement at the magnet 
exit slit.’ This conversion is achieved by using the rela- 
tionship between a current change in the spectrometer 
magnet and the resulting displacement of an electron 
trajectory at the exit slit of the magnet in front of 
the counter. This relationship was determined experi- 
mentally in two ways. (1) An essentially monoenergetic 
electron beam from the accelerator was introduced into 
the spectrometer. The spectrometer current was set so 
that the beam passed through the central trajectory of 
the spectrometer. A photograph of the beam spot at the 
exit of the magnet was then taken. Photographs were 
taken also with magnet currents set slightly higher and 
slightly lower than this value. The beam displacement 
then could be measured from the photographs and 
related to the known change in current. (2) From the 
kinematics of the electron-proton scattering process and 
the magnet currents found for the scattered electrons of 
various energies and angles, Chambers and Hofstadter® 
determined the relationship between magnet current 
and scattered electron energy. By then assuming a 
constant value for the magnet dispersion, Ap/p (p= mo- 
mentum), they obtained a relation between magnet 
current and beam displacement at the exit slit. Com- 
parison of their results and those obtained by method 
(1) just described, showed agreement within +2% 
except at the highest magnet currents. The largest 
discrepancy there was 7%. Later it will be shown by an 
internal consistency argument that the scattering data 
at the small angles do not contain any large systematic 
errors. 

No corrections have been made for bremsstrahlung 
effects in the target. This correction is at most 2%, 

The deuterium data were taken at 5° intervals be- 
tween 30° and 90° at 400 Mev and between 30° and 80° 
at 500 Mev. Almost all measurements were repeated 
several times, some as many as five times, Cross sec- 
tions were normalized by taking a hydrogen scattering 
run at 30° for the 400-Mev measurements, and at 45° 
for the 500-Mev measurements. The larger angle was 
chosen at 500 Mev so that the spectrometer magnet 


’ The exit slit width of the spectrometer magnet determines the 
width of the bite taken of the scattered electron spectrum. The 
slit width is constant experimentally, but the relation between a 
change in magnet current and a displacement of a monoenergetic 
beam at the exit slit is not. Thus, the peaks of Figs. 1 and 2 should 
be plotted against “beam displacement at the exit slit” rather 
than against “magnet current”’ if the areas under the peaks are to 
represent the number of scattered electrons. 
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would not be saturated and therefore would give 
correct results for the largest entrance slit opening 
used. The hydrogen cross section was taken to be the 
product of (1) the cross section calculated by Rosen- 
bluth® for electrons scattered by a point proton and 
(2) a (form factor)? term to account for the “finite 
size” of the proton. Using a proton charge density 
distribution of p=pore’/* with an rms radius of 0.78 
X10~" cm,® the (form factor)? term is 0.819 for 30°, 
400 Mev and 0.527 for 45°, 500 Mev. The normalizing 
cross sections are then (including radiative corrections)® 
a=440X10-* cm? sterad~! for 30°, 400 Mev; and 
a= 37.4X10-* cm? sterad~ for 45°, 500 Mev. 

The ratios F? of the experimental cross section to the 
point-charge cross sections [ Mott scattering ; see Eq. (1) 
in Sec. III} are plotted in Fig. 4 against g, the mo- 
mentum transfer in the center-of-mass system. The 
188-Mev and 400-Mev data presented before! are 
included also in the plots. Because of the validity of 
the Born approximation, the scattering is expected to 
be a function of q." 

A nice check on the accuracy of the experimental 
normalizations and the correctness of the analysis of 
the magnet spectrometer is the agreement between the 
400-Mev and 500-Mev data when plotted against g as 
in Fig. 4. It is seen that within the accuracy of the 
measurements (~+ 10%), the 400-Mev and 500-Mev 
data agree nicely. Since, for a given g, the magnet 
spectrometer is set for a different current for the 400- 
Mev scattering than for the 500-Mev scattering, the 
overlap of the 400-Mev and 500-Mev data indicates 





| #as 


fe 
} 
| 
| 


+ 


| 
~~ EXPERIMENTAL POINTS — 
4 '66 MEV 


™ X 400 MEV ~ 
@ 500 MEV 


} 
| 
| 
+ 


+ 








| 
1 ee 
O4 08 12 ié 
q xo" cum’ 


Fic. 4. Experimental data plotted against g, the momentum 
transfer in the center-of-mass system. The experimental cross 
sections have been divided by the Mott cross sections to make the 
plot. This ratio is designated F*. 


*M.N. Rosenbluth, Phys. Rev. 79, 615 (1950). 

® J. Schwinger, Phys. Rev. 76, 790 (1949). 

” Actually, the scattering from the magnetic moment of the 
deuteron is not a function of g. However, at the smaller scattering 
angles, the magnetic moment scattering is negligible and even for 
the largest angle measured at 188 Mev, the magnetic moment 
scattering would be expected to raise the data <10% above the 
400-Mev data. At the largest 400-Mev angle measured, this 
effect is <5%. 
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that the magnet spectrometer is performing as pre- 
dicted. 


Ill. THEORETICAL CONSIDERATIONS 
A. Deuteron Scattering Calculations 


Jankus® has calculated the contributions to the elec- 
tron scattering of the charge and magnetic moment for 
both the S and D states of the deuteron. His result is 
the following in the laboratory system: 


da = ket cos*(49)[ po? sin*(50) |! 
X [1+ po sin?(40) }'dO- Fy, (1) 


where 


Fi? = fw + w*) Jo( bora 
+] fre -8 jC dor | 


+4 (4q)?{[2/cos?(46) |—1} 


x| fico + in) (u? +0?) 


— 3 (up t+un—})w? |jo(dqr) 


+2 Sw (p+ un) (+27 bw) 


+38 tw aban ar - (2 


Fz is termed the form factor of the deuteron scattering. 
Here e is the charge of the electron; 6 is the electron 
scattering angle; po is the momentum of the incident 
electron; r is the coordinate of the charge in the deu- 
teron; wu, and uw, are the magnetic moments of the 
proton and neutron in nuclear magnetons, respectively, 
and h, c, and M, the nucleon mass, have been set equal 
to unity; « and w are defined by the ground state wave 
functions for the deuteron WY»: 


Vm= (49) Lu(r)+8-35,,,0 (7) xm; 
1, 


(3 
m=O, 


where S,,=3r*(@,:1)(@,°t)—(G,:,) and xm is the 
triplet spin function. Pauli spin matrices for the neutron 
and proton are a, and @,, respectively. 

For convenience, Eq. (2) may be written in the 
abbreviated form 


FP? F,? t F,? t F vila’, (4) 


where Fo? is the spherically symmetric term, F,? is the 
“quadrupole” term and Fog? is the “magnetic” term 
resulting from scattering by the magnetic moment of 
the deuteron. 

In order to use Jankus’ formulas realistically, it is 
necessary to insert deuteron wave functions which give 
correctly the known properties of the deuteron, namely, 


REPULSIVE CORE 
; | 
YUKAWA (i) 


YUKAWA (2) 
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Fic. 5. Comparison of the “symmetric scattering” charge 
distributions of the three types of deuterons 


the binding energy, the effective range of the neutron 
proton potential, and the quadrupole moment. ‘The 
percentage D state should also be fitted, but is quite 
uncertain (between 2 and 6%, or even more). Wave 
functions satisfying the above requirements have been 
obtained by a number of investigators. In the following, 
three of these functions have been used for making 
electron scattering calculations. The first wave function 
used was obtained by Gartenhaus* by applying the 
Chew-Low meson cutoff theory. Gartenhaus has found 
that the correct deuteron properties result by using the 
same parameters in the Chew-Low theory as_ those 
determined by the meson-nucleon scattering and the 
meson photoproduction experiments. An S-state re 
pulsive-core potential with a core radius 0.65 X 107" cm 
and a core magnitude 1.4 Bev is derived using these 
parameters. Because this potential has been derived 
from a theory which yields correct results also for 
phenomena other than the properties of the deuteron, 
this potential has some theoretical significance. The 
other two wave functions used in the electron-scattering 
calculations are, in contrast, completely phenomeno- 
logical. In each case Feshbach and Schwinger* used 
Yukawa potentials for both the S and D states to 
obtain the correct deuteron properties. The difference 
between these two cases results mainly in a difference 
in the percent D state in the deuteron. 

All three of the wave functions considered are plotted 
for comparison in Fig. 5, while Table I summarizes the 
deuteron properties obtained from the different wave 
functions. It is seen that the repulsive-core potential 
gives a rather large percent D state and a slightly high 
quadrupole moment in comparison to experiment. The 
two Yukawa potentials both yield deuteron properties 
fitting the experimental values closely. They differ only 
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Deuteron properties of the three wave functions used 
in the electron-scattering calculations 


lanier I 


Quad 
rupole 
moment 
a1o°7 
em?) 


Triplet 
effective 
range 
(10°4 em) 


Binding 
energy 


(Me 


Neutron 
proton 
potential 


Percent 


D state Reference 


Gartenhaus* 
Feshbach and 
Schwinger» 
Feshbach and 
Schwinger» 
Blatt and 
Weisskopf¢ 


64 
4.2 


2.90 
2,74 


2.226 


2.23 


Kepulsive core 
Yukawa (1 


2.23 2.77 2.8 


Yukawa (2) 


Fxperimental 2.226 40.0048 1.704003 2.744002 


reference 3 
reference 4 
reference 12 


in their “percent D state.” The effect of the D state on 
the electron scattering thus can be isolated by com- 
paring the Yukawa (1) and Yukawa (2) cases. 

The wave functions for these three different potentials 
were inserted into Eq. (2) and numerically integrated 
to give’the results shown in Figs. 6, 7, and 8. The curve 
notation is that given in Eq. (4) above. Thus, /’o? is the 
contribution of the spherically symmetric scattering; 
I,?, the “quadrupole” scattering, and Finag’, the mag- 
netic moment scattering. Since Fy? is not a function 
of q, it is necessary to plot Fing’ for each scattering 
energy of interest. 

It is seen that the “symmetric’”’ 
repulsive-core deuteron drops off more rapidly than 
that from the two Yukawa deuterons. However, the 
larger D-state probability for the repulsive-core case 
“quadrupole” scattering than 


scattering from the 


contributes more to the 
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6, Calculated 7 values for scattering from the repulsive 
core deuteron, Deuteron properties are shown in Table I; Fo? is 
the “symmetric” scattering, /?, the “quadrupole” scattering, 
Fag’, the “magnetic moment” scattering, and Fou, the sum of 
the three scatterings 
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the Yukawa D states do. Thus, the rather large differ- 
ence between the repulsive core and the Yukawa 
“symmetric” scattering is somewhat compensated. Since 
the experimental data have been extended from! q= 2 
to y= 3, the D-state scattering is seen to have become 
important. 

Clearly, at large angles the scattering from the mag- 
netic moment of the deuteron predominates. The in- 
crease in the magnetic-moment curves at large angles 
does not indicate an increase in magnetic-moment cross 
section, of course, but rather a decrease in the Mott- 
scattering cross section, which has been divided into 
all the cross sections to give the F,? terms. 

The total values for F,? for all three cases are plotted 
in Fig. 9 for comparison. It is seen that there is as much 
as a factor of two difference between the scattering from 





co 
Fra, (168 MEV) 

















| 
—+~ Fig,4g(500 MEV) 
| | | 


i he oe 








e) 35 40 


7. Calculated F? values for scattering from 
the Yukawa (1) deuteron. 
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the repulsive-core and the Yukawa deuterons at q= 3. 
The deviations introduced by the magnetic-moment 
scattering at large angles have not been included be- 
cause they are small over the regions of experimental 


interest." 


B. Lower Limit on Deuteron Scattering 


It is interesting, as will be seen later, to put a lower 
limit on the scattering curves of Fig. 9. This is done by 
the following argument due to Jankus. Figure 10 gives 
a plot of the square of u= np where y is a deuteron wave 
function ; v? is the asymptotic value of u* extended back 
to the origin and normalized to unity there. Since the 


"All distances are expressed in units of 107" cm 
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effective range ry) may be expressed'? 


ro of (v?—u*)dr, 
0 


the cross-hatched area in Fig. 10 is a measure of ro. 

In order to lower a deuteron scattering curve in 
Fig. 9, it is necessary to push the charge away from 
the origin while keeping the effective range ro fixed. 
This may be done in Fig. 10 by changing u? while 
keeping the cross-hatched area fixed; ,” is a new 
possibility which pushes out the charge because the 
charge in area c has been transferred to area 6 which is 
at a greater radius. If the areas c and 6 are equal, ro, of 
course, will remain unchanged. Clearly, the limit to 
this procedure is when u*® becomes a vertical line at 
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Fic. 8. Calculated 7 values for scattering from 
the Yukawa (2) deuteron. 


some radius a (a= 1.08, for ro 
vw? tor=%. The scattering from such a charge distribu- 
tion has been plotted in Fig. 9 over the range of g-values 
where the deuteron S-state scattering is dominant. 
This is the lowest scattering curve possible for a deu- 
teron with an effective range of 1.70.% 


1.70),!? and then follows 


C. Effects of Nucleon Sizes 


It is necessary now to determine the effect of the 
nucleon sizes on the electron scattering from the deu- 
teron. The effect of the nucleon sizes will be to modify 


2 |. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley and Sons, Inc., New York, 1952), Chap. I] 

14 R. G. Newton, Phys. Rev. 105, 763 (1957), has shown that 
for longtailed potentials (potentials extending a distance larger 
than the neutron-proton triplet scattering length), a lower scat 
tering curve can be obtained 
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Fic. 9. Combined plot of the calculated total scattering / from 
the three types of deuterons. The dotted curve represents the 
lower limit for the scattering from a deuteron with the correct 
ellective range. 


Eq. (2) which has been derived for point nucleons 
There are three ways in which the neutron and proton 
in the deuteron may be extended: by the proton charge, 
the proton magnetic moment, or the neutron magneti: 
moment. The neutron charge does not appear in Eq. (2) 
since the charge of a point neutron is zero, and so the 
neutron charge extension need not be considered here. 
For the special but experimentally important case of 
the proton charge and magnetic moment and the neu 
tron magnetic moment having the same extension, the 
form factor 
nucleons may be expressed as 


for a deuteron containing extended 


F=F,XF,, (5) 


where /,, is the form factor for the extended proton o1 
neutron, while /y is the deuteron form factor as given 
in Eq. (2). This simple relationship results from folding 
the extended nucleon charge (or moment) distribution 
into the deuteron charge (or moment) distribution 
Since the form factors, the /’s, are Fourier transforms 
of the charge distributions, the folding of the charge 
distributions results in a multiplication of their Fourier 
transforms, the /’s. The value /,,(q) is calculated easily 
from the known nucleon density distribution since it is 
the Fourier that 
following analysis of the experimental data, Eq. (5) 


transform of distribution. In the 


will be used for introducing the effect of nucleon sizes 
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hic. 10. Deuteron charge distributions for a given 
effective range value 
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Fic. 11. Comparison of the experimental data with the calcu 
lated scattering. The dotted curve is the lower limit for the calcu 
lated scattering. 


IV. DISCUSSION OF RESULTS 


A. Comparison between Calculations and 
Experimental Results 


The experimental results of Fig. 4 are plotted 
Fig. 11 along with the theoretical curves of Fig. 9. The 
extreme repulsive-core curve represents the lower limit 
= scattering from the deuteron (see discussion in 

_ LI). The large dis -¥ an y that was noted before! 
io q values” less than 2 is seen to persist for g values 
up to 3. 

Methods of removing this discrepancy have already 
been discussed.' It was shown that only a large change 
in the deuteron effective range (16+5 times the stand- 
ard deviation in the experimental effective range value) 
would yield agreement between a deuteron curve and 
the experimental data; 
obtained by postulating a proton charge extension and 
a point neutron in the deuteron. The charge extension 
required was found to agree with the proton charge 
radius as measured by Chambers and Hofstadter,® while 
the point neutron assumption agrees with the various 
neutron-electron scattering measurements.'4 

In the following discussion, nucleon sizes will be 
introduced into the deuteron using values from these 
other experiments. A comparison will be made then to 
determine which of the modified deuteron curves best 
fits the experimental data. 


however, agreement could be 


B. Introduction of Nucleon Sizes 


The effect on the electron-deuteron scattering of 
having extended nucleons in the deuteron has been 
discussed in Sec. ILI, C, and is given by Eq. (5). To 
determine F,,(q), the nucleon form factor in Eq. (5), the 
results of other electron scattering experiments were 
used. From their electron-proton experiments, Cham- 
bers and Hofstadter® found that several proton radial 

 Melkonian, Rustad, and Havens, Bull. Am. Phys. Soc. Ser. II, 


1, 62 (1956); Hughes, Harvey, Goldberg, and Stafne, Phys. Rev. 
90, 407 (1953). 
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charge distributions fit their data. Their best fit was 
obtained with a “hollow exponential” proton with a 
radial dependence of p=poré/* and an rms radius 
value of 0.78+0.05. Chambers and Hofstadter® have 
also measured the magnetic moment distribution of the 
proton and find that the distribution is virtually the 
same as that for the charge distribution. In addition, 
Blankenbecler, Hofstadter, and Yearian!® have made a 
preliminary measurement on the magnetic moment 
distribution of the neutron. Their preliminary result is 
that the rms radius of the neutron magnetic moment 
has a value of 0.6+0.2. 

It is seen that within the experimental errors, the 
extension of the proton charge and magnetic moment 
and the extension of the neutron magnetic moment are 
equivalent. In the following, therefore, all will be 
assumed to have the same radial dependence and rms 
radius as the proton charge distribution, i.e., a “hollow 
exponential” radial dependence and an rms _ radius 
value of 0.78+0.05. The Fourier transform of this 
distribution gives then, F,(q), the nucleon form factor. 

The Ff? for various deuterons are the curves already 
plotted in Fig. 11. Multiplying these curves by F,? as 
indicated by Eq. (5) gives the F? values plotted 
Fig. 12. [tis apparent immediately that the introduction 
of nucleon sizes has brought the calculated curves and 
the experimental points into virtual agreement. The 
various energy curves due to the effect of the non 
y-dependent magnetic-moment scattering (see Figs. 6, 
7, and 8) have not been plotted in Fig. 12 because there 
is very little difference between the curve 8 where there 
are experimental data." 

Finally, the overwhelming effect of the proton charge 
extension should be noted. Inspection of Figs. 6,7, and 8 
shows that only at the largest scattering angles is the 
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Fic. 12. Comparison of the experimental data with the calcu- 
lated scattering modified for the effect of the finite size of the 
nucleons in the deuteron. The charge and magnetic moment of 
the proton and the magnetic moment of the neutron have been 
given rms radii of 0.78 and a “hollow exponential” radial de 
pendence of re’/*. The neutron charge distribution is considered 
as a point. 

 R. Hofstadter, Revs. Modern Phys. 28, 247 (1956), and 
private communication. 
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scattering of the deuteron magnetic moment important. 
In fact, at the largest 188-Mev angle measured, the 
magnetic contribution is less than 10°); at the largest 
400-Mev angle, less than 12%; at the largest 500-Mev 
angle, less than 12%. These percentages drop rapidly 
at the small scattering angles. ‘Thus, the parameters 
used to extend the magnetic moments of the nucleons 
are not very critical. In other words, it is the charge 
extension of the proton that introduces virtually all of 
the modification to the point-nucleon deuteron scat- 
tering. In the following discussion, therefore, the term 
“proton charge extension” will be used although the 
proton and neutron magnetic moments are assumed to 
have the same extension also. 


C. Determination of the Neutron-Proton 
Potential 


By weighing the various experimental! points accord- 
ing to the uncertainties shown in Fig. 12, a statement 
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Fic. 13. Comparison of the experimental data with the calcu 
lated scattering from the repulsive-core deuteron. Solid curves are 
for “hollow exponential” protons with rms radii of 0.73 and 0.83; 
the dotted curve is for a Gaussian proton with rms radius of 0.67. 


can be made concerning the fit between the points and 
the different curves. These fits are as follows: The 
repulsive-core curve is 8.2 standard deviations away 
from the average of the combined experimental data, 
the Yukawa (1) curve is 1.2 standard deviations, the 
Yukawa (2) curve is 5.6 standard deviations. Thus, the 
Yukawa (1) curve is by far the best fit. 

However, this conclusion has to be relaxed because 
of the uncertainty in the radius of the proton charge 
distribution. Figure 13 shows the effects of using with 
the repulsive-core potential, a proton charge having 
the extreme radii 
scattering experiments. The 0.73-radius proton case 
clearly fits better than the 0.83-radius case, but is still 
too low by 4.7 standard deviations. However, if the 


allowed by the electron-proton 


uncertainty in the proton charge shape is introduced 
also, a still better fit can be obtained. If the radial 
distribution of the proton charge is assumed to be 
Gaussian, for example, instead of “hollow exponential,” 
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Fic. 14. Comparison of the experimental data with the calculated 
scattering from the Yukawa (1) deuteron. 


then the rms radius is 0.72-++0.05.® Taking the smallest 
allowed value of the radius, 0.67, and a Gaussian form 
factor, the dotted curve in Fig. 13 is obtained. This 
curve is only 1.1 standard deviations low, and so may 
be said to fit. 

A similar analysis may be carried out for the Yukawa 
(1) and the Yukawa (2) cases. The curves obtained are 
plotted in Figs. 14 and 15. The Yukawa (1) case already 
has been seen to fit the 0.78 radius “hollow exponential” 
proton, while the Yukawa (2) case fits with a 0.83 radius 
“hollow exponential” proton 

It may that the 
Yukawa (1) case is the only fit possible using the 
expected value for the proton charge size in the deu 
teron, there is enough uncertainty in the shape and 
size of the proton charge to allow a fit to be made to 


be concluded, therefore, while 


the repulsive-core deuteron and the Yukawa (2) deu 
teron. To make this statement more precise, the values 
in Table Il were computed. ‘These values show how the 
uncertainty in the experimental determination of the 
proton charge radius encompasses the range of proton 
radii deduced from the electron-deuteron scattering 
experiments. 
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Fic. 15. Comparison of the experimental data with the calculated 


scattering from the Yukawa (2) deuteron 





1082 > AG 


TABLE II. Comparison of the proton charge radius deduced 
from various neutron-proton potentials and the electron-deuteron 
scattering experiments with the proton charge radius measured 
by electron-proton scattering experiments. 


Radius and type of proton required 
to fit the data 


Hollow exponential 


Kind of deuteron 


assumed Gaussian 


0.6640.02 
0.77 4-0.02 
0.80 4-0.02 


0,68 40.02" 
0,804-0,02 
0.8440.02 


Repulsive core 
Yukawa (1) 
Yukawa (2) 
Electron-proton scattering experiments” 
0.78+0.05° 0.72 4.0.05 


* Uncertainties in the radius are plus or minus one standard deviation. 

« See reference 6 

* Uncertainties in the radius are not determined in terms of standard 
de 
leviation 


D. Possibility of Other Neutron-Proton 
Potentials 


It should be emphasized at this point that no evidence 
has been ‘presented yet to show that an electron- 
scattering expermment can ever distinguish between a 
repulsive-core and a Yukawa-type deuteron. To show 
that such a distinction is possible, a number of repulsive- 
core and Yukawa deuteron wave functions should be 
calculated and the electron-scattering form factors 
computed, If, when this has been done, all of the 
repulsive-core form factor curves lie below any of the 
Yukawa curves, then a sufficiently accurate electron- 
scattering experiment should be able to distinguish 
between the two types of potentials. 

Progress has been made already in this direction. 
Calculations of 81 different deuteron wave functions 
have recently been made by Blatt.'® When the electron- 
scattering form factors from these deuterons have been 
computed, a good indication of the fruitfulness of 
electron-scattering experiments should be available. If it 
then proves possible in principle to distinguish between 
potential shapes, sufficiently accurate experiments may 
yield, in addition, information about the “percent 
D state” in the deuteron (see Figs. 6, 7, and 8). 


E. Other Effects 


From a meson-theoretical viewpoint, the deuteron is 
a complicated structure. There is the question, there- 
fore, whether a simple potential analysis of the deuteron 


* J. M. Blatt (private communication). 
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is sufficient or whether there will be scattering effects 
due to mesons being emitted, absorbed, or exchanged. 
Bernstein'’ has considered exchange effects and finds 
that for the larger g values, there should be the order 
of 10% addition to the scattering due to meson ex- 
change. This would be in the direction to produce 
better agreement with the repulsive-core curve and 
the data in Fig. 12. 

Another possible theoretical contribution to the 
scattering would be the dispersion scattering. This 
possibility has been considered by Schiff'* and by Valk 
and Malenka™ and has been shown to be of the order 
of only one percent. 


V. CONCLUSIONS 


Further data extending the scattering region from 
q=2 to g=3X10" cm verify the earlier conclusions 
that the finite size of the proton charge distribution 
must be introduced in calculating the electron scattering 
from the deuteron. This proton size effect (or equiva- 
lently, the effect of a modification of the Coulomb law 
at small distances) reduces the scattering cross section 
a factor of five at g= 3. A discussion of the implications 
of the effect already has been given.'? 

Using the proton charge radius determined by elec- 
tron-proton scattering experiments,® the experimental 
data are found to fit well a deuteron with a Yukawa- 
type potential. However, introduction of the allowed 
uncertainty into the proton charge radial distribution 
permits a repulsive-core deuteron to fit the data also. 
The experiments therefore do not distinguish between 
the Yukawa and the repulsive-core potential. 


ACKNOWLEDGMENTS 


The authors wish to thank Professor Robert Hof- 
stadter for his many contributions to this work and 
for a number of helpful discussions. Dr. D. G. Ravenhall 
has contributed greatly in setting up the scattering 
calculations and in clarifying many theoretical points. 
We also would like to thank Dr. Franz Bumiller for 
help in calibrating the magnet, Mrs. Paul Byrd for 
making some of the calculations, and the accelerator 
crew under Professor R. F. Mozley for the reliable 
performance of the accelerator. 


17 J. Bernstein, Phys. Rev. 104, 249 (1956). 
18. I. Schiff, Phys. Rev. 98, 756 (1955). 
1” H. S. Valk and B. J. Malenka, Phys. Rev. 104, 800 (1956). 





PHYSICAL REVIEW VOLUME 


106, 


NUMBER 5 


A°-Nucleon Interaction* 


Ernest M. HENLEY 
Physics Department, University of Washington, Seattle, Washington 
(Received January 24, 1957) 


A study of the A®-p or A°-n force is of particular interest because the A°-nucleon two-body force need not 
be related to the potential effective in binding hyperfragments. Thus, an exchange of a single pion between 
the A® and the nucleon is forbidden only in the two-body interaction. It is pointed out that the final-state 
interaction in the production of a A® and nucleon is the only effective means of studying this force that 
seems feasible at present. The effect of the A°-nucleon interaction on the spectrum of K mesons produced 
in nucleon-nucleon and pion-deuteron collisions is investigated. It is pointed out that these experiments 
can also be used to determine whether the 4H? is bound. 


I. INTRODUCTION 


STUDY of the A°-nucleon force is of particular 

interest because the two-body interaction is not 
necessarily intimately related to the interaction of the 
A® with two or more nucleons. ‘Thus, the exchange of a 
single pion between the A° and nucleon is forbidden 
only in the two-body problem, but not when more 
nucleons are present. The virtual process A°9-+A°+-7m is 
forbidden if isotopic spin is a good quantum number in 
strong interactions. Figure 1(a) shows the lowest order 
perturbation theory Feynman diagrams with pion 
exchanges which contribute to the A°-nucleon force. 
Figure 1(b) shows a similar diagram when two nucleons 
are involved. In these figures N indicates either a 
proton or neutron, since charge independence predicts 
that the A°-p and A°-n forces are equal. The Feynman 
diagrams indicate that even the range of the two-body 
and higher-body forces may be different. The same 
argument cannot be made for any other known hyper- 
ons, since for all of these, single pion exchange is 
allowed by isotopic spin conservation laws. Further- 
more, the nature of the 2°-nucleon force can be studied 
experimentally by scattering the 2* and Z~ and the 
use of isotopic spin independence, but no such tech- 


(b) 


Fic. 1. Feynman diagrams for lowest order pion exchange 
contributions to A® nucleon (indicated by the letter NV) and 
A°-two nucleon forces. 


* Partially supported by the U. S. Atomic Energy Commission. 


niques are available for the A°-nucleon force. It is 
difficult to study the latter force directly, but some of 
its properties can be obtained from the final state 
interaction, which is important close to threshold, in 
the production of a A°, nucleon, and K meson. Three 
bodies are required in the final state, as then, for 
example, the spectrum of produced K mesons can be 
used to obtain information on the strength of the 
A°-nucleon force. The effect of such final state interac- 
tions have been previously considered for pions.! They 
are investigated here for processes of A® and nucleon 
production in nucleon-nucleon and m-deuteron collisions. f 


II. NUCLEON-NUCLEON COLLISIONS 


Consider the collision between two nucleons at an 
energy just below the production threshold for 2° 
hyperons, i.e., 1.75 Bev, so that the problem of distin 
guishing the A° from the 2° does not arise. If the 
masses are taken to be 938 Mev for the nucleons, 
1.114 Bev for the A®, and 494 Mev for the K meson, 
then the threshold for production of a A° and K meson 
in nucleon-nucleon collisions occurs at 1.58 Bev. At 
1.75 Bev, the final state kinetic energy available in the 
center-of-mass system is 62 Mev, and on the average 
only one quarter of this is available to the 2°-nucleon. 
It is thus reasonable to assume that only final S-state 
interactions between the A® and nucleon will be of 
importance over most of the spectrum of emitted 
K meson if the A°-nucleon force is not of the gradient 
type. ‘This is all the more likely if the range of forces is 
h/2pc (p 
expected from the exchange of two pions and more, or 
of K mesons, because for this range, ? states of angular 
momentum should only become important at relative 
energies of the order of 75 Mev. It is to be expected 
that the K mesons will be emitted into S}or P states 
of orbital angular momentum, or a mixture thereof, 
depending on their parity relative to the A° and on 


mass of m meson) or less, as would be 


1K. M. Watson and K. A. Brueckner, Phys. Rev. 83, 1 (1951); 
A. H. Rosenfeld, Phys. Rev. 96, 139 (1954). 

t Note added in proof.—L. B. Okun and M. I. Shmushkevich 
have considered the effect of the final state interaction in the 
capture of K~ mesons by deuterium, Soviet Phys. JETP 3, 792 
(1956). 


1083 





1084 ERNEST 
whether parity conjugation? is satisfied. Recent experi- 
ments’ of K-meson production in r~-p collisions at 1.3 
Bev indicate that even higher orbital angular momenta 
may be involved, but it is doubtful that this will be 
true at the energy considered here. 

Under the assumption that in the initial state the 
interaction which produces the hyperon is of much 
shorter range than the nucleon-hyperon force in the 
final state, the cross section for production in p-p 
collisions can be written as! [f4=c=1 in Eq. (1) and 
thereafter | 


da= (2m)'dJ \W,(O) |*La+-k?(b+-¢ cos’0) \/v, (1) 


where v is the relative velocity of the two protons, 
y,/(0) is the final state A°-nucleon wave function at the 
origin of coordinates, and a, 6, c, are functions of the 
initial momentum and spin states of the two protons 
and final spin states of the A°® and nucleon. If the 
K-meson momentum is specified by k, and its kinetic 
energy by T, then the phase space dJ for emission into 
an energy interval d7 and a solid angle dQx is 


dJ = 8r(mux)*| TT 1.247) dT dQ. (2) 


In Kg. (2), 7, is the maximum kinetic energy available 
in the center-of-mass system, ux is the mass of the 
K meson, and m= MM,/(M-+-M,4) is the reduced mass 
of the A° of mass M, and nucleon of mass M. In both 
qs. (1) and (2) the final state meson, nucleon, and 
hyperon have been treated nonrelativistically. Should 
the A® and nucleon be bound with an energy B, then 
dJ is 


dJ O.805kuKdQe, (3) 


and the mesons will be emitted with a fixed energy, 7, 
which is 0.81(B+4+62) Mev if the initial energy is 1.75 
Bev. 

The conditions of applicability of Eq. (1) have been 
studied by Watson,‘ and may be summarized as follows: 

(a) The relative wavelength, A,, in the initial state is 
of short range. 

(b) The final state A° and nucleon have low energy 
relative to each other in the center-of-mass system. 

(c) The final-state interaction has a range >A, (i.e., 
Csntimian iad). 

Conditions (a) and (b) are satisfied for the problem 
here, and it is expected that (c) holds also. 

The value of |w,(0)|* depends on the interaction 
potential of the A° and nucleon, about which very little 
is known.® Should one believe an extrapolation from 
known bound hyperfragments, then Dalitz has shown® 


?T. D. Lee and C. N. Yang, Phys. Rev. 102, 290 (1956). 

§ Budde, Chretien, Leitner, Samios, Schwartz, and Steinberger, 
Phys. Rev. 103, 1827 (1950). 

‘K. M. Watson, Phys. Rev. 88, 1163 (1952) 

®*See however, D B. Lichtenberg and M 
103, 1131 (1956) 

*R. H. Dalitz, Proceedings of the Sixth Annual Rochester 
Conference on High-Energy Physics (Interscience Publishers, Inc., 


New York, 1956), p. V-40. 
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that the potential is highly spin-dependent, and that 
the integral U=fVd'r is equal to —380K10°" 
Mev-cm® (attractive) in the triplet state and +480 
x10-” Mev-cm’ in the singlet state, for a A° of spin 4 
and positive parity. The order of magnitude of the 
above interaction is such as to almost bind the 4H? for 
a range of forces of 1X10~" cm, and is thus not weak. 
This can be seen most easily for a square well interac- 
tion. Then U is equal to 4b’ V /3, where 6 is the radius 
of the potential, and 2mVb? is equal to 2’/4 for just 
binding the ,H’. In the triplet state, this occurs when 
b=0.94X10~" cm. For a shorter range and a fixed U, 
the binding is increased. 

For a square well interaction between the A° and 
nucleon, |w,(0) |? can be expressed by 


(2m)*\p,(0)|2 


where « is equal to [2m(— V+-E) }', and p is the relative 
momentum of the A® and nucleon. For large values of p, 
this approaches unity, as anticipated. For small values 
of p, that is p<x, the effective-range approximation 
can be used and (W,(0) |? is proportional to* 


a, (14 pa’), 


[ cos*xb+ (p?/x*) sin’xb |, — (4a) 


W (0) |?~sin’bo/ p’ (4b) 


where 6y is the S-wave phase shift and a is the scattering 
length. This expression is a simpler one than that for a 
square well and does not depend on the shape of the 
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Fic. 2. Comparison of |¥/(0)|? for a square well and for an 
effective range approximation. The solid curves are for square 
wells of depth —V and radius 6. The dotted curves are the 
corresponding curves for an effective range a. 
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potential itself. Equations (4a) and (4b) are compared in 
Fig. 2 for two ranges and depths of potential of the 
order of those expected from Dalitz’ argument. It is 
noted that Eq. (4b) is accurate to within 20% over the 
whole energy region of interest, and is therefore accurate 
enough for our present purposes. We shall use it 
henceforth. 

The spectrum for mesons emitted into S and P states 
of orbital angular momentum is shown in Figs. 3 and 4, 
for various values of the scattering length a. The curves 
for a= —~ in both figures correspond to a potential 
which would just bind the A®°-nucleon system. The 
curve for no final-state interaction (a= 0) is also shown. 

For a binding energy of 0.5 Mev in an S state- 
interaction, the curve of Fig. 3 for a= — @ is essentially 
correct, except in the neighborhood of T=50 Mev, 
where the curve would be modified by the addition of 
a peak at 50.6 Mev. On the scale indicated, this peak 
would have a magnitude of 495 units; this should, 
however, be multiplied by the resolution of the experi- 
mental detecting equipment. 

t In addition to the curves shown in Figs. 3 and 4, 
the effect of a repulsive potential of the same strength 
as that attractive one which corresponds to a scattering 
was calculated. The correction for 
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Fic. 3. Effect of final-state interaction on the spectrum of 
K mesons emitted into S states of angular momentum. All curves 
have been arbitrarily normalized at a meson energy of 5 Mev, 
since the magnitude of the matrix element is not known. 
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Fic. 4. Effect of final-state interaction on the spectrum of 
K mesons emitted into P states of angular momentum. All 
curves have been arbitrarily normalized at a meson energy of 
5 Mev, since the magnitude of the matrix element is not known. 


such a repulsive potential to the curve for no final 
state interaction was found to be negligible (<2%) 
and the curve was therefore not plotted, Thus, if the 
A°-nucleon force in an S state is a repulsive one, the 
method proposed here cannot be used effectively to 
investigate its characteristics. In the considerations 
that have led to Figs. 3 and 4, the effects of any inter 
action between the K meson and A® or nucleon have 
been neglected. These, if important, would be expected 
to chiefly modify the low-energy behavior of the 
spectrum of emitted K mesons. Furthermore, it has 
been tacitly assumed that the A°-nucleon potential does 
not involve a short-range core, which would modify 
somewhat the results obtained heretofore. 

Table I lists the possible transitions for various spin 
parity assignments of the K meson relative to the A°. 
The spin of the K meson is assumed to be zero, and 
that of the A°® 4 or 3. The cross sections for n-p and 
p-p collisions are expected to be related by charge 
independence, but this is not considered. 

The following conclusions can be drawn from the 
above curves and table. Proton-proton collisions are 
considered, unless otherwise stated. 

1. If the A® has a spin of 4(4) and positive parity, 
and the parity of the K meson relative to that of the 
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TABLE I. Table of allowed angular momenta for production near threshold of A®, nucleon, and K meson in nucleon-nucleon collision. 
Spectroscopic notation is used to indicate: (initial state relative angular momentum) (relative angular momentum of A® and nucleon 
in final state). Possible transitions are given for a A®° of spin 4 and 4 and a K meson of spin zero. Only S states of orbital motion are 
considered for the final-state A° and nucleon, and the K meson is assumed to be emitted into S or P states of angular momentum. 


Ae 
Spin 


Reaction 


Meson in S state 
K-A® parity same 


Meson in P state 
K-A® parity same 


Meson in S state 


K-A® parity opposite 


Meson in P state 


K-A® parity opposite 


Meson in S state 
K-A® parity same 


Meson in P state 
K-A® parity same 


Meson in S state 


K-A® parity opposite 


Meson in P state 


bp -—-ApPK* 
1S ay) 


af, 


luse , ; 
*Ps 1 of *S;, Pp, WS 


‘Pp, AS), *Po aS, 


1S | 
Df 


*S 1 


1D, +S, 


af; 2\ 


*Poif 


oS. 


Fs) 


6c 
7 So 
*P,) ’ 


Dy +S, 





pn-—-A°pK*, AnK* 


4), )\ . 

ap, 

®Po 107-451, 
Ip, J 


1Sy AS, 


aP,—4S,, 


1So 
1D, $—+9S,, 
D2) 


3), —-'S 


1D2\ 3); \ 
‘Df aS. f 


‘Fs 2) Fy ) 

IP; | . +5S>, +P, 10/7 8S) 
®Poi 'P; 

Ip, 


So, 5) 


eo, 
Pi} om 


Ip, | 


K-A® parity opposite 


A’ is also positive, then for a local point interaction, it 
is to be expected that the K meson will be emitted 
chiefly in an S state of angular momentum. ‘The 
angular distribution of emitted mesons is spherically 
symmetric. In such a case one measures the 1.S9(°S») 
interaction between the A® and nucleon; if this force is 
repulsive, the final-state-interaction effect should be 
negligible and the spectrum should correspond to the 
curve in Fig. 3 with a=0. 

2. If the A® has a spin of 4(3) and positive parity, 
but the K particle has negative parity with respect to 
the A°, then the meson is expected to be emitted 
chiefly into P states of angular momentum. Only the 
“So(So,48,) interaction between the A® and p is then 
measured. The angular distribution of mesons will be 
a+b cos*@; the ratio of b/a depends on the relative 
contributions of the 'D, and ‘Sq states. For a A° of spin 
4, and a contribution from only the 'D, state, the 
angular distribution is’ (14 3 cos). The spectrum will 
be of the type given in Fig. 4 (proportional to k’d/). 

3. Finally, if parity conjugation is a good quantum 
number, a combination of (1) and (2) will hold. (A®’s 
of negative parity then also exist, but the interaction 
of these with nucleons will probably be strong in 
P states and therefore need not be considered.) The 
angular distribution will not, in general, be spherically 
symmetric, and the spectrum will be of the form 
(A+ Bk*)dJ, and thus will be a mixture of Figs. 3 and 4. 


7K. M. Watson and C. Richman, Phys. Rev. 83, 1256 (1951). 


9Ds 01) So, 1D, aS) 
ss, J Do) | 


4. Should 1 (or 2) hold, then for a A° of spin 4, 
information on the 45;(4S9) interaction can be obtained 
in n-p collisions. 

5. Finally, it may be pointed out that by similar 
arguments to those presented in this section, it should 
be possible to obtain information on the spin and parity 
assignments of bound hyperfragments from studies of 
such reactions as p+He*—,He’+ KA near threshold. 


III. x-d COLLISIONS 


Information on the A®-nucleon interaction can also 
be obtained by investigating the collisions of pions 
with deuterons. Available data indicate that the relative 
cross sections for production of the A® in nucleon- 
nucleon® and m-nucleon® encounters are of the same 
order of magnitude. However, one would expect the 
final-state interaction to be partially washed out by the 
motion of the struck nucleon in the deuteron. The 
reactions which can be initiated by charged pions are" 


nt -+d—K*t+A°+ p, (5a) 
3 -+-d—+K°+-A°-+-n. (5b) 


Reaction (a) can occur only when the w* strikes the 
neutron and reaction (b) only when the a collides with 


*M. M. Block et al., Phys. Rev. 103, 1484 (1956). 

* Fowler, Shutt, Thorndike, and Whittemore, Phys. Rev. 98, 
121 (1955). 

If the 4H? and am? are bound, additional reactions to the 
bound states can occur. The modifications of the relations given 
below can be obtained from reference 12, and are similar to those 
in Sec. I. They will not be treated here. 
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the proton of the deuterium target. Reaction (b) can 
be directly related to the production cross section in 
m-proton collisions by means of the impulse approxi- 
mation.'' This approximation has been used to relate 
m-d collisions to m-nucleon collisions by Fernbach, 
Green, and Watson” and others. The derivation will 
therefore not be given here. It should be noted, however, 
that the nature of the approximation differs from that 
used in the phenomenological approach of Sec. II. 
Thus, the final state interaction is not approximated 
by |¥,(0)|*, but instead, it is assumed that the pion- 
nucleon production matrix element is not dependent on 
the momentum of the struck nucleon. A discussion of 
this approximation is given by Fernbach et al.” For an 
incident * meson of energy wo and momentum kp, the 
matrix element for the reaction (5b), for example, can 
be written as 


hyi=(blrp| Oli +(s|rp| Oli, (6) 
with 


‘= f vs*4(r) expLi(ko—k)-ra(r)d'r, (7) 


where all symbols not explicitly defined here are the 
same as those used by Fernbach ef al.” In Eq. (7) py! 
is the final triplet-state A°-nucleon wave function, A 
similar expression holds for /,". The cross section for 
production is 


4 


J oL (hy —h;!), (8) 


da doy (27) 
(fa 
dQedT dQrK Vs 


kw 
hy! = fence, Eo) | T1'|?. (9) 


/0 


A similar expression holds for hy’. 

For the deuteron wave function @g= N(e *"—e *") /r, 
with a= 45.5 Mev and 6=7a is used. If all final-state 
interactions are neglected, then 


Y= elPt/(Qm)), (10) 


and 


kw T,} 
hy!=8VIN%m\- Fe , 
Jo\Lar+ (p—y) La’+ (p+y)?] 
T,! 1 
[B+ (p—y) P+ (pt+y)*]  2bymt(—a’) 
a+ (p—y)? B+ (pty)? 
xo — nomena |. (11) 
a+ (pty)? + (p—y)? 
where y=|qo—q|/2 and 7,=p?/2m=T,,—T—2y*/ 
(M+M 4). 


1G. F. Chew, Phys. Rev. 80, 196 (1950). 
1 Fernbach, Green, and Watson, Phys. Rev. 84, 1084 (1951). 
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As in Sec. IT, only the S-state interaction between 
the A°® and nucleon will be taken into account. In 
evaluating /4,, the S-wave part of the plane wave in 
Eq. (10) is then replaced by 


v(t) = (1/2m)! sin(pr+-dy)e*/pr, r>b 


‘ (12) 
A sin(xr)/r, rab 


where a square well interaction has been chosen for 
illustrative purposes. An approximate evaluation of /, 
for this condition is given in the Appendix. 
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T (Mev) 

FG. 5. Plot of 4; as a function of K-meson energy, 7, for forward 
emission and incident pion kinetic energy of 900 Mev. The curve 
for a=0 corresponds to no final-state interaction; that fora= — 
corresponds to a final-state square well interaction of depth 190 
Mev and radius 1/2 yw. 


As in the nucleon-nucleon production process, it is 
desirable to choose as high an energy as possible without 
having appreciable 2° production. For an average 
nucleon kinetic energy of 15 Mev in the deuteron, the 
threshold for 2° production occurs approximately at 
760 Mev. This energy almost corresponds to the 
production threshold of the A°® from a nucleon at rest 
in the deuterium target. Thus do,/dQx is equal to zero 
in the laboratory frame except in the forward direction; 
the cross section in deuterium is therefore expected to 
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hic. 6, Same as Fig. 5, but for mesons emitted in the laboratory 
system at an angle of 30° to the incident pion beam. 


fall off rapidly with increasing angle. Perhaps a more 
appropriate choice of initial energy is 900 Mev, which 
corresponds to the threshold for 2° production, if the 
struck nucleon is at rest in the deuteron. For A° pro- 
duction, the maximum angle in the laboratory system 
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4 

150 
T (Mev) 

Fic. 7, Same as Fig. 5, but for mesons emitted in the laboratory 
system at an angle of 45° to the incident pion beam. In addition 
the curve for a= —0.33 w corresponds to a square well of depth 
74 Mev, radius 2/3 yw; that for a= —1.23/u to a square well of 
depth 81 Mey, radius 1/2 u. 


M. 


HENLEY 


at which a K meson will then appear for a struck 
nucleon at rest is 53°. The cross section is expected to 
fall rapidly beyond this angle; the impulse approxi- 
mation predicts zero cross section. 

Plots of A, with and without final-state interaction 
in A°-nucleon S states are shown in Figs. 5, 6, and 7 for 
laboratory angles of 0°, 30°, and 45°, respectively. At 
0° and 30°, the difference found between no interaction 
and an attractive interaction that corresponds to a 
scattering length, a, of — © (well depth 190 Mev, well 
radius 1/2 yw) is too small to be measurable. It is only 
at 45° and at the high-energy end of the spectrum that 
the difference between a relatively strong interaction 
and no interaction becomes significant. For this reason, 
curves for less attractive potentials are only shown at 
this angle. At all three angles the modification of the 
K-meson spectrum, due to a potential of the same 
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Fic. 8. Same as Fig. 5 but for an incident pion 
kinetic energy of 760 Mev. 


strength as that corresponding to a=—« (V=+190 
Mev and 6=1/2 4), was found to closely parallel that 
for no interaction, as in nucleon-nucleon collisions. 
Similar results to those obtained at 45° were found at 
0° for an incident meson kinetic energy of 760 Mev. At 
this energy, 4; is plotted at 0° as a function of a K- 
meson kinetic energy in Fig. 8. 

Since both the cross section for production of strange 
particles in -p collisions at 900 Mev and the spin-flip 
probability in this process are not known, it is not 
possible to evaluate the cross section for production in 
m-d collisions. However, it is expected that the effects 
shown in Figs. 7 and 8 will be present. Thus if the 
potential is attractive in the triplet S state and repulsive 
in the singlet S state (assuming A°® has spin= 4), then 
h,‘ is approximately equal to /," over most of the 
K-meson spectrum, except near the high-energy end, 
where h,‘ is much larger than h,’. The production cross 
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section [see Eq. (8) ] will therefore be approximately 
proportional to 4,‘ over the whole spectrum. 

Unlike proton-proton collisions, the final-state paral- 
lel-spin and antiparallel-spin interaction cannot be 
measured separately. Since both of these spin states 
are allowed, in general, only the effective average of the 
two is measured (i.e., only the attractive one, if one of 
them is repulsive). In addition, the effect of the final- 
state interaction is decreased by the motion of the 
struck nucleon in the target. It therefore appears that 
m-p collisions are not as useful as nucleon-nucleon 
collisions in determining properties of the A°-nucleon 
force. 


IV. CONCLUSIONS 


It has been shown that the spectrum of K mesons 
produced close to threshold in nucleon-nucleon and 
m-deuteron collisions can be used to obtain direct 
experimental information on the A°-nucleon interaction. 
These experiments are important, since the A°-nucleon 
force need not be intimately related to the force which 
binds the A° in hyperfragments. 

The measured spectrum of K mesons emitted in 
nucleon-nucleon encounters can be directly related to 
the scattering length of the S-state A°-nucleon potential, 
if the latter is attractive. For a repulsive interaction 
the spectrum of emitted K mesons is expected to be 
almost the same as that for no interaction. Measure- 
ments of the K-meson spectrum can also be employed 
to determine whether the ,H® hyperfragment is bound. 

The energy distribution of the K-mesons produced is 
less sensitive to the A®°-nucleon force in m-d collisions 
than in nucleon-nucleon collisions. In 2-d encounters, 
measurable deviations of the spectrum due to the 
A°-nucleon force occur only at laboratory angles close 
to the maximum possible for production from a nucleon 
at rest in the deuteron. The effect of the final-state 
interaction is reduced by the motion of the nucleons in 
the target. Furthermore, only an effective average of 
the A°-nucleon force in the two possible spin states can 
be measured, while in nucleon-nucleon collisions the 
forces in these two states can be obtained separately. 

The author wishes to thank Dr. Hiroomi Umezawa 
for a stimulating discussion and Mr. Paul Stevens for 
aid in numerical computations. 


APPENDIX 


The derivation of the correction to /,; [defined by 
Eq. (7)] resulting from S-state interactions is con- 
sidered below. The correction, AJ, is 


I 


4dr ia 
= f [o,/*(r)—do*(r) | sinyrpa(r)r dr, (a) 
(2) 4y 0 
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where y=|qo—q|/2, do is the S-wave term in the 
expansion of exp (ip-r), 


do(r) sinpr pr, (b) 


and @y is the final S-state radial wave function, which 
for a square well and a phase shift 5) can be written as 


r>b 
rb. 


p,(r) =e *° sin(pr+5o)/pr, 


(c) 
A sin(«r)/r, \ 


The integral /6*%o* sinyr@ur dr is elementary, and gives 


f do* sinyrpar dr 
'  fab+(pt+y)* B+ (p 
| 


4p ba®+(p—y)? B+ (pty)? 


y)? 


| (d) 


The remaining term is approximated as follows: 


et sinds ”” 
for sinyroar dr f (sinpr cotdy 
p 0 


b A sink 
+cospr) sinyrpadr4 vf | 
0 r 


1 1\sindget** 
+( ) | sins a)rdr. (e) 
ayer p 


In the second integral of Eq. (e), both @4 and some 
terms in @y have been approximated by their leading 
terms in an expansion in r. This is felt to be reasonable, 
since as r—+b, sinyr oscillates more and more rapidly 
and the expression in square brackets approaches zero. 
The resultant expression is 
V 

sindget ** 


p 


b/a) cosyb 


for sinyroar dr: :- 


. y(1 
x| (3 «| 
( 


I 


cotkh sinyb 
x(1—b/a) 
K? y") (x? vy") 
e-% (a sinyb+y cosyb) 

(1—cosyb) 


y a 


e > (8 sinyb+-y cosyb) y y 


a (B?+ ") a(a’+y") a(f*?+y"*) 


1 2py 
) tan ( ) 
> a 2 P+p—y 


1 —? y)? eee 
i , . 
a+ (p+y)? B+(p y)? 


2ay 


we + p? 


I 
4a p 
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The production of a single pion in pion-nucleon collisions has been studied by using the Chew-Low 
formalism with p-wave coupling. The equation for the 7-matrix is solved by using the one-meson approxi- 
mation. The solution is used to compute the cross sections for pion production and the two-meson cor- 
rections to the scattering equation of Chew and Low. The production cross sections show a peak due to 
overlapping final-state resonances, but have a magnitude of less than 2 mb, compared to the observed 


inelastic cross sections of about 20 mb (near 1 Bev). 


to be quite small. 


I. INTRODUCTION 


URING the past few years a promising new 

approach to the problem of pion-nucleon inter- 
actions has been made by Chew and Low.'# The theory 
attempts to describe low-energy processes by treating 
the nucleon as a fixed, extended source. This eliminates 
some of the divergence problems which have plagued 
approaches to pion-nucleon interactions which made 
use of covariant perturbation theory. The theory has 
been able to give a qualitative understanding of the 
known low-energy p-wave scattering phase shifts. 
However, its applicability to high-energy processes is 
not known. 

We have investigated a high-energy process, pion- 
production in pion-nucleon collisions, using the Chew- 
Low formalism with p-wave coupling. The purposes of 
this study are: (1) to determine the ability of the 
theory to handle high-energy processes; (2) to deter- 
mine the effect of these high-energy processes upon the 
low-energy predictions of the theory; (3) to gain some 
information about the expected p-wave contributions 
to the pion-production cross sections. 

This problem has been studied previously by Barshay’* 
and Franklin.‘ They have solved the equation for the 
7-matrix using the “zero-meson approximation.’”’ How- 
ever, it is known from the scattering problem! that such 
an approximation is inadequate. The limitations of this 
approximation are best shown by the fact that the 
cross sections thus calculated are not bounded by the 
upper limits which unitarity places on the inelastic 
cross section. It is therefore of interest to examine the 
problem in a higher approximation, and to study the 
modifications introduced by the ‘“one-meson approxi- 
mation.” 

The static theory appears to be useful chiefly because 

* Taken in part from a thesis submitted in partial fulfillment of 


the requirements for the degree of Doctor of Philosophy to the 
Department of Physics of the Massachusetts Institute of Tech- 
nology. 

t Supported in part by the joint program of the Office of Naval 
Researc t and the U. S. Atomic Energy Commission. 

t National Science Foundation Predoctoral Fellow, 1954-1956. 

1G. F. Chew and F. E. Low, Phys. Rev. 101, 1570 (1956). 

2 F, E. Low, Phys. Rev. 97, 1392 (1955). 

4S. Barshay, Phys. Rev. 103, 1102 (1956). 

‘J. Franklin, Phys. Rev. 105, 1101 (1957). 


The two-meson corrections to scattering are found 


of the dominance of the low-energy resonance in the 
T= J =} state. This study was begun in the hope that 
this effect would also permit the production amplitudes 
to be expressed in terms of low-energy processes. The 
result shows that this is not possible, basically because 
the limitations of unitarity require that the high-energy 
initial-state interaction play an important part. 

Solutions to the scattering problem were obtained! 
by using the “one-meson approximation.” The two- 
meson corrections to the scattering problem involve the 
matrix element for single-pion production. We have 
used our solutions to examine the two-meson correc- 
tions to scattering. 

Lastly, the inelastic cross section is known experi- 
mentally® to be quite large. One might attempt to 
relate this fact to the observation® of a peak in the 
total pion-nucleon cross section in the vicinity of 1 Bev. 
This peak occurs in the T=} state, and several ex- 
planations have been proposed.’? These involve the 
existence of a meson-meson interaction which has been 
postulated because the magnitude of the peak suggests 
that several angular-momentum states are contributing. 
In particular, the resonance cannot be explained by 
using only a p-wave interaction. Thus the present 
approach cannot be expected to give the complete 
answer. 

It should be noted that this theory does not in- 
clude a meson-meson interaction. Such an interaction 
might be expected to be important in the process 
of pion production, and a comparison of our results 
with experiment can serve as an indication of the need 
for such an interaction. 


II. EQUATION FOR THE 7-MATRIX 
The fixed-source theory as applied by Chew and Low 
uses the following Hamiltonian: 


H = Hot+H,, Ho oom 2s wey Ay, 
HT, =Lie(aeVetan'Vi!), 


*Crussard, Walker, and Koshiba, Phys. Rev. 94, 736 (1954); 
M. Blau and M. Caulton, Phys. Rev. 96, 150 (1954); Crewe, 
Kruse, and Taft, Bull. Am. Phys. Soc. Ser. II, 1, 297 (1956). 

* Cool, Piccioni, and Clark, Phys. Rev. 103, 1082 (1956). 

7F. J. Dyson, Phys. Rev. 99, 1037 (1955); G. Takeda, Phys. 
Rev. 100, 440 (1955); B. T. Feld, Bull. Am. Phys. Soc. Ser. IT, 
1, 72 (1956). 
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with 
Vi = (4 Quon) for tk ov(k). (1) 


Throughout, we use the units h=c=y=1, where u is 
the meson mass; k denotes both the momentum and 
charge (isotopic spin) of the meson, and gives a 
complete description of its state ; ws is the meson energy ; 
a, and a,t are the meson annihilation and creation 
operators, respectively; f° is the unrenormalized 
unrationalized coupling constant; 7 is the nucleon 
isotopic spin operator, and o is the ordinary nucleon 
spin operator; v(&) is a source function which represents 
phenomenologically the nucleon density and provides 
a finite cutoff. We use “box normalization,” and have 
set the volume equal to 1. 

We begin with the S-matrix for this process, as 
defined by Gell-Mann and Goldberger*: 


(pq— |k+). 


Here |k+-) is a state containing a physical nucleon and 
one real meson described by the variable k (we suppress 
the nucleon indexes). It is a solution of the total Hamil- 
tonian with energy w,; (the self-energy of the nucleon 
is set equal to zero) and contains only outgoing waves. 
The state (pg—| contains a physical nucleon and two 
real mesons, p and q, and contains only incoming waves. 
We can represent the initial state by! 


Sg, k 


V,|0). (2) 


—w,—1€ 


|k+)=ax'|0)— 
H 


Here |0) is the physical nucleon, the ground state of 
the total Hamiltonian (with zero energy). Using the 
fact that 


Gx| Py )=Sey|Q—)+5ea| P—) 
1 \ 
—Ve'|pq—-) (3) 
H—wy—watwetie 
[Eq. (A1)], and the orthogonality of these states,® 
we find that 
Sng, k= — 2wtd (wypt+wg— wr) (pq— | Ve} 0), 
from which the 7-matrix is given by 
(pq— | Vx)0). 


We now write the final two-meson state as 


T ya, A 


1 
| po —)=a tla—)- 2 V |q—-) (5) 
si a H—wy—wytte : 


[Eq. (A2)]. This expansion is apparently not sym- 
metric between the two outgoing mesons, but a further 
®M. Gell-Mann and M. L. Goldberger, Phys. Rev. 91, 398 


(1953). ; 
9G. C. Wick, Revs. Modern Phys. 27, 339 (1955). 
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expansion of the states involved shows that this sym- 
metry is indeed maintained. We use this form because 
the resulting equation for the 7-matrix is convenient 
for further calculations.” 

Using (4) and (5), 


1 
- | Vi——V,g[0) 


“Wy 


T'o4,8= — (9 


~Vx|0) 


le 
(q—|EVe,ap}|0). (6) 


The interaction of the present theory is linear, so that 
the last term vanishes. 

We now expand the inverse operators in the complete 
set of states containing ingoing waves and any number 
of mesons. (We shall use only ingoing waves from now 
on and shall suppress the minus sign.) The 7’-matrix is 
then given by 


(ql Valn)(n| V>!|0) 
T o¢,.k= 
n Wr + Wp 


(q| Vp!|m)(n| Vel O) 
t ; 


Wn— Wp Wate 


We are now going to attempt to solve this equation 
in the “one-meson approximation”; that is, 
drop all terms containing more than one intermediate 
meson. Before doing this, we should remember that 
this equation is still inherently symmetric between the 
two outgoing mesons. When we make the one-meson 
approximation, we destroy this symmetry. The inter- 
action of meson g with the nucleon is still treated 
exactly, since it is described by an exact eigenstate of 
the total Hamiltonian. However, the parts of the 
equation describing the scattering and propagation of 
meson p will be treated only approximately, One should 
then symmetrize the final result, since a correct expres- 
sion for the 7-matrix must 
symmetry demanded by Bose statistics. 

We must now examine the terms which arise in a 
consistent one-meson approximation, One of the one- 
meson terms contains the matrix element (q|V |s5). 
Using (2), we find that 


we shall 


maintain the final-state 


(q| Vel s) 5, g(0| Val O) ( sq| Ve! 0). (8) 


Here s denotes reversal of the direction of the 
momentum and the sign of the charge and the energy. 
To obtain this result, we have used the fact that 

We must remark here on the normalization of this state. It 
is clear that the square-amplitude of this state is unity. However, 
in finding total production cross sections, independent sums over 


the states p and g are performed. Since each final state is counted 
twice in this process, this sum must be divided by two. 
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V,'=V_,. The resulting matrix element satisfies the 
equation 


1 


(—sq|V4|0)=(q| V_,' ~V,0) 


Il —wy+w,—1 
1 


+ (q V V | 0) +(q|\LVi,a ||). 
I] —w,+ 1 


(9) 


It is thus closely related to the meson-production am- 
plitude given by (6). When substituted into (7), the 
delta function leads to a zero-meson term. Similarly, 
the two-meson terms contain parts which must be 
included in a consistent one-meson approximation. 
Thus, for instance, 


1 


5y4(0| Vals)—(q|V, -V,|s) 


Wy twr—1€ 


1 


(q| Vrs) 


; V,|s). 
w, te 


(q\ Vi (10) 


Wp 
The last two terms are related to the matrix element 
for production of two mesons and will not be considered 
further. The delta-function term does, however, con- 
tribute as a one-meson term. Physically, the delta- 
function parts of these matrix elements represent 
processes in which one of the incident mesons does not 
interact with the nucleon. 
Using (9) and (10), and similar results for (g| V,'|s) 
and (q|V,'\rs), we find the one-meson approximation 
for the 7-matrix: 


(O| Vy"|0)(g| Va|0)— (q| Ve 0)(0| Vy" 0) 


la, A 
Wp 


(0| Ve l0)(q| Vyt|0) 


(q| V5" |0)(0| Vil 0) 


Wp tw, 


. (O| Vpt| s)(qs| Val O) 
. Ws Wy le 


( Sq | V4\O)(s| V »'\0) 
WatWp 
(—sq|Vyt|0)(s| Val O) 


Ws — Wy Wy 1€ 


(O| Vel s)(gs| Vpt\O) 
t . (1) 


We twp tw 


It should be remembered that, in all of these terms, 
there are sums over the spin and charge states of the 
intermediate nucleon. 

We see that a solution to this equation would give 
the meson-production amplitude T'y¢%= (pg|V«|O) in 


LEONARD SS. 


RODBERG 


terms of meson-scattering amplitudes, such as Ty. 

(p| Vi|0). 

We see also that there is a symmetry between various 
terms of this equation related to the “crossing sym- 
metry” familiar from the scattering problem.! This 
symmetry is also apparent in the complete Eq. (6), and 
can be stated in the form 


Tg, —vk( — Wp, WayWk) 


—6_»,g(O|Vx|O). 


7 ‘pa. k(w pyqyk) 


(12) 


There are also symmetries under the exchange of other 
pairs of mesons, but these are not apparent because 
of the particular representation of the two-meson state 
which we have used. 


III. ANGULAR-MOMENTUM REDUCTION 


We now proceed to reduce the approximate equation 
we have obtained to a form which can be solved. ‘To do 
this we introduce angular momentum and isotopic spin 
eigenstates for the initial and final states. We will give 
the angular momentum decomposition explicitly; the 
isotopic spin dec omposition is identical because of the 
kinematic symmetry of this problem. Thus, the meson 
has unit angular momentum and unit isotopic spin, 
while the nucleon has spin 1/2 and isotopic spin 1/2. 

The initial state contains a meson of momentum k 
and a nucleon with spin m,. In this fixed-source theory 
the nucleon is assumed to be at the origin of coor- 
dinates. The initial state can then be written 
L 


le, ma, J, M 


| k) . V tumy* (k) (L.mym |, M) \ 1,7), (13) 


where Vigm,*(k) is the normalized spherical harmonic 
of order L,, and (d,4m,m,\l.5JM) is the familiar Clebsch- 
Gordan coefficient. 

The final state contains three particles and therefore 
requires the specification of two angular momenta. We 
shall couple the final nucleon spin m2 to meson p to 
form the “partial” momentum j, and shall then couple 
j to meson g to give the total angular momentum J. 
‘Then we write the final state as 
j.m, J. M 


(pq| V tpmy(p) ¥ tgmg(q) (15m pme\1,} jm) 


X (jlamm,| jlaJM) pl |. (14) 
If we write the 7-matrix as 
(pq| Vi|O) 


the foregoing expansion gives 


(pq | ‘h k), 


Dyq,k 
(Pq | 7 k) V igmy(p) V tgmg(q) V tumy* (k) 
Xx (L,}mymz\ 1,4 jm) (jlymm, | jl,J M) 
x (L,hmym, LIM) UL dijJ | T\l.J), 


4. U. Condon and G, H. Shortley, Theory of Atomic Spectra 
(Cambridge University Press, New York, 1935), p. 73 ff. 
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where we have made use of the conservation of total 
angular momentum. 

In our problem only p-wave mesons interact, so that 


by jJ | T\l,J) 


‘iid bly lq.) in l, 
and 


b> V imy(p) Vimg(q) V ime (k) 
X (14m ,me| 1} jm) (j1mm,| j1JM) 
x (1hmym,| 14S M)T,’. 


(pq| T|k) 


(16) 


The isotopic spin expansion proceeds in exactly the 
same way, not only because of the kinematic symmetry 
pointed out above between angular momentum and 
isotopic spin, but because of the dynamic symmetry of 
this theory between the spin and isotopic spin of the 
nucleon. 

Two of the one-meson terms involve an amplitude 
related to the meson-production amplitude, but with 
one meson replaced by its crossed analog-—opposite 
charge, momentum, and energy [see Eq. (9) |. For this 
amplitude, we use the expansion 
T aq, k (— 5q| V,1|0) 

. Vim,* (8) V im, (q) V img* (k) 
X (14 —mymy| 14 jm) (j|mm,| j1JM) 
x (14m,m;|13,JM)T;/(—). (17) 


The geometrical factors can be extracted from the 
meson-scattering amplitude by writing 


(p|T\k) :). V imy(p) Vimy* (k) 
X (1}m,me| 15M) (14mm, | 1 IM)Ty. 


(p| Ve O) 
(18) 


If, following Chew-Low, we assume that only one 
meson states need be counted in the unitarity statement 
Tt—T 


wi 5, 5(wWn—w,) TT, 


we find that 


oP (Sr? pup es (P) sindy(p), (19) 
where 6,(p) is the scattering phase shift. 

It proves convenient to extract some factors and to 
define new functions by 


(4ar)*pku( p)v(k) 
Ss 
(wpe)! 


(4ar)* pgku(p)o(q)o(k) 
i 


D,! 


d 
(w pour) 
| (4ar)*sqku(s)u(q)v(k) 
T 7 (-—)=1 CC; 
(who) 4 
(S for single-meson processes; D for double-meson 


processes ; C for crossed-process). 
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To remove the expansion coetticients from the equa 
tion for the 7-matrix, we make use of the techniques of 
the Racah algebra of tensor operators.” Sy, etc., play 
the role of the 
dependence on magnetic quantum numbers has been 


“reduced” matrix element since all 
removed, 

All quantities in the equation for the 7-matrix must 
be written in properly-defined tensor form. We have 
done this above for the scattering and production am 
plitudes. The interaction Hamiltonian (1) must be 
written 

b 
Vie = 14a frog ren(h) V tong* (kt). (21) 
(Ou)! 


If we make the nucleon spin indexes explicit, the matrix 
elements contained in the zero-meson terms then have 
the form 


(Mols| OKT | Myl;) 
™ mhsil 
(—1)™ 18 (45 


x (44 


mym,|441 —m,) 


lal; }} tk )(Olar) 0), (22) 


where (O|o7r 0) is the reduced matrix element and 
contains the properties of the physical nucleon, which 
differs from the bare nucleon in its ever-present inter 
action with the meson field. We now follow Chew-Low 
and interpret the effect of this interaction to be a renor 
malization of the meson-nucleon coupling constant 
Thus 


(Ol\a7||O)= (f/ f°) (uliar|\u he? (23) 


where |) is the bare nucleon and f/ is the renormalized 
coupling constant. 

We can now insert the above expansions and matrix 
elements into (11), multiply by the appropriate Clebsch 
Gordan coefficients, and sum over all magnetic quantum 
numbers." 

The result of this reduction can be written 


Alwy) Blwy) 2 
D(w,w,) { + faoare) 


Wp Wptw, 


/ 


| Ko) D (wary) £L(w,)C (w,.w,) 
x 


| Ws Wp lé Wat Dp 


JU (w, )C (W4,W,) Jl (w,)D(w,,w,4) | 
{ | (24) 


Ws Wy Wy ié w,+ Wy f Wy 


Here D(w,,w,) is a ten-component “vector” with com 


ponents Dy;"7(w,,w,). A(w,) and B(w,) are also ten 
which contain the 
Sila they are 
energy-independent numbers. K(w,), &£(w,), IN(a 


N(w,) are 10% 10 matrices which also contains S,,(a 


) 


component vectors ingle-meson 


scattering amplitude: otherwise, 


/ 


and 


as their only energy dependence, ‘The detailed expres 
sions for these quantities are given in Appendix B 
12(,. Racah, Phys. Rev. 62, 43% (1942) 
4 Biedenharn, Blatt, and Kose, Kevs 
(1952) 
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The dimensionality of all of these quantities would 
ordinarily be sixteen, but the angular momentum- 
isotopic spin symmetry of this theory permits a reduc- 
tion to ten. Thus, for instance, D,3'!= D3;"", where we 
follow the usual convention and use 27 and 2J to 
denote isotopic spin and angular momentum. 


IV. SOLUTION 


The equation for the crossed amplitude C(w,,w,) is 
similar to that for D(w,,w,) except that the sign of w, 
is reversed, Thus, we have twenty coupled integral 
equations to solve. 

It should be noticed that, as in the scattering case 
treated by Chew-Low, the production amplitude in 
this theory is a function of only the final meson ener- 
gies ; the initial energy has factored out of the equations. 

The particular scheme we have used for coupling the 
meson angular momenta to the nucleon spin, as shown 
in (14), has been used in order to make the matrices 
K and SM diagonal. The matrices £ and 9 are non- 
diagonal ; the corresponding terms are analogous to the 
crossed terms of the scattering problem. If we neglect 
these terms, the coupling between different angular 
momenta is removed. We shall do this in order to 
obtain solutions. Naturally these solutions will not 
satisfy the conditions of the crossing theorem. Iteration 
of the solutions thus obtained into these terms shows 
that they contribute less than 30% compared to the 
original solutions. In addition, they are very weakly 
energy-dependent. 

When one neglects these terms, the equation for the 
production amplitude becomes 


Ayj™4 (wg) Buy? (w,) 
} * 


Dj" 7 (wy) 
Wp Wp tw 


2 5S.;* (w,)Dij77 (w,,Wy) 
| Jace 
7 


Sry (w,)¢ ow (ws) 


Ws— Wp 1 


(25) 


Ws Wp Wa™ 1€ 


We shall solve this by obtaining an approximate ex- 
pression for Cy;"7(w),w,); we shall then use the zero- 
meson terms plus the integral term containing 
C4577 (@,,wg) a8 the inhomogeneous parts of an integral 
equation for Dy"! (wy,w,). 

We first require some information about the scat- 
tering amplitude Sr ,(w,). We shall assume that this 
is given by the one-meson approximation to the 
Chew-Low equation: 


Ars 2 | Sry (w,) |? 
Sry (Wp) { fase 


Wp 7 W,— Wy 1€ 


t >> Arges 
TJ! 


| Srey (ws) | 


Ws twp 
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where, for 


11 —4 1 -8 16 
TJ=|13): Avs=49f?}—-1], ||All=t]-2 7 4 
33 2 4 4 1 


However, we shall neglect the crossed term in this 
equation. (This term contains the “nonresonant” 
denominator 1/(w,+w,), and contains the crossing 
matrix A ry, ry which couples all angular momenta and 
isotopic spin.) This is a good approximation for S43(w,), 
which is the largest of the scattering amplitudes for 
low energies. For the other amplitudes the crossed 
terms contribute about 40% at low energies. 

The solution to C,;77(w,,w,) will be used only in 
the integral of (25). On the basis that an approximate 
solution will therefore be sufficient, we shall include 
only one of the one-meson terms which occur in the 
equation for C.;"7%(w,,w,). The others are expected to 
be small because of the nature of their singularities 
(which occur in nonphysical regions of w space) and 
because of the fact that an inspection of the respective 
zero-meson terms indicates that C,;77(w,,w,) will be 
larger than Dy;74 (wy,w,). 

The equation we wish to solve is then given by 


Buj™4 (wg) Atj™7 (we) 2 
C1577 (wpe) = Dicceepiniadpans +— | dw,s*v*(s) 
Wp Wg-Wp 8 

Sry (ws)C 1577 (way) 


(27) 


This is a linear integral equation whose solution can be 
considered to be the sum of two terms 


C4577 (wp,Wy) ayj7! (wp,W4) +B 157! (wp,W), 


each arising from one of the inhomogeneous terms. 

In solving these equations, the important point is 
that w, may be considered to be a constant. They are 
then one-dimensional integral equations in the variable 
Wp, OF, more conveniently, the complex variable 
Z=wptte. : 

Then, if we compare (27) with (26), we see that the 
contribution of the first inhomogeneous term is simply 


TJ Bi;"" (wa) . + 
ar?! (Wp.) =—— Srz*(z), 
Ars 

since Sz, (2*)=Sr,*(z). The term B,;77 can be obtained 
by observing that C,;7/ (2*,w,), like S7y(z*), is an ana- 
lytic function of z* except on the real axis. Each has a 
branch cut from 1 to ©. However, 6:;7% has no pole 
at the origin. We then write 


Bij" (2* we) . £1j' 7 (2*,w,)Sry*(z), 


where g.,7/(z*,w,) must be proportional to 2*, for 
z*—»0, and must have a pole at 2*=w, with residue 


= A aj? (wy)/Sry* (we). 
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These conditions will be satisfied by 


TJ (o* Aj™4 (uw) 2* 1 
Rtyj . (z iW) s ° 
S ry” (w,) Wg Wq— 2* 


That B.;77(z*,w,) is indeed given by this solution can 
be confirmed by examining the behavior of this solution 
and of (27) for z=. 


Therefore our solution is 
. wy Bi;74 (we) A tj7 7 (wa) Wp 
C1j7 7 (Wore) = | — - 


Ary 


Sry* (wg) We 
1 
> 4 . : Sry* (wy). 


Wa—Wptte 


(28) 


By using this solution and (26) with the crossed term 
neglected, the integral in (25) can be easily evaluated. 
The result is 


2 Sry (ws)C 1577 (We) 
J du,5*v*(s) — 


T Wy— Wg— Wp— te 


Bij" 7 (wa) A PY ud (w,) Byj77 (wa) 
= " . — + | 
WptWy Wp Ars 
A PV ile (w,) Wp tw 
— - Sry (Wp + Wy). 
Sry* (wa) W fq 


The equation for Dy;"7(w,,w,) is then 
. 
Di; 1 (wy,Wg) 


Buj74 (wg) = A tj" 7 (wg) wo tg 
= | ; por (wp +-w,) 
Sry*(w,) 


Ars W fg 


(29) 


7 S1j* (Ws) D577 (Wag) 
4 [doses —— , 
us 


wumtg te 


Thus the integral term has canceled the zero-meson 
terms. Of course, this cancellation is only apparent 
since the poles at w,=0 and w,= —w, are still present 
in the inhomogeneous term. The behavior at the sin- 
gularities of the zero-meson terms is unchanged, but 
these poles are not in the physically-interesting region. 
What is changed is the behavior of the inhomogeneous 
term in the physical region, which is now controlled by 
the meson-scattering amplitude. The net effect of the 
integral-term has been to insert the one-meson approxi- 
mation to the scattering amplitude in place of its 
zero-meson approximation into the inhomogeneous 
term of (29). This replacement is essential if the 
requirements of unitarity are to be satisfied. 

Equation (29) can now be solved by exactly the 
same methods as we have used for (27). Here the 
inhomogeneous term contains a line of poles, but the 
technique is essentially unchanged. 
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The result is 


A ss? (eae) wort ite 


Sry* (wy) W Wa 


A (Bus? (w,) 
Df tema! 
L Ary 
X (Sry (wpt+wy) 
A tj7 7 (we) 


t S1j(wp)H rs (0,w4), 
Sry* (wg) 


2 Sra(wat Wg) 
fetes 2(s) 
T W,(Wp— Wet te) 


V. DISCUSSION AND RESULTS 


wp tj(Wp)H TJ (Wp,Wy ) ) 


(30) 


where 


Hy (wy,wg) 


While the physical meaning of this solution is well 
disguised, some insight can be gained from the fol 
lowing: 

Let us suppose that (w,+w,)Sry(w,+w,) is constant. 
Then the solution to (29) is 


Buj77 (wg) a Wp | Wy 
tA uj? (w,) 
Ars Wp 


Dj 4 (wpst4)& 


Wp 1j (Wp) Sry (Wp W,) 


’ , 


Aj Ars 


where we have used S;j(—wg)™A1j/(— wy) and Sry(w,) 
~Ars/wq (valid for TJ=11 and 13). As?! (wy) and 
B,;"7(wq) are linear functions of the scattering ampli 
tudes Sy j(w,). Thus the production amplitude has the 
form 

Dis (Wpqg) ~S v5 (Wg) S tj (Wp) Sry (Wp tw). 


This can now be simply interpreted: Srs(wp+,) 
describes the interaction of the nucleon with the in 
cident meson having an energy o, 
describes the interaction of final-meson p, which is 
coupled to the nucleon in a /j-state. 

We see clearly in this approximation the two domi 
nant features of this amplitude: (1) It is proportional 
to the scattering amplitude for the incident state. (2) It 
contains scattering amplitudes for each of the outgoing 
mesons. 

We can gain further insight into the significance of 
this result by using the language of ordinary perturba- 
tion theory. Because of our asymmetric form (5) for 
the final state, the interaction of final meson g with the 
nucleon has been absorbed into the matrix elements, 
while that of meson p is represented by the expansion 
over intermediate states [as used in (7) |. This is 
reflected in the fact that the zero-meson (Born) term 
of (25) contains scattering amplitudes involving meson 
q, but contains only simple functions of w,. Thus, to 
correctly include the interaction (rescattering) of 
meson p, we must include higher-order terms. The 
terms we have included in our solution are the integral 
terms of (25), which can be represented by the diagrams 


Wp tb Wy. S1j(Wp) 
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GY qa, 
v4 « S / A 
4 ° . ee (0 
4 < 
(0) {< {s) 


4 
5 —_ a 


(0) (b) 


Diagrams representing the one-meson terms included in 
the solution 


hic, 1 


of Fig. 1. Here circles D and S represent the matrix 
clements for meson production and meson scattering, 
respectively. It is clear from Fig. 1 why our choice of 
angular-momentum coupling has caused these terms 
to be diagonal. The first term leads to the function 
S,,(w,) appearing in the solution; this represents the 
rescattering of meson p. The inclusion of this term is 
important since this low-energy final-state scattering 
the well-known scat- 
tering resonance in the T7=J= 3 state can exhibit 
itself as a peak in the meson-production cross section 


can be significant; for instance, 


due to overlapping resonances of the two outgoing 
mesons. The energies of the outgoing mesons are low, 
and permit the 33-resonance to exhibit itself through 
an enhanced final-state interaction. This enhancement 
will be a maximum for an incident energy such that 
each outgoing meson can easily attain the resonant 
energy 

Another effect which must be included is the rescat 
tering of the incident meson. This effect is represented 
by the second integral term of (25) and Fig. 1(b). 
(Note that while circle C of this diagram appears to 
represent a meson-production matrix element, we have 
seen that it actually represents the crossed analog of 
uch a matrix element. This is an illustration of the 
danger of using diagrams ina theory such as this which 
uses eigenstates of the total Hamiltonian and physical 
matrix elements.) The inclusion of this term causes the 
scattering amplitude Sry(w,+a,) to appear in the 
solution. (Without this term the Born approximation 
to this amplitude would appear.) Since this direct rela- 
tion between the production and scattering amplitudes 
is the type of relationship we would expect from the 
requirements of unitarity, we can credit this term with 
maintaining in our solution an approximate form of the 
unitarity statement. (It would be exact only if we 
include terms involving two intermediate mesons. ) 

A correct treatment satisfying the requirements of 
unitarity would require a simultaneous solution of the 
scattering equation, including two-meson terms, and 
the production equation, including two-meson terms. 
Our approach has not done this, but has included 
enough terms to maintain the outward appearance of 
unitarity. That is, previous solutions®* have given cross 
sections which, for large energies, became greater than 
2, the maximum p-wave inelastic cross section al 
lowed by unitarity. Our solutions give cross sections 
which are much smaller than this limit for all energies. 
‘This arises, qualitatively, because the initial-state inter- 
action has been treated more exactly, thereby introduc- 


5. 


RODBERG 


ing a direct relation between scattering and production 
at the incident energy. 

In sum, the inclusion of the one-meson terms has 
led to a more correct representation of the final-state 
interaction, along with the resultant resonant effects, 
and to the inclusion of some of the requirements of 
unitarity. 

It should be pointed out that we have included the 
rescattering effects only up to “first order.”’ However, 
this should be sufficient repre- 
sentation of the scattering amplitude, since further 
considerations in this section will show that the two- 
meson corrections to the scattering amplitudes are 


to obtain a correct 


quite small. 

To gain some quantitative insight into these features 
of the solution, we determine the total cross section 
for production of a single pion in pion-nucleon col- 
lisions. In evaluating this cross section, we make use of 
the expansion for the 7-matrix given in (16). 

Some of the kinematic effects of nucleon recoil can 
be included by the following modifications: (1) The 
incident velocity can be corrected to include nucleon 


) 


(2) The density of final states can be corrected by 


motion by using 
M 
including recoil nonrelativistically : 


1 pqwywgdw dQ, dQ, 
(1 } w,/M) 


p(k 


) 


(2r)® 


(3) The energy available to the mesons in the final state 
can be computed by treating the nucleon nonrelativis- 
tically. The result is 

E=1—M’'+[(M’—1)?+2M'(E,— M)+1}}, 
where M’=M(1—1/M)"! and Ey=[(M+1)?+2MT }}. 


Here M is the nucleon mass, 7 is the incident kinetic 
energy, and Eo is the total center-of-mass energy. In 
the absence of recoil, we would have 


E= Ey— M— (k?/2M). 


The inclusion of recoil effects here has made more 
energy available to the final mesons; it is thus an 
important effect near threshold. 

The final result for the total production cross section 
from a given incident charge state is 


48 ~ (2541)? 


(14+-0,/M)? ine 


9 prod (we) 


E-\ 
X (1blabs rin} f de pp'q's*(p) 
1 


 07(q) | Dij7! (wp,wg) |? 


in units of (h/yuc)?=20 mb. 
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For numerical evaluation we shall, as far as possible, 
use the experimental scattering phase shifts. The 
motivation for this is the hope that our solutions may 
perhaps be relations between the production and scat- 
tering amplitudes which are to some extent independent 
of the approximations used in deriving them. In using 
phase shifts, there is the implicit assumption that the 
production cross section is small compared to the 
scattering cross section, so that the phase shifts are 
real. 

Only the phase shift for the 7 
accurately, and even this is known only for incident 
kinetic energies of less than 300 Mev. In our evaluation 


J = 3-state is known 


> 
Pa 


we require these phase shifts for higher energies. For the 
33-phase shift we have simply used the expression for 
the experimental phase shift,’ which reaches a maxi- 
mum of about 155°. At low energies we have used 
forms for the 11- and 13-phase shifts which correspond 
to the experimental fits, and have used several different 
extrapolations at high energies. 

A first choice for the high-energy phase shifts [ Fig. 2, 
curves (1)] was an extrapolation in which the small 
11- and 13-phase shifts reach maxima of about 15°, 
corresponding to a total scattering cross section for a 
on protons of less than 5 mb at high energies. The result 
is a produc tion cross section for mm on protons of less 
than 0.4 mb. The small phase shifts chosen here have 
a weak energy dependence, and allow the strongly 
energy-dependent final-state interaction to control the 
shape of the production cross section curve as a function 
of incident energy. The result is a peak in the cross 
section for incident kinetic energies of about 650 Mev. 
As discussed previously, this peak arises from an over 
lapping of the low-energy 33-resonances in the final 
state. This has been the basis for related models which 
have been suggested® to explain the observed peak in 
the r~-p total cross section at 850 Mev. As shown by 





1) 2) 
fan 8) * -.O63k 
fan B\3* *.038k 


ton Bs3* .236k° 
(1+ 79k?)(1.95- w,) 


02) 
- O63he 


(u-2) 
.O38ke'" “ 


—_—— /7° on protons 


—-- 7 on protons 








200 ~~ 400 600 800 
Incident Kinetic Energy (Mev) 


Fic. 2. Production cross sections for pions on protons 


4H. L. Anderson, Proceedings of the Sixth Annual Rochester 
Conference on High-Energy Nuclear Physics (Interscience Pub 
lishers, Inc., New York, 1956), p. I-20. 

*B. T. Feld, Proceedings of the Sixth Annual Rochester Con- 
ference on High-Energy Physics (Interscience Publishers, Inc., 
New York, 1956), p. IV-11. 
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the magnitude of our result (and by the large cross 
section at the observed maximum), this maximum 
cannot be explained within the framework of a p-wave 
theory. 

The second choice was an extrapolation in which the 
11- and 13-phase shifts increase for high energies [ Fig. 
2, curves (2) |, and 6,; approaches a resonance at 1 Bev. 
An attempt was made by this means to obtain a fit to 
the observed total® and inelastic® cross sections. This 
attempt failed, chiefly because the inelastic cross section 
predicted by this theory is much smaller than the 
observed meson produc tion cross section. With this 
extrapolation, the mw -p scattering cross section for 
incident kinetic energies of about 800 Mev, is about 
12 mb, while the production cross section is about 2 mb. 
The same general results are found for rt on protons, 
except that the cross sections are somewhat smaller. 
With this choice of high-energy phase shifts, the 
maximum in the production cross section does not 
appear. It is washed out by the stronger energy de- 
pendence of the incident-state interaction, 

It thus appears that this theory predicts a meson 


production cross section which is less than 4 


the scat 

tering cross section, in contrast to the experimental 
result that the production-to-scattering ratio is about 1. 
One must conclude that an explanation of the observed 
results must include other partial waves, nucleon recoil, 
and perhaps 4 meson-meson interaction. 

We have also used our solutions to examine the two 
meson corrections to the Chew-Low equation for the 
scattering amplitude. The two-meson terms in the 
equation for (p| T|k) are 
‘ | (? Tt\rs)(rs|T|k) (k| T'\7s)(rs| 7 'p)| 
2. 


r “ Ww, { Ws Wp 1€ 


| (32) 


Wr } Ws | Wp 


rhe correction to the equation for Spy(w,) is then 


4 
Crs(wp) = — | dwdw,r's'v*(r)0*(s) 


2 
te es 


{|Past (wry) 
x 


hess { W, Wp leé 


| ol ind 12 
Di (Wy ,We) | 


t Zz. Agr,rs' , 


TJ’ Wr tWstWp 


(3.3) 


where Ary ry: is the crossing matrix given in (26) 
The numerical results obtained by inserting our 
solutions, with the scattering data included as discussed 
above (using the first choice of high-energy extra 
polation), are presented in Table I. They are compared 
with the experimental scattering amplitudes. We see 
that the corrections are quite small. This conclusion 
would not be affected by using the second choice of 
high-energy extrapolation since the denominators in 
the integrals of (33) tends to reduce the high-energy 
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TaBLe I, Two-meson corrections to scattering. (All quantities 
should be multiplied by 10~*.) 


S11 (wp) Cis (wp) 
7.72 
8.78 

11.6+-0.055i 

25.34+12.81 


Cus (wp) 
36.4 
39.2 


44.3+-0.127i 
68.14-14.5i 


Crap) 
21.9 
24.2 


29.54+-3.83i 
26.24+-7.29i 


—~1100+9.44 
~ 11004-661 
-7175 4-98: 
3504-691 


Sis(wp) 


6304+3.31 
6304-234 
4734-3601 
2184-261 


Sas(wp) 


11 5004-1200: 
7750+-10 500i 
27504-42001 

800 + 540i 


contributions. This can be seen by comparing (31) with 
(33), which shows that these integrals have the form 


J ding prod (we) 
q(WatwWp ie) 
VI. CONCLUSION 


We have considered the production of a single pion 
in pion-nucleon collisions using the Chew-Low for- 
malism. The solution for the 7-matrix has been ob- 
tained using a truncated form of the one-meson 
approximation, In this approximation, the resulting 
equations become linear integral equations for the 
production amplitude in terms of the scattering ampli- 
tudes. Numerical evaluations have been performed 
using the known low-energy data along with extrapo- 
lations of this data to higher energies. 

The total production cross sections thus obtained 
have a magnitude of about 1 mb. They show a peak 
due to resonances in the final state, but this peak is 
obscured if an energy-dependent incident-state inter- 
action is assumed. The result is a production cross 
section which is much smaller than observed inelastic 
cross section, and shows a general tendency to increase 
with energy. 

The corrections to the one-meson approximation for 
the scattering problem have been evaluated and found 
to be quite small. This also leads one to believe that the 
one-meson approximation as used in this problem will 
be valid, although of course this is not certain. 

Thus the small production cross sections predicted 
by this theory prevent agreement with experiment, but 
permit a consistent approximation scheme within the 
framework of the theory. One must conclude that the 
validity of this theory thus seems to be limited to the 
problems for which it was proposed, low-energy single- 
meson processes. A final decision on these matters 
must, however, await further evidence on high-energy 
pion-nucleon scattering and pion production. 


RODBERG 


ACKNOWLEDGMENT 


I would like to express my appreciation to Professor 
Herman Feshbach for his continued guidance, advice, 
and inspiration throughout this work. 


APPENDIX A 


Let |n—) be a state containing m mesons, and only 
ingoing waves. Then 


Ha,|n—)= (wn—wr)ax|n—)—V,'|n—), 


where we use [Ho,a, ]= —wsak, [H,a, |= —V;,', and 
H\n—)=w,|n—). Then 


a,|n—)=5,, n| (n—k)—) 


1 
an thn), 


(Al) 
H—wyt+w,yt+te 


The notation d,,»|("—k)—) means a state obtained by 
removing a meson k from the n-meson state—if this 
state originally contained a free meson in a state k. 
Equation (3) is a special case of this relation. 

To obtain a representation for a two-meson state, let 


| pq—)=ap*|q—) +e. 
Since H| pg—)= (wp+w,) | pq—), it follows that 
(H—w,—w,) 9 =—V,|q-), 


and 


Se! aera Velq—). (A2) 


|pq—)=a,y ware 
H—wyp—wytte 
APPENDIX B 


The results of the angular-momentum, isotopic-spin 
reduction can be written as follows: 
The “vector” A(w,) has components 


A 1377 (wg) - f i ae? (Ta j7 (J) Sra (wa) 
ad i 


54,4554 Sry(w), (B1) 


genres 
2 


where 


aj! (J') = (—1)4-4(2j +142 +1) 


KW (J'IT4 7; AW (S54; 11), 
and similarly for a,7(7"). W (abcd; ef) is the familiar 
Racah coefficient.” 


f 
Bij?! (w) = — 4 EY bP (7) (J) S14 (wr, 4 8,4 
J’ 


~f£ EO aM(Tci(I)Sr-0(w), (B2) 
a hd 
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where 

by (J) = (—1) 4 (27 +1) 82 + 1) W (44; AD) 

¢(J)= (—1)#4(2j+1)4(2)’+1)¥ (—1)2" (27 +1) 
ove 


XW ("IEG AWW (II 93 11) 


xW(IYI'TA: 11). 


If an element of the vector KD is written 
(it Lee ine 
i K ’ 4 Deyo) 
507! tj t'7’ 


then 


a7 2s’ 
x ( ’ } w.) ” S1;*(w,)by, J’ by, j’ br, T’ be, t's (B3) 
tj 7’ 


Also 


2 ae a IJ’) (tT 
«( ’ ;o. )=—a( )a( )srs(ws, (B4) 
tj vj’ iy’ uw’ 
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where 


JJ’ 
a( ) (—1) #4 t0"+4"(274-1)8(27’+-1)8 


ij’ 
« (27 +1) (2I’+1)d° (— 1)?" (27 +1) 
rz 


«WTRF; WW G4 js WN) 


XW IAT AN). 
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ts Te 
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tj 


UB 1 i 
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jj" it’ 


) 
fo ae 
n( , : 
tj t' 9" 


where 
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jy 
K (2S +1)S) (—1)2" (20 + 1) W I": 11) 


J 


XW ITI WWAITI! MW). 





PHYSICAL REVIEW VOLUME 


Letters to the Editor 








iat ATION of brief reports of important discoveries in 

physics may be secured by addressing them to this department 
The closing date for this department is five weeks prior to the date of 
issue. No proof will be sent to the authors. The Board of Editors does 
not hold itself responsible for the opinions expressed by the corre- 
spondents. Communications should not exceed 600 words in length 
and should be submitted in duplicate 


Rotational Magnetic Moments of Li°F 
and Li’Ft 


ALLAN M. RUSSELL 


Department of Physics, Syracuse University, Syracuse, New York 
(Received March 18, 1957) 


HE rotational magnetic moments of Li®F and Li’F 

have been measured in a molecular beam electric 
resonance spectrometer! where the conventional electric 
C field was replaced with a magnetic field. The results 
of these measurements are shown in the last row of 
‘Table I. These represent the first measurements of the 
rotational magnetic moment for alkali halide molecules. 
Quantum-mechanical expressions for the rotational 
magnetic moment? * do not lend themselves to numeri- 
cal evaluation because of the great difficulties involved 
in obtaining electronic wave functions. However, for 
ionic molecules such as the alkali halides an 
approximation can be made which assumes that the 


diatomic 


molecule is composed of singly charged ions whose 
electrons are undisturbed by the presence of the other 
ion. This ion-pair approximation yields the following 
expression for the rotational magnetic moment in 


nuclear magnetons per rotational quantum number: 


py/J = (1/m,)— (1/m_) 


’ 


where m, is the mass of the positive ion in atomic mass 
is the mass of the negative ion in atomic 
mass units. The rotational moments of Li®F and Li’F 
calculated for the ion-pair model are compared with 
the experimental values in Table I. 


units, and m 


‘The ion-pair approximation neglects the nonslip part 
of the electronic contribution. This has been calculated 
by Foley® and White.® Values based on their results can 
be used to correct the ion-pair approximation as shown 
in Table I. The sign of the moment, predicted as positive 


TaBLe I. Comparison of the predicted and experimental values of 
(jy /J)uite and (ay/J).i'e, in nuclear magnetons per J. 


(us / J ise (ag /J us 
+0114 
0.026 
0.040 
+-0.088 
+0.074 


+0000 
0.023 
0.046 
+-0,067 
+0.054 


lon-pair approximation 
Foley's electronic term 
White's electronic term 
lon-pair plus Foley's term 
lon-pair plus White's term 
Experimental values 

(sign undetermined) 0.08186 coos"? 


0.0642 6 002°°-0% 
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TasBLe IT. Rotational magnetic moments of the alkali halides 
in nuclear magnetons per rotational quantum number as predicted 
by the ion-pair model. 


Fu ce cw Bra pr 
+-0.984 
+-0.488 
+0,324 
+-0.158 
+0.135 
+0.036 
+0.018 
+-0.016 
+0.004 

0.000 


+-0.939 
+ 0.444 
+-0.279 
+-0.114 
+-0.090 
-0.009 
-0.027 

0.028 

0.041 

0.045 


+-0.963 
+-0.468 
+-0.303 
+0.138 
+0.114 
+-0.015 
—0.003 
— 0.004 
—0.017 
—0.021 


+-0.965 
+-0.469 
+-0.304 
+0.139 
+-0.116 
+-0.016 
—Q,001 
—0.003 
—0.015 
-- 0.020 


+0.979 
+0.484 
+0.319 
+-0.154 
+-0.130 
+0.031 
+-0.013 
+-0.012 
—0.001 
—0.005 


by the ion-pair model, was not determined by the 
experiment. 

Table II lists the rotational magnetic moments pre- 
dicted by the ion-pair model for the alkali halides and 
the hydrogen halides. The latter are included because 
of their large ionic character. These values must be 
considered as an upper bound because they do not 
include the electronic correction described above. The 
ion-pair theory predicts that the sign of the moment 
depends upon the relative masses of the ions. The 
author wishes to thank Professor John W. Trischka for 
his help and advice on this work. 

t Supported in part by the Office of Naval Research. 

1H. K. Hughes, Phys. Rev. 72, 614 (1947). 

2J. R. Eshbach and M. W. P. Strandberg, Phys. Rev. 85, 24 
(1952). 

3N. F. Ramsey, Molecular Beams (Clarendon Press, Oxford, 
1956). 

*C. H. Townes and A. L. Schawlow, Microwave Spectroscopy 
(McGraw-Hill Book Company, Inc., New York, 1955). 

‘H. M. Foley, Phys. Rev. 72, 504 (1949). 

*R. L. White, Revs. Modern Phys. 27, 276 (1955). 


M-Center Spin Resonance and Oscillator 
Strength in LiFt 


NorMANn W. Lorp 


1 pplied Physics Laboratory, The Johns Hopkins University, 
Silver Spring, Maryland 
(Received April 1, 1957) 


ONE time ayo magnetic resonance data were ob- 
tained on a large number of colored LiF samples in 


order to ascertain evidence for M-center spin resonance. 
It was established beyond experimental error that the 
second moment of the spin absorption increased as the 
strength of x-ray-induced M optical absorption in- 
creased relative to F absorption. However, it was 
difficult to estimate quantitatively the separate con- 
tributions of F centers and M centers until the recent 
determinations for the F center alone were made 
possible by resolved structure measurements.! Incor- 
poration of the #-center results permits a determination 
of the second moment of the M-center spin resonance 
and the ratio of the optical absorption oscillator 
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Fic. 1. Variation of the spin resonance second moment, o?, 
with the ratio, p, of M centers to F centers. 


strengths for the M and F centers in their usually 
recognized bands.? Second moment measurements are 
notoriously lacking in precision and the present report 
must be considered preliminary. 

If we let p be the ratio of the total number of M 
centers to F centers in a given sample and 0”, op’, ow’ 
be the second moments of the observed and individual 
spin resonances, we can use the relation 


(1) 


(om’—or’). 


1+ p 


It is safe in the samples measured to assume a 
homogeneous distribution of both types of centers. 
Then p can be expressed in terms of the measured 
optical absorption constants wy(v), we(v), and the un- 
known oscillator strengths fr, fa. The absorption of 
the M center is anisotropic’ and, since unpolarized 
light was used, f4 must be considered to be the average 
over the polarization angle. 


p (el fu] f nude / fed 


It is possible by very prolonged x-ray exposures (up to 
2 weeks at room temperature) to vary the second factor 
from 0.038 to 0.078. The resolved structure measure- 
ments provide a point at p=0. This is sufficient to 
permit a best choice of (f/f) which makes the plot 
of o* us p/(1+p) a straight line whose slope is (o4?— or’). 
This plot is shown in Fig. 1 and is drawn for fr/ fy = 10. 
Taking fr as approximately 0.8,4 we have 0.08 for fy. 
The value of oy? is around 10 500 gauss’. At this stage 
of the investigation, the probable error in fr/fy can 
only be guessed at as around 25%. On the other hand, 
om” would not change by more than 10% for either 
limit. 

From the only previous theory for the M center,’ 
the magnitude of ay? is reasonable. However, if one 
carries through the formalism of Inui ef al. for the 
coefficients of the LCAO (linear combination of atomic 
orbitals) in Lif, the results indicate a strongly resolved 


quartet of equally intense lines. This is in direct con- 
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tradiction to the experimental results obtained which 
should certainly have revealed this at very high values 
of p. One expects a lower oscillator strength for the 
M center than for the F center because of the smaller 
overlap of the excited and ground states. However, it 
was not expected that the difference would be so large. 
The investigation is now being continued, using inde- 
pendent methods, to measure the hypertine interactions 
and thereby check the determination of fy. 

I would like to thank Dr. C. K. Jen and Mr. B.S 
Gourary for many informative discussions in the course 
of this work. 
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Double Transitions in the Infrared Spectrum 
of Solid Hydrogen* 


iH, W. F 
AND H. L 


H. P. Gt J. Hare, Evizapetu J. ALLiN, 
WELSH 


McLennan Laboratory, University of Toronto, Toronto, Canada 
(Received April 17, 1957) 


N two previous communications!” the infrared funda- 
mental band of liquid and solid hydrogen at low 
resolution was described; it has now been recorded with 
a grating spectrometer and further interpretation of its 
structure is possible. 

Figure 1(a) shows the band in solid normal hydrogen 
as previously recorded using a prism spectrometer with 
a spectral slit width of 15 em™~!. ‘The three main groups 
of maxima were correlated with the O branch and the 
S(O) and S(1) lines of the collision-induced spectrum 
of the gas.! The broad maxima Opn, Sp(O), and Sp(1) are 
undoubtedly summation tones of translational lattice 
frequencies with the molecular vibration and rotation, 
and correspond to a normal second-order crystal spec 
trum modified by the free molecular rotation peculiar 
to solid hydrogen. 

The sharp components, on the other hand, are most 
probably due to induction by the molecular quadrupole 
1(b) the detail of the 
structure obtained using a grating spectrometer with a 


moments. Figure shows new 


spectral slit width of 2 cm™!. The VY branch has two 
components with frequencies near the Q(O) and QO(1) 


Raman frequencies of the solid,’ and the weak lines 
the 


positions of the corresponding Raman lines. Each of 


designated $,(0) and S,(1) occur at calculated 


these lines, therefore, originates in a transition in a 
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hic. 1, (a) The fundamental] infrared absorption of solid normal 
hydrogen observed by using a spectral slit width of 15 cm™. 
(b) The sharp components of the fundamental band observed with 
a spectral slit width of 2 cm™. The frequencies of the expected 
transitions are shown on the abscissa axis. Absorption at Q,(1), 
Y,(0), 5,(0), and S,(1) results from a rotation-vibration transition 
in a single molecule, whereas absorption at Q,(1)+.59(0), etc., 
results from simultaneous vibrational and rotational transitions 
in a pair of molecules. 


single molecule. The strong S lines, however, have 
frequencies which correspond to a vibrational transition 
in one molecule accompanied by a rotational transition 
in the ground vibrational state of a second molecule. 
For each rotational transition there are two possibilities 
for the accompanying vibrational transition. For ex- 
ample, in the case of J=0->J=2 these are Q,(0) 
+.So(O) and Q,(1)+.S9(0), where the subscripts 0 and 1 
indicate Av=0 and Av=1, respectively ; these transitions 
are separated in frequency from one another and also 
from the single transition, S,(0), because of the vibra- 
tion-rotation interaction. The frequencies of the ex- 
pected transitions are indicated on the abscissa axis of 
liv. 1(b). The agreement of the measured and calcu- 
lated frequencies shown in Table [ confirms the validity 
of the assignments. 

At any given molecule in the solid the electric field 
due to the regularly spaced but presumably randomly 
oriented neighboring molecules is rapidly fluctuating 
about zero value. Also the dipoles induced in neighbor- 
ing molecules by the quadrupole of the given molecule 
cancel one another on the average. The induced absorp- 
tion for a single molecule should therefore be very weak. 
The situation is similar to a highly compressed gas 
where, in ternary and higher order collisions, the dif- 
ferent induced moments tend to annul one another.‘ 
However, it has been pointed out by van Kranendonk® 
that for simultaneous transitions involving a pair of 
molecules the cancellation effect is not operative; in 
compressed gases, liquids, and solids, where a given 
molecule is in a more or less symmetrical environment, 
double transitions should be more probable than single 
transitions. The correctness of this view, which would be 
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TABLE I. Measured and calculated frequencies. 


Calculated 
frequency* 
(cm™) 


Frequency of 
maximum 
(cm™) 


4148 


4152 
44806 


Assignment 


Q,(1) 
0, (0) 
5,(0) 
Q,(1) +50(0) 
—_ (SOL S%0 
4702 S,(1) 
Q,(1) +5e(1) 
aed (Bit sets 


4144 
4150 
4486 
4498 
4504 
4702 
4731 
4736 


* The frequencies of the Q:(1) and Q:(0) lines were observed in the 
Raman effect of the solid’; the other frequencies ‘have been calculated by 
using the rotational constants for the gas [C. Cumming, Ph.D. thesis, 
University of Toronto (unpublished) J. 


difficult to show in the gas at room temperature where 
the induced band is rather diffuse, is well confirmed by 
the above analysis of the spectrum of the solid. 

In liquid hydrogen the lines due to quadrupole 
induction are somewhat more diffuse than in the solid; 
however, the greater intensity of the double transitions 
as compared with the single transitions is as marked as 
for the solid. 

Preliminary experiments on the absorption of liquid 
and solid hydrogen in the overtone region have shown 
that the intensity of the double vibrational transition 
is much greater than that of the pure overtone; in the 
compressed gas at a density of 426 Amagat units® at 
80°K, the difference between the two bands is much 
less marked.’ 

* This research was meee by a grant from the National 
Research Council of Canada. 
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5 J. van Kranendonk, Gordon Conference: “Infrared Spectra 
and Intermolecular Forces,” 1956 (unpublished). 
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Measurement of the Spin and 
Gyromagnetic Ratio of As’*t 


F. M. Prexin* ano J. W. Cutvanouset 


Lyman Laboratory, Harvard University, Cambridge, Massachusetts 
(Received April 15, 1957) 


HE spin and gyromagnetic ratio of 27-hour As’é 

have been measured by using the y-ray anisotropy 
induced by several types of radio-frequency magnetic 
fields applied to a silicon crystal containing 5X 10"° As’® 
atoms. 

A silicon crystal doped with 3X 10"* As’® atoms per 
cc was irradiated in the Brookhaven reactor and sub- 
sequently annealed in vacuum for 5 hours at 1100°C, 
The sample was placed in a rectangular 7:0, mode 
cavity resonant at 24000 Mc/sec. The H-plane sides 
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Fic. 1. Energy levels of an As’ donor electron 
in a high magnetic field. 


were thinly silvered Lucite. A coil was wound on the 
cavity to permit application of a second rf magnetic 
field (10-200 Mc/sec). The cavity was immersed in 
helium at 1.25°K and the static magnetic field applied 
at an angle of 45° with the £ field of the cavity. A Nal 
crystal and photomultiplier counted y rays emitted 
perpendicularly to the static field. 

The energy levels of the arsenic nucleus and its donor 
electron in a strong magnetic field to second order in 
the hyperfine interaction are 


Emy,my =— (g suo) Hm s— (grin) Hm, +-A mm y 
A? 


+ m (I —2m ym,)(I+-2m ym,+1), 
4uoll 


where m, and mr, are the strong-field quantum numbers 
for electron and nucleus.'! The levels for nuclear spin 
two and negative moment are depicted in Fig. 1. 
Numbers beside each level are relative populations for 
8500 gauss and 1.25°K. 

Alignment of As’® was first produced by saturation 
of the forbidden transitions (4,m;)«+(—4, m;+1) as 
proposed by Jeffries? About 10 milliwatts of micro- 
wave power were applied to the cavity and the magnetic 
field was swept slowly over the region of the As’® 
resonances. Figure 2 shows the counting rate as a 
function of magnetic field, both for sweeping from high 
field (2a) and from low field (2b). Only two transitions 
were observed, and it can be seen that there was no 
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relaxation of the alignment in the one hour required to 
sweep the field between the two transitions. This 
implies that the relaxation time for the forbidden 
transitions and the nuclear transitions is very long. 
The center of the two transitions is two gauss above the 
center of the As’® structure which is expected for the 
forbidden transitions if the moment of As’ is negative. 
The high-field transition always decreases the counting 
rate and the low-field one increases it. This shows un- 
ambiguously that As’® has a negative moment if it has 
a spin of two. The facts that only two transitions are 
observed and that the exact mixture of the 8 decay is 
unknown leave open the possibility that the observed 

k 2)e+(4,1) and 
(4, —2)«+(—4, —1) or the pair (—4, 1)++(4,0) and 
(4, —1)++(—4,0). This was resolved in favor of the 
second alternative by a double-resonance experiment.’ 
Alignment was produced by saturation of the high- 
field transition of Fig. 2(a). The second rf field was 
swept from 10 to 20 Mc/sec and from 40 to 55 Me/sec, 
The alignment was partially destroyed at 43 and at 
49 Mc/sec [ Fig. 2(c) ], in agreement with the 34-gauss 


transitions are either the pair ( 


splitting of Fig. 2(a). 

A more precise determination of the hyperfine split- 
ting was made by utilizing double adiabatic fast 
passage as proposed by Feher.4 Figure 3(a) shows a 
typical series of such operations. 

If As’® has spin two, the fact that only the two inside 
forbidden transitions are observed implies that the 
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Fic. 2. (a) Alignment produced by saturation of (4,m,) 
(—4, m,+-1) transitions as field is decreased. (b) Alignment pro 
duced by saturation of (4,m,) (—4, m;+-1) transitions as field is 
increased. (c) Destruction of alignment by the second rf field. 
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precise value of hyperfine splitting. (b) 
experiments to show that spin is two, 


(a) Double-fast-passage experiments used to find a 
Double-fast-passage 


8 decay is such a mixture that y-ray emission per- 
pendicular to the steady field is affected only by the 
populations of the states with m;=0. This hypothesis 
was verified in three ways. First the region where the 
(—}, 1)< (4 i 


over slowly with saturating microwave power. Then 


2) transition should be was swept 


with microwave power off, the second rf field was swept 
over the proper range to invert the levels (—}, —1), 
(—4, 0). This decreased the counting rate. In a second 
experiment, the levels (4,2), (—}4, 2) were inverted, 
then the level pairs (—},2), (—4,1) and (—}, 1), 
(—4,0) were inverted successively. This increased the 
counting rate [ Fig. 3(b) |. In the third experiment, the 
levels (4,2), (—4, 2) inverted and the 
second rf swept so to invert (4,2), (4,1) and (4,1), (4,0) 
successively. As shown in Fig. 3(b), this decreased the 


were again 


counting rate. 

From these data we obtain the hyperfine interaction 
as Aw 93.6+0.2 Mc/sec. We have used the double- 
resonance technique to determine the hyperfine inter 
action of As? to similar precision: A7j=197.6+0.5 
Mc/sec. Thus from the Fermi-Segré formula! and the 
0.453+0.002. The long 
20 times 


signs of the anisotropies, 27. 
relaxation times noted above are at 
longer than the corresponding ones in the stable isotope 
whereas the relaxation time for a Amy=+1, Am;=0 
transition is about the same for the two isotopes. This 
accounts for previously reported failures to produce 


least 
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Overhauser effects in this sample.° The anisotropy 
observed here is too small to permit a pure L=0 
8 decay.® This is being analyzed more completely. 

We are indebted to Professor R. V. Pound for 
expressing interest in this experiment and for many 
stimulating discussions during its execution. We wish 
to thank Dr. C. D. Jeffries for communication of his 
success with Co and Dr. G. Feher for pointing out the 
possibilities of the double-resonance experiments. We 
are also indebted to the Raytheon Manufacturing 
Company for supplying the doped silicon crystals, and 
the Office of Naval Research for the loan of high-power 
oscillators. 
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the Milton Fund, and the Society of Fellows, Harvard University. 
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Observation of the Acoustoelectric Effect 


GABRIEL WEINREICH AND Harry G. WHITE 


Bell Telephone Laboratories, Murray Hill, New Jersey 
(Received April 8, 1957) 


N a previous paper,' the theory of the acoustoelectric 

effect was given in terms of the simultaneous bunch- 
ing of electrons and holes in a semiconductor under the 
action of the deformation potential of a traveling 
acoustic wave. It was there pointed out that if one were 
dealing with only one type of carrier, the electrostatic 
repulsion would prevent any appreciable bunching and 
the effect would therefore be extremely small. 

Holstein? has pointed out that it should be possible 
to produce similar effects using only majority carriers, 
provided these carriers belong to something other than 
a “‘simple’*® band. For example, in the case of n-type 
germanium one deals with a “multivalley” band having, 
most likely, minima at the four points where the (111) 
axes cut the surface of the Brillouin zone. If one deforms 
the crystal, the effective deformation potentials seen by 
the electrons in the various valleys will not in general 
be the same. [t then becomes possible for each class of 
electrons to bunch and still leave the condition of 
electrical neutrality undisturbed. 

The equations governing this phenomenon are basi- 
cally identical with those for the ambipolar case! ; how- 
ever, the underlying randomizing time is now the 
intervalley scattering time rather than the minority 
carrier lifetime. In order to observe the effect it is there- 
fore necessary to work at relatively low temperatures so 
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as to depopulate the phonon modes involved in the 
intervalley transition. For the case of a transverse wave 
traveling in the (100) direction and polarized in the 
(010) direction, the expression for the acoustoelectric 
field, when appropriate approximations are made, re- 
duces to 


Eue=O6n'q?tS/en?KT ; (1) 


here g is the acoustic charge of the carriers (= 27! times 
the deformation potential in a strain of unit energy 
density), 7 the intervalley scattering time, S the 
acoustic power density, e the electric charge of the 
carriers, \ the acoustic wavelength, and AT the thermal 
energy. 

We have observed the acoustoelectric effect in n-type 
germanium under the action of such a (100)—(010) 


transverse acoustic wave. The wave was generated by a 
Y-cut quartz crystal whose fundamental (~20 Mc/sec) 
and first overtone (~60 Mc/sec) were both successfully 
applied. The germanium sample was a rectangular 
parallelopiped approximately 0.5 em0.5 cmX 3.5 cm, 
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Fic. 1. Acoustoelectric effect (closed circles) and thermoelectric 
voltage developed by absorber (open circles) as rf frequency is 
varied through transducer resonance. 


with one of the small faces covered by a layer of indium, 
to act as an absorber, and the other in contact with the 
driving crystal. Four electrodes were attached along the 
length of the germanium to measure the acoustoelectric 
field which is developed. This is in principle a de field ; 
but since a dec measurement would be complicated 
because of thermoelectric voltages developed by the 
influx of acoustic power, the wave was modulated at 
various audio-frequencies and the audio-output de- 
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tected, after some preliminary amplification, with a 
General Radio type 730-A Wave Analyzer. 

Figure 1 shows the acoustoelectric field observed at 
liquid nitrogen temperature as the carrier frequency is 
varied through the resonance of the transducer, with 
the rf voltage kept constant. The same graph also 
shows the thermoelectric voltage developed by the 
heating of the absorber, this latter voltage being pro 
portional to the acoustic power traveling down the 
sample. An approximate measurement of the acoustic 
power yields 0.9 watt/cm® at the peak; when sub 
stituted into Eq. (1) it gives for g*r the approximate 
value of 1.510 cgs. 

Figure 2 shows the result of observing the acousto 
electric field as the sample is allowed to warm up from 
liquid nitrogen temperature. Since the intervalley 
scattering time in this temperature range should vary 
as exp(@/T), where © is the characteristic temperature 
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Fic, 2. Temperature dependence of acoustoelectric effect plotted 
to show variation of intervalley scattering time. 


of the phonon, we have plotted in this semilogarithmi 
graph the product /,,7' as a function of 1/7. The slope 
of the line obtained indicates for © the not unreasonable 
value of approximately 250°K. This is, however, a very 
preliminary result, as the scatter of the experimental 
points shows. 

By calculating the acoustic charge from the measured 
piezoresistance effect, as interpreted by Herring and 
Vogt,’ we find that, at 78°K, r~1.310~-" sec. Using 
the value of © from the experiment, 
obtains w,*7 10" sec!, where we is the intervalley 
coupling constant defined by Herring.® This in turn 
yields the approximate value 0.02 for the ratio w2/w, of 


present one 


the intervalley to intravalley coupling constants. All 
these estimates are based on the assumption that the 
intervalley matrix element is almost constant over the 
populated region of any one valley. 
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Further experiments are in progress, as is the prepara- 
tion of a more complete report. 
1G, Weinreich, Phys. Rev. 104, 321 (1956). 
* T, Holstein (private communication). 
* For definitions of the various types of bands, see reference 5. 
*(C. Herring and E. Vogt, Phys. Rev. 101, 944 (1956). 
*(. Herring, Bell System Tech. J. 34, 1 (1955). 


Three-Pion Decay Modes of 
Neutral K Mesons 


A. Pais, Institute for Advanced Study, Princeton, New Jersey 
AND 
S. B. Treiman, Palmer Physical Laboratory, Princeton University, 
Princeton, New Jersey 
(Received April 18, 1957) 


T is the purpose of this note to point out certain 

effects which obtain in neutral K-meson decay into 
pions if it is true that invariance under CP and 7,'* 
rather than under C, P, and T separately, is valid for 
all weak interactions (C= charge conjugation, P= space 
inversion, 7'= time reversal). 

The effects concern not so much the 27- as the 3m-de- 
cay mode, Let us assume that K® (and thus K°) has 
zero spin. The (awta~) and (2x) decay states both are 
eigenstates of CP, corresponding to eigenvalue +1. 
We then characterize the K,° particle by the eigenvalue 


+1 of the operator CP, which is now supposed to 
yield good quantum numbers.*® The K,! particle corre- 
1 and hence cannot decay into two 
pions. Thus, in regard to the (am) mode the situation is 
very much the same? as initially suggested.6 The 
neutrino decay modes can also be separated into the 


sponds to CP 


CP=-4-1 and —1 channels. 

The question now is what one can say about the 3x 
decays, which are competitive modes when we have one 
K-particle quartet (i.e., r=@), as parity nonconserva- 
tion suggests. Three-pion decay would be expected to 
occur for both the short-lived K,° and the longer-lived 
K’ particles. However, the 34 branching ratio in K,° 
decay is likely to be extremely small: for a 3 system 
with angular momentum zero to have CP=-+-1, the 
lowest orbital state involved is characterized by (1,L) 

(1,1), in the notation of Dalitz.’? This implies first of 
all that K,° cannot have a 3° mode, for which /=L 
must be even; and the (#*t,~,x") mode will be depressed 
by the centrifugal barrier and may reasonably be ex- 
pected to have a frequency not greater than ~10~° 
relative to the 2x mode. 

On the other hand, the 34 modes should be relatively 
much more important in K,° decay. Here we have 
CP=-—1 and thus the lowest admissible orbital state 
is characterized by (1,L) = (0,0). Thus the K,° should be 
able to decay according to both 


Pata te, 


K} 3x", 


(A) 
(B) 
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and these modes need have no centrifugal barrier 
inhibitions, in contrast to K,° decay. 

Thus a remarkable reversal takes place when we 
compare the present situation with the one which would 
hold if parity conservation were valid (r#@).* In that 
case the short-lived 7,° would undergo 3m decay into 
the state (0,0)—more generally, = even; and the 
longer-lived 72° would decay into the state (1,1)—more 
generally, /= L odd. In the present case, the (1,1) state 
is associated with the shorter-lived K,° but has ex- 
tremely small branching ratio. 

Inasmuch as the same 3m orbital states are available 
in K+ and K,! decay, namely (0,0), (2,2), ---, it seems 
reasonable to expect that the absolute rates of 34 decay 
for Kt and K,! should be of the same order of magni- 
tude. If this is the case the partial lifetime for 34 decay 
of the K»® would be ~10~7 sec. 

Insofar as the lowest orbital state predominates, we 
deal with 3m states which are spatially totally sym- 
metric, both for Kt and K,°. Such states can have 
isotopic spin J = 1 or 3 only. The experimental branching 
ratio of the r+ to the r+’ modes indicates that the J=1 
state strongly predominates for K+ decay.® If this is 
also the case for the K,°, then the ratio of (A) to (B) 
should be %. (If /=3 predominates this ratio should 
be 3.) 

A careful determination of the relative rates for 3x 
decay of Kt and K,? would provide another test of the 
much-discussed rule” (the “AJ=4” rule) that weak 
decay interactions transform in isotopic spin space as 
tensors of rank }. In the present case this rule would 
imply that the rates are identical. 

The observed branching ratio (K*t-29++27)/ 
(Kt->nt+-2n") appears to be in agreement with this 
rule, as already mentioned. But the comparison of 34 
rates for K+ and K,° would constitute a more severe 
test. It may be noted that present evidence! on the 
branching ratio (A°->°-+-n)/(A°—2~+ p) also appears 
to accord with the AJ = rule, but the evidence” in 2+ 
decay seems to contradict the rule, as do recent results 
on the branching ratio (K°—>27")/(K°-—>rt+-1~). In the 
latter case the AJ=} rule predicts the ratio 4, whereas 
the experimental value" is interpreted to be <}. In 
fact, this last experimental result implies” that there 
are appreciable contributions from interactions which 
transform as A/= 4 and § as well as }. 

In 7 and A® decays, considerably less kinetic energy 
is liberated than is the case for @ modes and 2* decays. 
Whereas in the latter cases the AJ=} rule does not 
work, it is perhaps significant that this rule well 
approximates the observed ratios in the former cases 
(of course, the just-mentioned 3m-decay ratio for K* as 
compared to K,? remains to be studied experimentally). 
This would seem to indicate that, in a more fully 
developed dynamics of these decay processes, the 
isotopic transformation properties of the weak-decay 
couplings must involve energy-momentum-dependent 
parameters. 
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If this is indeed the case, then nonmesonic decay of 
hyperon fragments, with its characteristic high-energy 
release, need not necessarily be expected to follow 
closely the AJ=}4 rule," even though this rule seems to 
hold for free A° decay. 

1T. D. Lee and C. N. Yang, Phys. Rev. 105, 1671 (1957). 

2 L. Landau, Nuclear Phys. 3, 127 (1957). 
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® Recent experimental evidence is summarized in the Report of 
the Sixth Annual Rochester Conference on High-Energy Physics 
(Interscience Publishers, Inc., New York, 1956). 
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Pion-Nucleon Interactions* 


S. J. LinpENBAUM AND R. M. STERNHEIMER 


Brookhaven National Laboratory, U pton, New York 
(Received March 12, 1957) 


IGURE 1 shows the behavior of the pion-nucleon 

total cross sections! as a function of pion energy, 
when charge independence is assumed and the cross 
sections are separated into isotopic spin (7°) states of 4 
and $. The well-known peak in the 3 state at a pion 
kinetic energy of about 180 Mev appears to be satis- 
factorily explained by a p-wave resonance in the state 
of isotopic spin (7) and angular momentum (J) equal 
to 3. The low value of the experimental limits on the 
T=} cross section below 200 Mev and the peak in this 
cross section at about 0.9 Bev have not been satis- 
factorily explained to date although many attempts 
have been made, including notably the pion-pion inter- 
action scheme of Dyson,’ Takeda,’ and Piccioni.! 

A major difficulty of the Dyson-Takeda scheme is 
the expected effect of the momentum distribution of the 
pions in the nucleon cloud which requires too large! 
(+1 Bev/c) a smearing out of even a sharp resonance 
effect. Furthermore, in a study of the inelastic pion 
production Walker et al.‘ conclude that the experimental 
evidence does not support this model. 

In a previous publication® we have found it possible 
to explain the major features of pion production in 
nucleon-nucleon collisions in the 0.8- to 3.0-Bev incident 
energy range by assuming that all inelastic reactions 
proceed via excitation of one or both nucleons to an 
isobaric nucleon level with T=J= 4. 
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Fic. 1. Total cross sections o4 and oy for the pion-nucleon inter 
action in the 7 = 4 and T= § states. The solid curves are based on 
the experimental values (reference 1). The dashed curve gives the 
theoretical values of o4 near threshold obtained from Eq. (1) with 
a suitable choice of Aj. 


During this work it occurred to us that perhaps the 
behavior of the 7=4 cross section could be explained 
by assuming that all pion-nucleon interactions of pion 
kinetic energy less than 1.5 Bev proceed via excitation 
of this one state. Hence one would not find any T= 4 
cross section until a threshold energy (2200 Mev) is 
reached which is sufficient to form an isobar of T= J =} 
with a separate recoil pion. The separate recoil pion 
allows the total system of an isobar with 7 =} and a 
separate recoil pion with 7=1 to have a total T=}. 

The variation of the cross section o,(7',) near thresh 
old as a function of incident pion energy 7, was 
assumed in analogy to our previous treatment for 


nucleon-nucleon collisions to be given by 


(1) 


o(T,)=Ay [ F(r.m)oy(mpam, 


where my, is the total mass in the isobar rest system, 
F(T,,m1) is the two-body phase space factor for an 
isobar of mass m; and the recoil pion, o4(mz,) is the total 
nt—p scattering cross section, and Ay is an arbitrary 
constant. It has been assumed that the ratio of the 
elastic and inelastic cross sections is independent of 
energy. 

A plot of Eq. (1) is shown in Fig. 1 with Ay adjusted 
for a reasonable fit. As one can see, the rise of the T’= } 
cross section from threshold to the region near the peak 
is generally similar to the prediction based on Eq. (1). 
Of course Eq. (1), which is the expression predicted 
near threshold, does not level off or saturate with 
increasing energy as one would expect a_ physical 
process of this type to do in general because of the fact 
that A< R, where R is the range of interaction. Further- 
more the process may involve resonance of certain 
waves which would lead to a peak and a decrease 
thereafter. 

In the present crude model one can just expect to 
explain the threshold and the general behavior of the 
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hic, 2, Center-of-mass momentum spectra of w* and w~ mesons 
from the reaction r+ p-9r +a*-+n. (a) Incident pion energy 
1, =1.0 Bey. The histogram represents the data of Walker et al 
(reference 4), (b) Incident pion energy 7, = 1.37 Bev. The histo 
gram represents the data of Eisberg et al. (reference 6). In each 
case, the solid curve was obtained from the present isobar model 
Ihe dashed curve gives the result of the Fermi statistical theory. 
The two theoretical curves have been normalized to the number 


of observed cases 
rise in the 7 A detailed consideration 
of the behavior at and beyond the peak would require 
a more detailed treatment of the process which will be 


I cross section 


presented at a later date. 

One should note that more than half of the experi 
mental? T=} 
portion of the cross section contains an elastic con 
tribution which may be composed partly of a general 
background and partly of the elastic diffraction scatter- 
ing accompanying the inelastic cross section, The large 


cross section is inelastic. The elasti 


inelastic cross section is what one expects from the pion 
decay of the isobar. 

Feld? has previously suggested the use of an isobar 
in these interactions to reduce the requirement for 
waves of high angular momentum in order to fit the 
magnitude of the observed peak in the 7'=§ state. 

Of course one would expect this process of isobar 
} state, since an 
1 can combine to 


formation to occur also in the 7 
isobar with 7’= 3 and a pion with 7 

form a 7’=} state. It should be noted that the 7=} 
cross section oy is increasing fairly rapidly from 0.6 Bev 
to ~1.0 Bev and reaches a peak at 1.3 Bev (see Fig. 1). 
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If one subtracts the tail of the low-energy resonance 
the effect becomes more pronounced, and suggests a 
lower energy threshold for the remainder of the cross 
section for this effect. The higher energy peak could 
possibly still be consistent with the formation of a 
T= J =} isobar since the arbitrary coefficient A with 
which the integral of Eq. (1) is multiplied could be 
smaller in the 7 = 4 case and hence the saturation effects 
for this rising integral could set in at a higher energy. 

Of course the formation of a T= 3 isobar or some 
other process involving production of two additional 
pions could occur.® 

The predicted momentum spectra for the inelastic 
pion processes have been calculated® for isotropic decay 
of the isobars, and are compared to the statistical theory 
and to the available experimental results** in Figs. 2(a) 
and 2(b). It is clear that the predictions of the present 
model are in reasonable agreement with the experi- 
mental data‘ ® within their large statistical uncer- 
tainties. 

The most distinctive characteristic of these theo- 
retical pion spectra is the double peak. The lower energy 
peak is due to decay pions from the isobar while the 
well-defined high-energy peak is due to the recoil pions. 
Clearly, better experimental data are needed to check 
these predictions accurately. 

The authors are indebted to Dr. R. Serber for stimu- 
lating discussions and several important suggestions 
concerning this probleta, We also wish to thank Dr. L. 
C. L. Yuan for valuable comments. 

* Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

! Cool, Piccioni, and Clark, Phys. Rev. 103, 1082 (1956); S. J. 
Lindenbaum and L. C. L. Yuan, Phys. Rev. 100, 314 (1955). 

*F. J. Dyson, Phys. Rev. 99, 1037 (1955). 

3G. Takeda, Phys. Rev. 100, 440 (1955). 

‘ Walker, Hushfar, and Shephard, Phys. Rev. 104, 526 (1956). 

5S. J. Lindenbaum and R. M. Sternheimer, Phys. Rev. 105, 
1874 (1957). 

® Kisberg, Fowler, Lea, Shephard, Shutt, Thorndike, and 
Whittemore, Phys. Rev. 97, 797 (1955). 

7B. T. Feld, Proceedings of the Sixth Annual Rochester Con 
ference on High-Energy Physics (Interscience Publishers, Inc., 
New York, 1956), Chap. IV, p. 11. 

*K. A. Brueckner, Proceedings of the Sixth Annual Rochester 
Conference on High-Energy Physics (Interscience Publishers, Inc., 
New York, 1956), Chap. IV, p. 12. 

® After the calculations of Fig. 2 had been completed, it came to 
our attention that a similar calculation of the momentum spectra 
of pions has been carried out by Crew, Hill, and Lavatelli. 


Magnetic Resonance Determination of the 
Magnetic Moment of the » Meson* 


T. Corrin, R. L. Garwin,t L. M. Leperman, 
S. PENMAN, AND A. M. Sacus 
Columbia University, New York, New York 
(Received April 17, 1957) 


N a previous experiment,! the g value of the positive 
muon was found to be +2.00+0.10. This is a first 
report on a more precise determination of the magnetic 
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Fic. 1. Resonance apparatus for muon moment measurement. 
A count 1234 triggers the 12-kv rf ringing at ~16 Mc/sec to flip 
the spin of mesons stopped in the target within the coil. The 
variation with magnetic field of the gated counts 2314 traces out 
the resonance line. 


moment in a magnetic resonance experiment. The 
g factor, with radiative corrections,’ for a spin-} 
mu meson is given by 


Lu 2/ 1+ (a/ 22) —1.89(a?/r?)4+--- |. (1) 


A measurement of g to an accuracy sufficient to estab- 
lish the anomalous magnetic moment will, in addition 
to adding to our understanding of this particle, test 
the validity of quantum electrodynamics to energies 
m,/m,—~200 times higher than those involved in the 
anomalous contribution to the electron moment.* 

The g factor (ratio of magnetic moment to spin in 
units of eh/2m,c) is given by 


Lut = (Mys/My)ov(fur/Sfo); (2) 


where m,, is the muon rest mass, m, is the proton mass, 
gp is the proton g factor, and f,,/f, is the ratio of the 
resonant frequency of ut mesons to that of protons in 
the same magnetic field. 

Our present result gives 


Sur/fo 


We use a proton mass of 1836.1m, and for the proton 
g factor the value g,=2(2.7927).4 The muon mass is 
taken to be (206.86+-0.11)m,.5 These give, for the 
positive muon, the result 


3.1886+-0.0076. (3) 


Lu4= +2.0064+4-0.0048 (standard deviation). (4) 


The technique of measurement resembles that of 
atomic beam experiments® and the resonance measure 
ments on positronium, since the resonance is detected 
not by absorption of power from an oscillator but by 
the change in counting rate of the decay positrons, 


which are strongly correlated with the direction of the 


muon spin.! 

The experimental arrangement is shown in Fig. 1. 
The magnet produces a field of 1192 gauss, uniform to 
+0.1% over the volume of the target. The ‘“85- 
Mev x?” beam of the Nevis Cyclotron enters the 
apparatus through counter 1. Most of the pions stop in 
the 64-inch graphite absorber placed between counters 
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No. 1 and No. 2 in a 2-inch diameter channel bored 
through the pole piece of the magnet. The residual 
radiation has been shown to consist mostly of longi- 
tudinally polarized muons.! 

A meson which, after suffering additional energy loss 
in the absorber between counters No. 2 and No. 3, 
passes through No. 3 and stops in the target, is identified 
by a fast coincidence, 1234. The anticoincidence counter 
No. 4 (4) eliminated background due to mesons 
stopping in the rear poleface. Decay positrons emitted 
backwards are detected as 2314 coincidences, the anti- 
coincidence requirements 1 and 4 serving primarily to 
eliminate beam particles and those coming from the 
rear poleface. 

Each 1234 pulse (stopped meson) initiates two 
operations : 

(a) It triggers the generation of a radio-frequency 
pulse of frequency ~16 Me/sec, the amplitude of 
which decays exponentially with a decay constant of 
1.5 usec. This pulse is applied to a coil, the axis of which 
is perpendicular to the de field, producing an oscillating 
magnetic field of initial amplitude ~50 gauss in the 
100-cc sample cell. 

(b) The 1234 pulse also generates a gate, defining a 
time interval from 1.5 to 4.5 usec after the stopping of 
the meson. 2314 pulses falling within this gate are 
recorded as electron “events.” The counting rate is 
approximately 20 events per minute. 

The measurement of the resonant transition consists 
of counting events per stopped meson as a function of 
the de magnetic field strength. The result of a typical 
run is shown in Fig. 2. 

The rf amplitude applied is that calculated to corre 
spond to 100% transition probability for the ut to 
reverse its orientation relative to the dc magnetic field, 
when the de field has the value such that the wt spin 
precession frequency is equal to the applied frequency 
(line center). The wt is then left, after the rf pulse, 
with its spin opposite to the initial orientation, with 
the result that the original high positron counting 
probability (“peak” rate in the notation of reference 1) 


‘ 6.4 
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Fic. 2. Muon resonance line in the apparatus of Fig. 1. Target 
material: Bromoform. Proton resonance frequency at line center 
5.069+0.012 Mc/sec. Running time for these data: 12 hours 
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is replaced by a reduced probability (“valley” rate) at 
the line center. The line width is limited by the breadth 
of the Fourier spectrum of the applied rf pulse, and the 
accuracy in measuring the magnetic moment, therefore, 
is ultimately limited for a given frequency by the finite 
lifetime of the muon (2.22 psec). 

To derive the magnetic moment, the magnetic field 
at the line center is measured by proton magnetic 
resonance absorption, errors due to hysteresis and 


TABLE I. Muon g values under various conditions.* 


Frequency 


Mc/sec g value 


+2.0140.01 
+2.004-0.01 
+2.02+0.01 
+2.00+0.01 

+ 2.0064 4-0.0048 


Target material 


CH, 7.5 
CHBr, 7.5 
Cu-(dust) 16 
Pb (in plastic) 16 
CHBr, 16 (3 runs) 


* Krrors are standard deviations which include uncertainty as to the 
location of line center and the distribution of stopping mesons over the 
volume of the sample 


influence on trajectories having been experimentally 
demonstrated to be negligible. The shape and central 
frequency of the rf spectrum are measured on a pre- 
cision wave meter. The proton resonance oscillator and 
the wave meter are calibrated with the same crystal- 
checked frequency meter. 

The target material had to satisfy the following 
conditions: long magnetic relaxation time for the 
# mesons, small average internal magnetic fields, high 
stopping power, sufficiently low conductivity to allow 
the magnetic field to penetrate and to provide suffi- 
ciently small damping to allow a 1.5-usec ringing time. 
Bromoform (CHBrs), a liquid of density 2.89 g/cm’, 
gave the largest line depth in this apparatus and was 
used most frequently. In the Bromoform run of Fig. 2, 
the central rf frequency was f,= 16.164+-0.005 Mc/sec, 
and a conventional procedure for determining the line 
center yields a field value at resonance corresponding 
to the proton resonance frequency f{,=5.069+0.012 
Mc/sec. The uncertainty here arises from the estimation 
of the line center and from the field inhomogeneity over 
the sample. 

We have observed the resonance at several fre- 
quencies and in polyethylene, powdered copper, and 
leaded plastic. ‘Table I summarizes the data. The com- 
bined best value for the 16-Mc/sec CHBrgy runs is 
given in (3) above. The correction for the diamagnetism 
of the liquid in the target cell is negligible compared to 
the line width which we have thus far achieved, while 
the Bloch-Siegert effect in the initial rf field of 50 gauss 
is approximately 0.01%. It is interesting to note that 
a lower limit to the muon mass exists from mesonic 
x-ray studies’ which would give from (2) 


Ly > 2.0044+0.0048, 


We are continuing these experiments with a new rf 
system designed to reach 140 Mc/sec at a de field of 
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approximately 10000 gauss. This will give a full line 
width of approximately 0.2%, thereby allowing the 
considerable improvement in precision which is neces- 
sary in order to observe the anomalous contribution 
in (1). 

* Supported by the Office of Naval Research and the U. S. 
Atomic Energy Commission Joint Program. 

t Also at International Business Machines, Watson Scientific 
Laboratory. 
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ECENTLY, Lee and Yang, Salam, and Landau 
have proposed independently a two-component 
theory of the neutrino.' The significance of this theory 
for muon decay has been studied on the basis of the 
general four-component theory.? The effect of the 
radiative correction has also been discussed.? In this 
note, we want to point out that the longitudinal polar- 
ization of an electron emitted from a muon at rest 
gives further information about the nature of the muon 
decay interaction in the two-component theory. 
The muon decay is described in the two-component 
theory by a Hamiltonian 


Lv (Wire ) (Viv )+ RA (v,( ~y 17/75 We) 


x (v,( ; 1Y0'¥5)») ric, (1) 


where y, satisfies 
Yh, y», (2) 


and H.c. is the Hermitian conjugate. Because of (2), 
the interaction can be expressed in the form 


(Virol gvt+gavs We) (Ver) +H.c., 


where gy+ga7s5 may be written as 


(3) 


é Y5 1+75 
(gv—ga) - + (gv+ga) ; 


(4) 


Let us note that, in the case where the electron mass is 
negligible compared with its momentum, the operator 
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}(1—~s) [or }(1+-75) ] projects the electron wave func- 
tion into the state in which the spin is parallel (or anti- 
parallel) to the direction of motion. The probability of 
finding an electron in these states is determined by 
lgv—gal|? and |gy+gal?. Thus the electron will be 
partially polarized in general. 

With the interaction (1), the spectrum of a decay 
electron with its spin parallel to the direction of motion 
is given by 


dN y~»| gv—ga|*L3—2x—(1—2x) cos |x*dxdQ. (5) 


Here the muon is assumed to be at rest with its spin 
completely polarized. When the electron spin is anti- 
parallel to its momentum, we obtain 


dINa~| gvt+ga! *{ 3—2x+ (1—2x) cos6 |x*dxdQ. (6) 


If one adds (5) and (6), one finds of course the well- 
known formula 


dN~[3—2x+-§(1— 2x) cos6 |x*dxdQ, (7) 
with 


E= (gv *gatga*ev)/(lev|?+ gal”), (8) 


for the spectrum regardless of the spin direction of the 
electron. 
When the muon is partially polarized, one obtains 


dN ,'~| gv—ga|*L3—2x—1r(1— 2x) cos6 |x*dxdQ, (9) 


and 
dN ,'~ ley + £4 | 3 - 2x +r(1 


instead of (5) and (6), where r is the degree of polariza- 
tion of the muon at the moment of decay. One can 
therefore determine the muon polarization r by ob- 
serving the angular dependence of longitudinally polar- 
ized electrons without requiring a knowledge of &. 

Of particular interest is the case where either 


(f=—1), 


2x) cos@ |x*dxdQ, (10) 


gv=—8a, (11) 


gv =8a, (¢=1), (12) 


holds. If the condition (11) is satisfied, Eqs. (6) and 
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(10) vanish and thus the electron is fully polarized in 
the direction along its momentum. If (12) is satisfied, 
the electron is completely polarized in the opposite 
direction. It is remarkable that the polarization is com 
plete in these cases for any energy and angle of the 
electron. It does not even matter whether the muon 
spin is polarized or not. 
For r=0 and any &, 


dN,° 


lgv—gal* 1-€ 
i+ 


(13) 
dN. |gvt+ga\? 
Thus, for an unpolarized muon, the degree of longi 
tudinal polarization of a decay electron is independent 
of energy and determines the asymmetry parameter £ 

It should be noted that our argument is valid only 
insofar as the electron mass is negligible compared with 
its momentum. 

The measurement of the electron polarization in 
muon decay may not be easy, but is certainly not im 
possible.’ If one assumes the conservation of leptons, 
our formulas are valid for uw decay. Formulas for y* 
decay are obtained by the substitution gy->—gy*, 
y,—>g4*. 0 is always the angle between the muon spin 
Saf b 8 
and the electron (or positron) momentum. The available 
experimental data‘ indicate that, when one averages 
over the angle 6, at least 889% of the positrons are polar- 
ized along the direction antiparallel to that of their 
motion. 

Detailed calculations of the electron polarization 
using general parity-nonconserving interactions are 
being carried out. We would like to thank Mr. J. Sakurai 
for interesting discussions. 
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